CHAPTER 2
MOTION IN ONE DIMENSION

* Why objects move

* Displacement and velocity
o Average velocity
o Average speed
o Relative velocity
o Instantaneous velocity

o Reading displacement-time graphs

* Acceleration
o Average acceleration
o Instantaneous acceleration
o Reading velocity-time graphs
o Free fall

* Equations of motion using calculus (You study)

This chapter is about MOTION ... so, why do objects

move?

It is FORCE that causes a change in motion (starting,

stopping, going round corners, etc).

It is the force of the road

on the tires that cause a

car to move!

It is the force of gravity
downward that makes the cat
fall! (Its weight.)

It is the force exerted by the
typists fingers that makes the

keys move!

For the moment we won’t worry about what causes

motion but the rules that tell us zow objects move.



Displacement and distance traveled

0 X1 X'2
start finish

The displacement is (x5 — X1) (= Ax).

The distance traveled is (x5 —x1) also.

| dl > dz—'
0 X1 X2 X3
start finish

The displacement is (x5 — x).
The distance traveled is (x3 —x1)=(d +d»).

I dl >
0 X1 X3 X2
start finish

The displacement is (x3 — x).
The distance traveled is (dy +d5).

» distance traveled > displacement

» displacement can be positive or negative.

Velocity and average speed

I dl >
<—d2—|

0 X1 Xv3 X2
start finish
e P
el‘ ;
At=(ty—t;)

. displacement Ax
* Average velocity v,, = displacement _

time TAt
dist d; +d
* Average speed = 1s. anee (d, 2).
time At

But, in this example, (d; +d5) > (x3—X;), so

average speed > average velocity

[L]

Dimensions: velocity and speed = —

[T]
Units: I?/, k‘%, f%, m%r



Question 2.1: A runner runs for 2.5 km in a straight

line in 9.0 min and takes 30.0 mins to walk back to the

DISCUSSION PROBLEM [2.1]:

starting point. (a) What is the runner’s velocity for the

o . :
Estimate the average velocity of the winning car at the first 9.0 min? (b) What is the average velocity for the

i t walking? hat is th loci
Indianapolis 500 ... (total distance 500 miles in about 2% time spent walking? () What Is the average velocity

for the whole trip? (d) What is the average speed for
hours). the whole trip? (e) Plot a position versus time graph for

this problem.



Sl ]

N 250km %
Aty » Run
N Aty Walk
(a) From x| = x; (run): v,y = M
Aty
25km 2500
= — = m_ 4.63 m/s.
O9min 9x60s
(b) From x, — xy (walk): v,, = (Xl;tx2)
2
—25km =2
= = 2500m 50 s,

~ 30min 30x60s

displacement
(€) Vay = - =0
total time

distance B 5000 m B 5000 m
total time 39 min 2340 s

=2.14 m/s.

(d) av. speed =

(e) Position versus time graph for this problem; note that

the displacement is the runner’s position relative to the

starting point.
--4-Position (km)
3.0
B
.
2.0 ;
/
i
1.0 /
s / A Co
0 10 20 30 40
Time (min)
. 2.5km .
* The slope of AB is — = 4.63 m/s, 1.e., the

9 min

average velocity for the first 9 min.

km = —1.39 m/s, i.e., the

min

* The slope of BC is

average velocity while walking.
Thus, velocity is obtained from the slope of a

displacement vs time plot.



DISCUSSION PROBLEM [2.2]:

You lean out of a window and throw a ball straight down.
It bounces off the sidewalk and returns to your hand 2.0 s
later. (a) What is the average velocity of the ball? (b)
What is its average speed?

Relative velocity

!l

If the velocity of the walkway relative to the ground (i.e.,

the stationary observer) is v, and the velocity of
with respect to LLIis v, 1, then the velocity of [2] with
respect to a stationary observer (the relative velocity) is:
(ng +Vo1)
Note, if 2] is walking in the opposite direction, his
velocity relative to the observer is
(ng —Va1)

In that case, what “happens” if ‘ng‘ =|voq|?

This is called a Galilean transformation.



vy =15 km/h
.

Question 2.2: Two trains, 45 km apart and traveling at
15 km/h, are approaching each other on parallel tracks.
A bird flies back and forth at 20 km/h between the
trains until the trains pass each other. (a) For how long
does the bird fly? (b) How far does the bird fly?

— _

|«—45 km—>|

i fl
Av. speed of bird = JStAnCCIOW S _ oo b,
time t

ss=20Xt.
But what is t? It’s the time before the trains meet!
Imagine you are sitting on the front of the left hand train,
then the relative speed of the right hand train, i.e., relative
to you, is
15 km/h +15 km/h = 30 km/h.

So, the time taken until the trains pass is
distance they travel 45 km
relative speed 30 km/h

s =20%1.5=30 km.

=1.50 h.




Question 2.3: A river flows from left to right with a
velocity of 0.20 m/s with respect to the bank. If you swim
with a velocity of 1.00 m/s relative to the water, does it
take you more time, less time, or the same time to swim

from A — B — A than if the river was not flowing at all?

When you swim from A — B your velocity relative to the
bank is v g =1.00+0.20 =1.20 m/s. When you swim
from B — A, your velocity relative to the bank is

vpa =1.00-0.20 = 0.80 m/s. If the distance AB is d,

then the times taken (in seconds) are:
tAR = L and tga = i
AB 7120 BA 080’

so the total time is
o d .\ d _(1.20+0.80)d _2.00d
080 120 0.80x120  0.96

But, if the river was not flowing, then
d d

t=—-+-—=2.00d.
1.00 1.00

Clearly, it takes more time if the river is flowing!

=2.08d.




However, velocities often

change ... ! Think of a

bouncing ball:

Displacement (x)

A

X2
Py

X]

> Time (t)

The average velocity from P; to P, is:
AX Xy —Xj
Vigp =—=—"——.
P27 -y
Note that this is less than:

Vi-2r

so the average velocity continually changes.

Instantaneous velocity

What is the instantaneous velocity at the point P?

Displacement (x)

A P2

/ » Time (t)
/ 1 %)

We define the instantaneous velocity at point Py (xy,t;)
as the slope of the tangent at the point P;.
Ax | dx
- v(t) = Limit —= [—J ,
At—0 At dt P

1.e., the first derivative of x with respect to t at the point
P;. Note that normally the instantaneous velocity (the
slope) is a function of time, i.e.,

v = v(t).



“Reading” a displacement - time graph:

Displacement (x)

A ‘C\
// M’
B t

. dx
Instantaneous velocity = slope = m

DISCUSSION PROBLEM [2.3]:

A physics professor is walking to campus when she
realizes she’s forgotten copies of a test and she returns
home. Her displacement as a function of time is shown

below. At which point(s) is her velocity: (a) zero? (b)

/ constant and positive? (c) constant and negative? (d)
increasing in magnitude? (e) decreasing in magnitude?
0 v>0 X=| 0
ta = B
A . X Displacement (x)
tp * v>0 . X ],)
> C E
v=0
tc | o— x
| . v<O0
tp < ® X B J
v<0 A, F
tg J"—. X

time
The length of the red line shows the magnitude (i.e.,

size) of the velocity



6

. _ iti
Question 2.4: The plot shows the variation of the posttion (m)4 —
position of a car with time. What was the velocity when .. Ax“
— 2 <
t=15s? At -
0
6 0 10 20 30
position (m) time (s)
4
Velocity is defined as the slope at t =15 s.
2 ] . (dx)
ie, v=| —
0 dt Ji=15s
0 10 20 30

_&_(2m—4m)_
At (20s-10s)

time (s)

—0.20 m/s.



DISCUSSION PROBLEM [2.4]:

6
position (m)
4

2

0

0 10 20 30
time (s)

During the time interval 0 <t <10 s was the car ...

A: speeding up,
B: slowing down, or

C: moving with constant speed?

Question 2.5: The position of an object depends on time
according to to the equation

x(t)=t* = 5.0t +1.0,
where x is in meters and t in seconds. (a) Find the
displacement and average velocity for the time interval
2.0s<t<4.0s. (b)Find the instantaneous velocities at
t=2.0sand t=4.0s. (c) At what time is the

instantaneous velocity zero?



x(t) x()=t> —5.0t+1.0
When t; =2.0 s:

x;=(2.0)2 =10.0+1.0=—5.0 m.
When t, =4.0 s:

X, = (4.0)> =20.0+1.0 = 3.0 m.

A
(@) vy = A_)t(’ where Ax = displacement

=X, —X;=-3.0m-(-5.0m)=2.0m
and At=t, —t; =2.0 s.

~2.0m
205

=+1.0 m/s.

S Vay
. dx
(b) Instantaneous velocity v = a =2.0t-5.0.

Att;=2.0s: vi= (4.0-5.0) m/s=-1.0 m/s.
Atty =4.0s: v, =(8.0-5.0) m/s=3.0 m/s.

d
(c) When v =0, d—’t‘ =0, i.c., when 2.0t 5.0 = 0.

5.

o

St= =25s

0
o

In the previous problem, the velocity changed with
v(t)=2.0t-5.0,

time,

and whenever velocity changes we have ... acceleration.

X] X2
t {2
. -V
Average acceleration = a = v
th—t
L] 1 _
Dimension: u— = [L][T] 2
[T][T]
o 2 2
Units: m/s”, ft/s”, etc.
. . Av
Instantaneous acceleration a = Limit z¢_y At
v X
] Also v= @
Avi
N e d%x
‘ T

_av
S dt’



) dv
Instantaneous acceleration a = —.

F
a>0
>
ta=0 V20
a>0
B v>0
. | a=0
@ >
¢ v>0
| a<0
t o >
D v>0
a<0
tg | *
V=
a<0
| ¢
tF < @

In the previous example, the acceleration was a function
of time, 1.e., a = a(t). However, we will only consider

motion at constant (or uniform) acceleration:

: dv
1.e., a = — = constant
dt
Example: Free fall (with no air resistance).

Instananeous velocity

v(t) & Slope = d%t =2

A%
at

Vo ]
Vo
v oo

0 " » Time
: dv. v-v,
From earlier: a=—=
dt t
vV=v,+at

. 1
Average velocity: v, = E(V +v,)*.

* Only true with constant acceleration.



Motion at constant acceleration

initial final
Vo v
|

[
Xo

|
|
X
1k A
t, =0 t
We have from before:
1
AX =X =X, = vyt =§(VO + )t

But v=v, +at.

1
SX—X, = 5(2\/0 + at)t,

. | )
.., | X—X, :Vot+§at

V=V,
Also t=

a
) . 1
Substitute in (1), then x—x, = E(VO +v

After re-arrangement we get

vZ=v.2+2a(x - x,)

(1)

)(V—Vo).

Let’s look at

1 -
X—X, =V, t+—at”,
2

. g e V-V,
in a little more detail. Since a = — we get

1 1({v—
vot+—at? = v, t+ —[V Vo Jtz
2 2 t

Area = %(V— Vo)t
Vo

Area = vt Vo
v

» Time

0 t
But, from earlier, we see that this is simply the area

under the velocity-time graph! So, the displacement

(x — X,) = area under the velocity-time graph.



Question 2.6: A car, starting from rest at x, =50 m,
accelerates at a constant rate of 8 m/s>. (a) What is its
velocity after 10 s? (b) How far has it traveled in those

10 s? (c) What is its average velocity over the interval
0<t<10s?

initial —™  final
Vo =0 v="7
l | » X

XO=50n’1 XI:
t, =0 t=10s

Using the equations of motion:

(a) v=v, +at=0+(8 m/s>x10 s| = 80 mys.

1
(b) x—x, = Vot+5at2.
1 2
SX=X,+ v t+—at
2
1
—50 m+ 5(8 m/sz) x (10 5)? = 450 m.

1
(€) Vgy = E(Vo +v)=40 m/s.

** Only true at constant acceleration **



Galileo Galilei (1564-1642): =0 1 1
Also y -y, = yA+-at® = —gt®.
SOy—Yy )/¥ 2a 2gt

-« X, :v,=0:t=0
CAREFUL: If the y-axis is chosen so that y increases
upward, then as the object falls, y <y,, i.e.,

«— X:V:t

g=-9.81 m/s. On the other hand, if you choose y to

fimy

increase downward, then y >y, and g=+9.81 m/s?.

Note that the velocity, v, and displacement (y —y.,) do

not depend on the mass of the object! So, in the absence

In “free fall”, i.e., in the absence of air resistance, all

objects fall with a constant acceleration (downward).

a=g=981 m/s? (32.2 ft/s? ) of air resistance, all objects fall at the same rate:

Starting from rest (v =v, + gt): 30
eafter 1s v=9.81m/s (32.2 ft/s) v= gt=(9.81 m/sz)t//
cafter2s v=19.6 m/s (64.4 ft/s) Z 20} ] . o
= The velocity of an object in
eafter3s v=29.4 m/s (96.6 ft/s) iy free-fall, starting from rest.
e; 10
The velocity of the object increases by 9.81 m/s (32.2 ft/s) time (5)

each second during free fall. 0 1 2 3



and all objects fall the same distance in the same time:

50
_1 o2 2.2
w0 (y=yo) =58t = (4.91 m/s )t
£ The distance fallen
g 30} by an object in
g free-fall, starting
= 20t from rest. (Same
for all objects.)
10}
Question 2.7: A rocket is fired vertically with a constant
0 1

2 . 3

time (s) upward acceleration of 20.0 m/s”. After 25.0 s, the
engine is shut-off and the rocket continues to rise. The
rocket eventually stops rising and then falls back to the

Time elapse photographs ground. Find (a) the highest point the rocket reaches, (b)

of an apple and feather the total time the rocket is in the air, and (c) the speed of

released at the same time, the rocket just before it hits the ground. Neglect air

i ; resistan
in the absence of air esistance,

resistance (free fall).




Take upward direction as positive.

Freefall: a=-g=-9.81 m/s’

Maximum height y7:vp =0:tp { -
Engine switch off y1:V1:t {—‘ Free fall:

=1

a=-g=-981m/s’
Accelerated motion: a =20 m/s> 8

Start y,=0:v,=0:t,=0 y=0:v3:t3

1 2
(@) (Y1 -Yo)=V.(ty —to)+§a(t1 —t.),
1
e, yj=5x (20.0 m/s?) x (25.0 5)° = 6250 m.

Also

vi =V, +a(t; - t,) =(20.0 m/s?) x (25.0 5) = 500 ms.

Between yj and y», a : ~9.81 m/s? (free fall).

Vo2 =v? +2a(y, —y)),

Vo2 —v 2 _ 0—(500 rn/s)2
2a 2% (=9.81 m/s?)

ie, (y2—vy1)=

=12700 m.
So, the maximum height is y, = (12700 m) + y;

= (12700 + 6250)m =1.895x10*m  (~19.0 km).

y, =18950 m: v, =0:t,

{“
y1 =6250 m: vy =500 m/s: t; =25 '

=1

YOZO:VOZO:to:O y=0:V3:t3
(b) Find t, (the total “climb time”):
vy=vi+a(ty—ty), e, (tp—t))=-2—
a
0—-500 m/
= 5105,
—9.81 m/s

Sty =(51.0+25.0)s=76.0s.
To find t5 (the “total time”):

1 2
(y3—-y2)=va(ts - t2)+53(t3 ~t)",

1
ie, —18950 m = E(—9.81 m/s®)(t; ~76.0 5)°.

2% (—18950 m)

(—9.81 rn/sz) =622,

- (t3=76.0s) =\/

ie., ty=(62.2+76.0)s=138.2s.

This is the total time the rocket is in the air.



y, =18950 m:v, =0:1t, =76.0 s —¢

y1 =6250 m: vy =500 m/s: t; =25s

=1

{_A
Vo=0:v,=0:t, =0 Y  y=0:v3:t3=1382s

(c) Find vj (the final velocity):

V3 =Vj +a(t3 - tz)

2
=0+ (_9-81 m/s )(62-2 5) =—610.2 m/s. Question 2.8: If, in the photograph, the upper ball is at
the top of its trajectory, estimate the time it takes for a

ball to loop from one hand to the other.



Take upward as positive.
The maximum height the
ball reaches above hand

when thrown is ~ 70 cm.

Since it falls back to his

hand from ‘rest’ ... if t is

time to fall we have

(y—y.)=—0.70 m= %(—g)tz - (—4.91 m/sz)tz.

= [ 2038,
4.91 m/s

1.e., total time is 2x0.38 s =0.76 s = 34 S.

I
- —»

Measurement of reaction time ...

I l From earlier: d = %gtz.

) | d(m)
-Hs)= \V4.91 m/s2’

where t is the reaction time,
1.€., the time between the

release and “catch”.

0.50 7 /

x (m) 4

A /-
0.40 [ d 4

()=
os0f 491 m/s2;

»
0.20
0.10 reaction time (s) -
S N S T S

00 01 02 03 04

** Also “holds” for so-called hang-time
See useful notes on web-site

Relate reaction time to distance travelled driving a car

Reaction distance = speed X reaction time.



Measurement of reaction time ...

Reaction distance = speed X reaction time

mi/h
30
40
50
60
70

m/s

13.4
17.9
22.4
26.8
31.3

Question 2.9: It is often claimed that basketball
superstars have hang times of at least 1 second. Is that

reasonable?




If the hang time is 1 second, it means that the “rise” time
and “fall” time are each yz s. But a fall time of % S

means the distance fallen is
1

Lo 2 2 _
d=> g —Ex(9.81rn/s )x(0.55)% =123m
=4t Yin

which, is a very difficult “height” to jump.

Measurements made on Michael Jordan give him a hang
time of 0.92 s, which corresponds to a height of 1.04 m,
i.e., 3 ft 5in. So, a hang time close to 1 s is possible but

rather unlikely.

For more details go to
http://www.bizesor.com/brenkus/
and click on the FSN sport link.

The acceleration due to gravity on a frictionless incline.

On a horizontal surface (6 =0),

gravity does not produce an

acceleration along the surface,

1e.,a=0.

On a vertical surface (6 = 90°),

the acceleration is the same as

in free fall, i.e., a=g.

On a surface inclined at an
angle of 0 to the horizontal, the

acceleration is a = gsin 0.




Equations of motion using calculus

Earlier we derived the equations of motion graphically.

We can also use calculus. We start with the definition of

.. dv ) ) )
acceleration, i.e., @ = a, where v is the velocity and t is

time. If we assume that a 1s constant, we can integrate
this expression with respect to t to get v:
v=[dv=[adt=at+Cy,
where Cj is an integration contant. To get C; we consider
the initial conditions, i.e., what is v when t =07? Let us
put v=v, when t =0, then C; =v,, so
V=V, t+at,

which is the same as an equation we derived earlier.

Also, we know that v= i—x So,
x = Jdx = [vdt=[(v, +at)dt
1
=v.t+ Eat2 +C,,

where C, is another constant.

To get C, we use the initial conditions, 1.e., what 1s X
when t=0? Let us assume that x = x, when t=0. Then

Gy =x,. So, we get
1 1
X=X, + V.t +-at? = (X —X,)=V,t +—at2,
2 2
which is the same expression we obtained earlier.
If we know how the velocity of an object varies with

time, we can also use calculus to determine the

displacement over a period of time. For example,

v(t)

l t

t %)

given the velocity-time plot above, what is the

displacement of the object over the time period t; — t,?



We split the time period t; — t, into a large number of

A equal time intervals, At.
v(t) If At is very small, then

Vi - the displacement from

Vi time t| to t; + At is
] Y =t AXI = VIAt.
] - ty
At So, the total

displacement from t; — t, is
X(t)) = x(t]) = VAt + voAt... = Y4 (viAt).

The sum becomes exact if At = 0. Then

ty
x(ty) = x(ty) = limit (Z;v;At) = [vdt,
At—0 t]

1.e., the displacement is the area under the velocity-time
curve from tq to t,. So, if we know the equation of the
velocity-time curve we can determine the displacement
over any time period.
Note, the above expression is true even if the
acceleration is changing, i.e., when our earlier

equations of motion cannot be applied.

Question 2.10: An object, starting from rest at

X, = 1.00 m, experiences a non-constant acceleration
given by
a(t)=1.50 +0.20t (m/sz).

At any time t, what is (a) the instantaneous velocity, and
(b) the position of the object? (c¢) What is the
displacement of the object over the time period from
20—-4.05s?

Because the acceleration is not constant we cannot use

the simple equations of motion, we must use calculus.



d
(a) If a(t) = 1.50 + 0.20t, then d—: —1.50 + 0.20t.

- v =[dv = [(1.50+0.20t)dt

1
=1.50t +O.2O[§t2J+C1,
ie., v(t)=150t+0.10t%,
since the initial velocity of object is zero.
dx b
b)Ifv= T the position is given by
x = Jdx = [ vdt = [(1.50t +0.10t> it
1> 1.3
=1.50{ =t~ [+0.10| =t~ |+ C,,
2 3

ie., x(t)=1.00+0.75t> +0.033¢>,

since the initial position of the object is x, =1.00 m.

(c) By definition, the displacement is

t2 2
Axy ¢, = Jvdt = [ (150t +0.106>dt.
t t

Using the result in (b)
t2 4
J (1-50t +0.10¢* dt =[0.75t> +0.033t7 + C, |
] 2
=[(0.75x16 +0.033 x64)— (0.75x 4 +0.033x 8)]
=10.85 m.
Check using (b):

X(t=2)=1.00+0.75%2% +0.033 x 2> =4.264 m.

X(t=4)=1.00+0.75x 4% +0.033x 4> =15.112 m
o Ax =(15.112 - 4.264)m=10.85 m.

We can also determine the area under the curve by

“counting rectangles” on the velocity-time graph ...



15 S ) W
lv(t) = 1.50t+0.10t2
v(m/s) ' :
10
Wa
//
-
5 ///
P
7
t(s
0 1 2 3 4 5 ©)

Area of each rectangle =1.0 m/s X 0.50 s=0.50 m. In
the range 2.0 s <t <4.0 s, there are 18 complete
rectangles plus parts that make approximately 4 more.
Therefore, there are a total of ~ 22 rectangles. So the
area under the curve is

~22x0.50 m=11m.

Actual area by integration is 10.85 m.

Question 2.11: A mass on the end of a spring is

oscillating up-and-down and its position relative to the
tabletop is

y =Yy, — Acos(mt).
Find the general expressions for (a) the instantaneous

velocity, and (b) the instantaneous acceleration of the
mass. If y,=0.50 m, A=0.30m and ® = 5.00 s, what

are (c) the maximum velocity, and (d) the maximum

acceleration of the mass?

intitial conditions



intitial conditions

(a) the instantan

I d
eous velocity is v(t) = "

=+Awmsin(wt).

v(m/s)

A
1.5+

0

ANFANARNAT

—1.5+

VARVARV,

(¢) Maximum velocity when wt =T/,

o Viax = A® =1.50 m/s.

. o dv _d?
(b) the instantaneous acceleration is a(t) = d_‘t, = d—y
t

= Aw? cos(ot).

a(m/sz)
A

!

54
o t(s)
5]

-10 T

(d) Maximum acceleration when wt =0,

8 = A% =7.50 m/s?.

This type of oscillatory motion is called simple harmonic

motion (SHM). You will see a number of examples of

SHM in various physics courses.



