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Introduction

In his famous essay “Essai sur le problème des trois corps” of 1772,
Lagrange solved exactly some special cases of the three body problem. These special cases correspond to periodic motions of the three
bodies: that is, a motion where all three masses return to the same
mutual position after an equal interval of time. Lagrange himself
remarked that, although he did not believe that his special cases
could appear in nature, they nevertheless deserve our attention. Indeed he hoped that they could illuminate the general solution to
the three body problem.
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Since Lagrange’s era we have actually discovered in our own
solar system a case corresponding approximatively to one of Lagrange’s special case. This group of small astroids is referred to as
Jupiter’s group. Still, Lagrange’s intuition regarding the theoretical
importance of those solutions has proven to be completely correct;
these solutions were indeed the starting point for crucial progress
in our understanding of the movements of the general three body
problem, from Lagrange up to this day. The idea of how to generalize those particular solutions is again attributed to Lagrange,
as he suggested in his essay to investigate how the three bodies
would move if they were positioned near – but not exactly at – one
of those special cases. In this case one might solve the equations
of motion using some well known analytic approximation methods. A hundred years past before some researchers succeeded in
following that idea (Gascheau, Routh, Gylden and others). While
this represented a huge step forward, it is still just the beginning.
The approximation obtained is only as good as the small difference
between Lagrange’s exact solutions and the perturbation.
It is the numerical integration methods which have proved the
best fit for solving the differential equations associated with the
three body problem. This method, more than any other, has improved our knowledge of the problem. The technique consists of
numerically computing the motion, step-by-step, by computing,
step-by-step as well, the forces acting on the body. If one choose
carefully the time step for the integration, it is possible to obtain
the result up to the desired accuracy. In some extraordinary cases,
for example when two masses get really close to each other and
forces become abnormally big, it is necessary to make a convenient
change of coordinates. After such a change it becomes possible to
follow numerically to the extreme case where the bodies collide,
giving rise to a force whose strength grows to infinity.
The approach of numerical integration has played a big role
in astronomy for some time. It was used to find trajectories for
hundreds of small planets and comets in our solar system, and
in these cases the approximations match exactly the observations.
But it is only at the end of the past century, in the work of T.N.
Thiele, where numerical integration entered the general theory of
the problem of three bodies.
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The problem

The wide majority of the work conducted at Copenhagen observatory considers the following problem:
Two equal masses m1 and m2 are governed by the equations of
motion for the two body problem. Initial conditions are fixed so
that these two masses follow, with constant speed, a circular mo2

tion around their center of mass.
We then study the motion of an infinitely small third mass µ moving in the field of the two finite masses. The problem is visualized
as in figure 1 at the bottom of Table 1. The massless particle µ does
not itself effect the motion of m1 and m2 , who continue to evolve
along their circular path. We refer to this problem as the generalized restricted problem. This problem is different from Poincaré’s,
since we do not assume that one of the finite masses is small in
comparison to the other one. We recall that under this assumption
the problem is simplified, since it is then seen as a perturbation
of the Kepler problem. We can solve such case using the analytical methods alluded to above, as one would for the problem of the
planet’s motion in our solar system.
In our research at Copenhagen observatory the finite masses
have a similar size. The numerical techniques we apply need the
choice of a specific mass ratio and, as just mentioned, we chose
to fix m1 = m2 to assure a distinction from the relatively simple
perturbation problem. We use numerical integration to study the
resulting differential equations. For each orbit we consider, we must
specify a mass ratio as well as initial conditions for the particle µ.
Ideally the research then consists of evolving this initial state until
we reach a complete and in depth understanding of the motion of
the particle in both forward and backward time.
In his late 19th century work Méthodes nouvelles de la Mécanique
céleste, Poincaré studied the three body problem using an analytical rather than numerical point of view. Among his results he
showed the existence of two particular groups of solutions; purely
periodic solutions and asymptotically periodic ones. (Translator’s
nots: “asymptotic orbit” or “asymptotic periodic orbit” is the old
fashioned term used by dynamical astronomers for what we today
call a heteroclinic or homoclinic connecting orbit). The results of
Poincaré did not always have perfect clarity, however they showed
their value to this domain. They gave a concrete object of study
for Poincaré’s abstract propositions, and they showed the existence
of periodic and asymptotic solutions under general conditions for
certain mass ratios.
Our work started at the end of the last century, first inspired
by the work of Thiele and later by the treatise “Periodic Orbits”
by G.H. Darwin. Darwin chose a different “Jove-like” mass ratio,
m1 = 10m2 : that is he took one of the masses smaller than the
other. For the work conducted in Copenhagen we always chose
instead the same masses as Thiele, unless special circumstances
required otherwise. The systematic search for simple orbits, periodic or asymptotic, started in 1913 in Copenhagen observatory and
is by now considered essentially complete. For the historical development of the approach we refer to the bibliography, especially
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[37, 38, 40, 47]. In every case we adopt co-rotating coordinates
which fix the location of m1 and m2 on the x−axis. This rotating
frame is used for all the figures in this work. The starting point for
all our research is briefly described in the following remarks.
A. For the infinitesimal mass µ there exist infinitely many small
periodic orbits about both primaries. Figure 1 in Table 1 gives a
representation of the problem. The arrows show the direction of the
rotation of the finite masses around their center of gravity. We say
that an orbit is direct if it moves in the counterclockwise direction,
and retrograde the opposite direction. There exist both direct and
retrograde periodic orbits around the two primaries.
B. There exist direct and retrograde orbits which encircle both
masses.
C. As already shown by Lagrange, there exists five relative equilibrium points in the rotating frame, namely the libration points L1 ,
L2 , L3 , L4 , L5 (see figure 1 in Table 1). The libration points have
the property that a mass µ placed at any of those points with zero
velocity will remain forever at the point of libration. In other words,
µ will remain motionless. In the Copenhagen problem (m1 = m2 )
L1 is between m1 and m2 , L2 and L3 are respectively to the right
of m2 and to the left of m1 , while L4 and L5 are the vertices of the
equilateral triangles formed by m1 , m2 and a third point.
In this work we refer to classes of orbits. We briefly describe our
numerical procedure for locating periodic orbits. We consider µ initially located on the η axis with some initial velocity perpendicular
to the axis. We follow the trajectory using numerical integration
until it reaches the ξ axis. Suppose we find, for example, that it
crosses this axis with an angle near 90 degrees. Then we begin
again with the same initial position but with a slightly different
initial velocity. Imagine that we find now, for example, that the
orbit crosses the ξ axis with yet another angle slightly different
from 90 degrees, still different from the first one found (see figure
1). Using interpolation and repeated experience we locate an orbit
with the same initial position on the η axis and an initial velocity
causing the orbit to intersect the ξ axis with an angle of 90 degrees.
It follows from the symmetry (see equation (3)) of the differential
equations that the trajectory in the first quadrant determines the
trajectory in the other quadrants by rotation. That is, the mass
will cross the η axis again with a 90 degree angle at a point whose
coordinate is equal to the initial point. Then the orbit in the 3rd
and 4th quadrant is a reflection of the first half, and the orbit of µ
will cut the η axis exactly at the initial point and with the initial
velocity.
In other words, we obtain a periodic orbit: that is a finite orbit
segment whose shape determines the behavior of µ for all time. If
one repeats the experiment with a different starting point on the
η axis, but near the first one, we can generally find a new velocity
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such that this trajectory is periodic as well. The new trajectory is
not much changed from the initial one. Repeating the procedure,
we find a whole cylinder of periodic orbits which can be continued
from one to another. We say that they belong to the same class of
orbits. We remark, as we will see later, some periodic motions that
are not symmetric with respect to both axis. The way to find such
periodic orbits is a modification of the procedure just discussed.
The research in Copenhagen discovered several different classes
of orbits. We express some of the cases as follows. For all the simple
periodic orbits, that is those completed with only one revolution,
we continue the class and realize that either:
1. The class enters itself; (the cylinder closes off forming a torus).
2. The class has terminates on a collision orbit or an asymptotic
orbit. More precisely the cylinder may end at
(a) A collision orbit involving one or both of the primaries;
(b) An orbit asymptotic to one (or two) of the five libration
points;
(c) An orbit which diverges to infinity.
We illustrate examples of each of those behaviors. Indeed, we
have
• Type 1. in the classes of orbits I, II, XIV,
• Type 2.(a) in the classes of orbits VIII, X, XI, XII, XIII,
• Type 2.(b) in the classes of orbits III, VI, VII, IX, XV,
XVI, XVII, XVIII,
• Type 2.(c) in the classes of orbits III, VI, VIII, X, XI.
5

3

Equation of motion in the restricted
problem

To choose the system of coordinates recall that we first fix center
of mass at the origin and set n to be the angular velocity of the
primaries. Following the notation from figure 2, we obtain the
following equations of motion for the massless particle µ:


ẍ







= −k 2 m1 x+a cos(nt)
− k 2 m2 x−a cos(nt)
,
ρ3
ρ3
1

ÿ = −k



ρ21




ρ2
2

2

m1 y+a ρsin(nt)
3
1

2

−k

2

m2 y−a ρsin(nt)
,
3
2

2

= (x + a cos(nt)) + (y + a sin(nt))2 ,
= (x − a cos(nt))2 + (y − a sin(nt))2 ,

(1)

where k is the gravitational constant and a is half the distance
between m1 and m2 . We choose the unit for length and time as
follow; set a = 1 (thus the distance between m1 and m2 is 2) and
n = 1. Now, since
√
m1 + m2
n=k
3
(2a) 2
we have that

√
√
m1
m2
1=k
=k
,
2
2

thus
k 2 m1 = k 2 m2 = 4.
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Therefore the equations of motion become


ẍ







ÿ =



ρ2


 1

ρ2
2





x+cos(t)
+ x−cos(t)
,
3
ρ32 
 ρ1
+ y−sin(t)
,
−4 y+sin(t)
ρ31
ρ32
2

= −4

= (x + cos(t)) + (y + sin(t))2 ,
= (x − cos(t))2 + (y − sin(t))2 .

(2)

In the rotating set of coordinates just described, let the coordinates of µ be given by ξ and η so that
x = ξ cos t − η sin t,
y = ξ sin t + η cos t.
After application of this substitution in (2), we obtain


ξ¨ − 2η̇ − ξ






˙

η̈ + 2ξ − η



ρ2


 1

ρ2
2



ξ−1
ξ+1
3 + ρ3
2
 ρ1
= −4 ρη3 + ρη3 ,
1
2
2
2

= −4



,
(3)

= (ξ + 1) + η ,
= (ξ − 1)2 + η 2 ,

which can be shorten to

ξ¨ − 2η̇

=
η̈ + 2ξ˙ =

∂U
,
∂ξ
∂U
,
∂η

(4)

where U is defined as
!

1
1
1
U = (ξ 2 + η 2 ) + 4
+
.
2
ρ1 ρ2

(5)

From (4), we deduce the Jacobi integral
1
1
ξ˙2 + η̇ 2 = ξ 2 + η 2 + 8
+
ρ1 ρ2

!

− K,

(6)

where K is called the Jacobi constant.
Numerical integration of the system (3) is not difficult as long as
the mass µ does not approach any of the primaries. We now recall
the mathematical transformation making it possible to follow the
motion of the massless particle when µ passes close to a primary
or the case with infinite velocity. At the Copenhagen observatory
we utilize the transformation as Thiele suggested. Instead of ξ, η, t
we introduce E, F as coordinates and ψ to represent time. The
coordinates are related by the transformation



ξ

F

−F

cos E,
= e +e
2
eF −e−F
η = − 2 sin E,



dt = ρ1 ρ2 dψ.
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(7)

After substitution of those expressions in (3), we obtain the system
 2
d E

+ 14 sin(4E) − K2 sin(2E),
= (cos(2iF ) − cos(2E)) dF
dψ
= −(cos(2iF ) − cos(2E)) dE
+ 4i1 sin(4iF ) − K
sin(2iF ) + 8i sin(iF ).
dψ
2i
(8)
These transformed equation are well suited for numerical integration, especially in the case where the system (3) fails for the reason
previously mentioned. A table for the approximative computation
of E, F by ξ, η (or reversely) is given in [4] and in [15].

dψ 2
 d2 F
dψ 2
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The results

The works [11, 37, 38, 40] contain other summaries of the result
of the research at the Copenhagen observatory in the years 1917,
1922, 1923 and 1925. Table 1 comes from the 1925 paper and was
originally made by request from the Deutsches Museum in Munich.
The majority of what we currently know about the importance of
asymptotic orbits (especially in Table 6 and 7) came after 1925.
The present work gives a general presentation of our research up to
this day. The ordering of the problems in this presentation is chosen
for historical and systematic reasons. To save room we changed the
scale of some drawings resulting in uneven format. The naming
from previous works is sometimes included in parenthesis after the
name of the different classes.

I. Retrograde periodic orbits (Librations) around
L2 (Class a).
This is the first problem solved by numerical integration and it
gave rise to one class of periodic orbits. The problem was stated
by Thiele and then solved by himself and M. Burrau [1, 2, 50].
In figure 3 we see the two finite masses m1 and m2 ; the ξ axis
is the line passing through m1 and m2 ; the η axis passes through
the center of gravity (that is the middle of the segment m1 m2 as
m1 = m2 ). The libration point L2 is located at the middle of
the small ellipse representing the periodic movement (a member of
the L2 Lyapunov family of periodic orbits), which was found using
theoretical research. The first periodic orbit drawn outside the
ellipse was computed by Thiele using numerical integration, and
the next one by Burrau. If the motion of m1 and m2 correspond to
the arrows in figure 1 of Table 1 (direct motion), the periodic orbits
of µ around L2 has retrograde motion (see the arrows in figure 3).
We call the motion of µ retrograde.
The work of Thiele and Burrau contained much more than just
the numerical demonstration that periodic orbits around L2 exist.
They also investigate how those orbits evolve as they get further
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from the libration point. Burrau showed that the periodic orbits
terminate in a periodic collision orbit (see figure 3); the infinitesimal
mass comes from below, turns to the right into m2 with a velocity
increasing to infinity, then turns around and goes left with infinite
velocity at first who then decreases to finite, then µ moves up and
later to the right to finally come back to the initial point.
Burrau stopped at the collision. However there is no reason not
to follow the class beyond this. When the work on the classes of
simple periodic orbits started in 1913, this class was brought back
to attention. The results are found in figure 4.
Following the development starting from the collision, one obtains orbits which loop around m2 (bottom left in figure 4). The
loop keeps increasing (top right) while the outside trajectory gets
smaller. This behavior continues until the loop and the trajectory
completely overlap. And, if we continue, the small loop becomes
the big while the big becomes the small. That is, we find the same
development but in reverse. We then enter back into the collision
at m2 and then finish where we started, at the libration point L2 .
So the class of orbits returns to itself (as in case 1. in the general
proposition).
The collision orbit, as well as other orbits nearby, were indeed
computed using Thiele’s E and F coordinates. Figure 5 shows the
9

collision orbit in the E and F coordinates. We see that this orbit is
perfectly regular in those coordinates, and so is the velocity of the
orbit (see [38], p.63). There are no direct periodic orbits around
L2 .
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II. Retrograde periodic orbits (Libration) around
L3 (Class b).
These orbits are the symmetric counterparts – with respect to the
η axis – of the orbits of class a. There are no direct periodic orbit
around L3 .

III. Retrograde periodic orbits (Libration) around
L1 (class c)
The existence of infinitely small retrograde periodic orbits around
L1 was shown theoretically a while ago (Lyapunov family at L1 ).
We see how the class evolves in Table 2. Figure 1 shows the shape
of the infinitesimal librations (ellipses). Figure 2 shows a periodic
orbit computed using numerical integration. Figure 3 shows a double collision (with m1 and m2 ) orbit. Figure 4 shows the subsequent
formation of loops. Figure 5 shows the collision of the loops into the
two finite masses, after which the creation of loops keeps happening until infinity. The amplitude of the family of orbits increases
to infinity as the developments unveil. Therefore we have a class
which starts at the libration point L1 and goes to infinity (see general proposition and [19, 20]). There are no direct periodic orbit
around L1 .

IV. Periodic orbits (Libration) around L4 (class
d).
For the chosen mass ratio (m1 = m2 ) our research didn’t find any
infinitesimal periodic orbit around L4 or L5 . For the problem with
other masses, we refer to the paragraph VII.

V. Periodic orbits (Libration) around L5 (class
e).
See the class of orbit d above.

VI. Retrograde periodic orbits around both finite
masses with direct movement in the fixed system
of coordinates (class l).
M. Moulton was the first to mention the existence of two groups of
orbits revolving around both masses with retrograde motion in the
rotating frame: one with direct motion in the fixed frame, one with
retrograde motion. This happens when a quasi circular motion with
big radius is considered. Then µ move slowly around the primary
bodies m1 , m2 .
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The fixed movement can go either way in the fixed frame but
both become retrograde in the rotating frame, since the system
itself is subject to a strong direct movement. The initial discovery
of the group with direct absolute movement arose from figure 6 and
the curve shrinks around m1 , m2 until is develops an indentation,
then spikes, followed by loops on the η axis.
Figure 7 shows an enlargement of when the loops appear. An
extended computation (figures 8 and 9 have a smaller scale) provides indentation at the bottom of the loop, exactly as the orbit
itself makes a loop (figure 6). This leads us to think that the future evolution is as in figure 10-13: the indentation becomes a spike
pointing up, the spike becomes a loop with upside indentation, then
one down, then a loop, and so on with always decreasing scale. If we
delete, to obtain a clear picture, the half where the arrow goes away
from L4 , we can predict the resulting picture: a spiraling movement
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to the point L4 with decreasing amplitude and converging to zero
speed. In other words, an asymptotic motion to L4 , the approach
having infinite duration (a heteroclinic connection). The branch
of motion omitted in figure 14 gives a corresponding asymptotic
motion from the libration point to the outside. Comparing these
results to figure 6 leads us to believe that the class of periodic orbits
starts at infinity and ends at the libration points L4 and L5 . We
also refer to [13, 38, 39, 40].
We remark that the theory of orbits spiraling to L4 and L5
has already been developed. In ”Atronomische Nachrichten”, the
author published research (see [31]) resolving the problem. These
research were followed by a sequence of essays which resulted in the
following families.
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VII. Orbits approaching L4 and L5 asymptotically.
The system of equations we study has the center of mass at the
origin. If one moves the origin to the libration point L4 using the
transformation
√
(9)
ξ = x, η = y + 3,
it follows, using (3), that


ẍ − 2ẏ











x−1
,
= x − 4 x+1
3 +
3
√ ρ1  y+ρ2√3
ÿ + 2ẋ = y + 3 − 4 ρ3 +
√ 12

2
2

ρ1 = (x + 1) + (y + 3) ,



√

ρ2 = (x − 1)2 + (y + 3)2 ,
2

√ 
y+ 3
,
ρ32

(10)

then we obtain the equations of motion for an infinitesimal mass
with origin at L4 .
If we consider x and y so small that the higher powers of those
terms can be neglected, we obtain the equations


√ 
ρ−3 = 1 1 − 3 (x + y 3) ,
1
8 
4
√ 
(11)
ρ−3 = 1 1 + 3 (x − y 3) ,
2
8
4
which we substitute into the differential equations (10), and after
reduction we obtain

ẍ − 2ẏ = 3 x,
4
(12)
ÿ + 2ẋ = 9 y,
4
These are the differential equations describing the infinitesimal motion of µ around L4 . Solving this system shows that, close to L4 ,
there are no periodic motions for µ, but only asymptotic solutions
(see for example [47]).
Close to L4 , the coordinates x and y are expressed by
e−at sin(bt),

and e−at cos(bt)

for the motion to L4 and
eat sin(bt),

and eat cos(bt)

for the opposite motion.
By considering higher powers of x and y than in (10) we obtain
a power series. We use these series to follow the motion of a mass
further from L4 , but for big distances the work quickly becomes
insuperable.
In our research on asymptotic motions starting or finishing at
the libration we combined the process just mentioned with numerical integration starting really close to the libration point. We refer
to [39, 42]. Using this approach, we looked at asymptotic orbits for
L4 , the search for L5 being obtained by symmetry.
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Table V I shows the results from the first stage of our computations – for asymptotic motions leaving L4 . Two of the main results
can be expressed as follow:
1. There exist infinitely many asymptotic motion approaching/leaving
L4 . (translator’s note: here he is describing the local stable/unstable manifolds.)
2. If we specifically search for asymptotic motion cutting the ξ
axis with a 90 degree angle after one quadrant of rotation,
we find five orbits of this kind. They are showed in figure 15.
Only one quadrant is displayed. We extend those orbits until
they reach L5 using symmetries to complete the picture.
The five simple periodic orbits we found are labeled I, II, III, IV, V
in figure 15 (see [39]). We note that the orbit V is identical to
the limit orbit mentioned at pages 103-104 (Translator’s note: this
is the numbering from the original paper. It is referring to the
class from paragraph VI ), from the family of retrograde periodic
orbits around the two masses with direct motion in the fixed coordinates (see [38, 39]). We will later discuss the meaning of the
orbits I, II, III, IV .
These orbits are symmetric with respect to both axes, but there
also exists a group of asymptotic orbits that are not symmetric to
the axis η. We will investigate those later.
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In our problem, with m1 = m2 , we have no periodic solutions
around L4 and L5 . We know that in general there are mass ratios
m1 6= m2 which admit infinitesimal periodic solutions around L4
1
and L5 . Indeed, one mass must be smaller than approximatively 25
the other (Translator’s note: This is referred to as the Routh criterion.). Figure 16 illustrates the bifurcation from only asymptotic
solutions to the existence of periodic solutions as the mass ratio
1
crosses this value. On this figure µ represents the ratio m1m+m
. In
2
the Copenhagen problem µ is equal to 0.5. The critical value of µ
for which periodic orbits appear is µ0 = 0.038520896 . . . . In figure
16 the doted lines represent the orbits leaving the libration point
and the full lines are approaching.
17

We illustrate the evolution of both branches for decreasing values of µ, until they approximatively meet at an ellipse for µ =
0.0386. Figure 17 shows the value µ = µ0 at which the ellipses
appear for the first time (see [52]).

VIII. Retrograde periodic orbits around both masses,
with retrograde motion in fixed coordinates (class
m).
We follow this class up to infinity by shrinking the orbits around
m1 m2 exactly as for the orbit class l. One sees in figure 18 and 19
(figure 19 has a much bigger scale than 18) that the orbits flatten
as we approach m1 and m2 . At the same time, the velocity of the
orbit increases. The mass moving along the smaller orbit in figure
19 passes near the primaries m1 and m2 : the velocity is high along
the whole orbit but naturally even higher near the masses. The
limit orbit is a straight motion between m1 and m2 with infinite
velocity at each point. We thus find a class of orbit starting at
infinity and ending in an orbit with collisions to m1 in forward
time and m2 in backward time (see [17]).
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IX. Direct periodic orbits around both masses
(orbit k).
We see in figure 20 a double collision orbit. Starting from this one
in two opposite directions we find two ordered classes represented
in figure 21 and 22. In depth research shows that both classes
end in orbits asymptotically approaching L4 and L5 . We see that
19

the two asymptotic orbits are identical to the asymptotic-periodic
orbits given by I and II in Figure 15 (see [16, 49]). Thus, we have
here a class of orbits whose limit orbits are both asymptotic.
20

X. Retrograde periodic orbits around m2 (class
f ).
Table III describes the discovery of this class: first small orbits
around m2 in figure 1 (circular motion infinitely close to m2 ), then
orbits with indentation close to m1 (figure 2), followed by a collision
with m1 (figure 3) and orbits with loop around m1 (figure 4). The
loop approaches m2 as the orbit increases (figure 5), and after this
there follows a collision with m2 (figure 6). The class keeps expanding with repetition of loops and collisions until infinity. Thus we
have a class starting at one mass and ending at infinity (see [20]).

XI. Retrograde periodic orbits around m1 (class
h).
The evolution is the same as for the previous class f .

XII. Direct periodic orbits around m2 (class g).
Figure 23 shows the birth of this class. Initially with infinitesimal
circular orbits around m2 , then oval orbits around the same mass,
and finally a collision with m2 . A great deal of work has been done
to follow the class beyond this point (see figure 9 − 22 at page 16-21
of [37]). This work is not yet completed but it is sure that, one way
or another, this class connects to the libration points L4 and L5 .
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In ”Periodic Orbits”, Darwin devoted most of his attention to this
class. A comparison between figure 23 of this work and the one
from Darwin (figure 2 and 3 of Table IV in Periodic Orbits) shows
an excellent fit despite the different choices of mass (Darwin used
m1 = 10m2 ).

XIII. Direct periodic orbits around m1 (class i).
They are similar to those in previous class g.

22

XIV. A class of retrograde periodic orbits entering itself and not symmetric with respect to η
(class n).
23
A common characteristic to all the previous classes is that their
existence results from a systematic search to find periodic orbits

whose existence was predictable. This is not the case for this class
which was found, by pure chance, while working on other classes of
orbits. Figure 24 and Table IV show the unexpected and interesting development of this class, which made us give up our original
principle. That is, to stop the analysis of a class once it reaches
a collision, when a motion with a complicated nature was reached.
We have at figure 24 (except for the curve sketched entirely which
is identical to the double collision orbit in class c) a sequence of
libration looking orbits, which starts by a backward time collision
at m2 and finishes with a collision with m1 (in the middle, we obviously get to an orbit symmetric with respect to the η axis; this
orbit is actually identical to one of the librations in class c).
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Starting from the collision orbit at m1 we obtain orbits with
loops around m1 ; the evolution of these orbits is presented in Table
IV (figure 1 − 21). The loop gets bigger as the orbit itself shrinks.
This continues until the loop and the orbit overlap, and if we continue, the loop becomes the orbit and reversely. That is, we obtain
the same evolution but in reverse.
Once beyond the collision with m1 we continue to the collision
with m2 . Then follow loops around m2 , identical to the previous
ones around m1 , and they evolve in the same way until we get back
to the beginning: the collision with m2 . Therefore we have a class
of orbits entering itself (see [28]). To see the Fourier expansion for
the coordinates of theses orbits, we refer to [37], page 25.

XV. A class of retrograde orbits, libration looking, symmetric with respect to η, with two asymptotic orbits as limit orbits (class r).
Figure 25 shows seven orbits belonging to this class. Note that
this class admits the two asymptotic orbits III and IV in figure
15 as limits. To make the connection obvious we draw both orbits
in figure 26. The orbit corresponding to K = 11.1 in figure 25 is
very close to the limit orbit IV , while the orbit for K = 11.19942
is close to III. Thus one can follow the transition from one limit
to another in figure 25. Therefore, we have again a class of periodic
orbits caught between two asymptotic orbits (see [19, 29]).
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XVI. A class of retrograde orbits, libration looking, asymmetric with respect to η, with two asymptotic orbits as limit orbits (class o).
Figure 27 shows six orbits (three orbits and their symmetric counterparts) belonging to this class. The beginning and end of this
class are interesting. One of the limit orbits of the class is, indeed,
a combination of the left half of the asymptotic orbit III previously
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mentioned and the right half of IV (figure 28). Similarly, the other
limit orbit (figure 29) is the combination of the left side of IV with
the right side of III. We, then again, have a class of periodic orbits
with two asymptotic orbits as limits (see [19, 29]).

XVII. Other classes of periodic orbits with two
asymptotic limit orbits (class s).
This last class admits limit orbits made of pieces of the asymptotic
orbits III and IV . Thus one constructs all the possible combinations with the five asymptotic orbits I, II, III, IV, V (in figure 15).
We obtain nine new asymptotic orbits, with no symmetry (therefore
ten in total and twenty including symmetric counterparts) which
open a broad new perspective since there is no doubt that all those
orbits should be limits of classes of asymmetric orbits. These classes
however are so melted with each other that their numerical determination would require a considerable amount of work.
From a methodological point of view we have here a whole new
problem. The five double symmetric orbits mentioned in VII (figure 15) were all classified as limits of classes already known from
previous work. In these cases the problem was to first look at a
representative of the class to then find its limits.
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The problem is now the opposite: we have a number of asymptotic orbits which we predict with confidence are limits of periodic
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classes, and we now seek to reconstruct the one from the another.
We encounter a similar problem in XVIII (see [29]).

XVIII. Simple periodic orbits, asymptotic to L4
and L5 and asymmetric with respect to ξ.
In this paragraph we also consider a number of class whose limit
orbits are asymptotic. At page 106 the existence of simple periodic
orbits, asymptotic to L4 and L5 and asymmetric with respect to
ξ was mentioned. This problem was discovered when considering
the same problem but with symmetry. Many orbits asymptotic
to L4 were followed until they met η after half a rotation. We
determined that when they cut the axis with a right angle they
become symmetric to their first part and therefore are asymptotic
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to L4 again (the analogous case with L5 exists as well). According
to the experiments there was no doubt that these new asymptotic
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orbits where limit orbits of some periodic class.
Table V II shows the new set of asymptotic orbits and table V
reproduces the asymptotic orbits meeting the η axis with a right
angle and as described. The problem of combining parts of these
orbits has been studied and essentially solved. See figure 9 of Table
V and its symmetric counterpart with respect to ξ. Together these
form the limits of a class of periodic orbits. It is reasonable to think
the same for the pair in figures 3 and 4 as well as for the pair in
figures 7 and 8. It is also very likely that figure 1 must be combined
with figure 6, and figure 2 with figure 5 (see [44, 47]).
The five asymptotic orbits mentioned in VII are the only existing simple asymptotic orbits which are also symmetric with respect
to η and asymmetric with respect to ξ. In table V II one sees the
existence of asymptotic orbits which are periodic after more than
one revolution, for example:
1. An orbit at 1.700 < η0 < 1.7015 which will cut the ξ axis
(going up) for the second time (to the left of the η axis) with
a right angle;
2. An orbit at 1.719 < η0 < 1.720 analogous to 1;
3. An orbit at 1.742 < η0 < 1.743 which will cut the ξ axis with
a right angle but at its fourth crossing;
4. An orbit with η0 slightly bigger than 1.7452 analogous to 1;
5. An orbit with η0 slightly bigger than 1.752 analogous to 1;
There are countless such orbit, but since they are not simple
periodic, that is periodic after one revolution, they are out of the
considered program at Copenhagen observatory. The possible simple periodic orbits, asymptotic to L4 (or L5 ) were all covered by
VII and XVIII.

XIX. Asymptotic orbit to the libration
points L1,L2 and L3.
The asymptotic orbits to L1 , L2 and L3 can be periodic only for
special values of the mass ratio. For the mass ratio used in our
research (m1 = m2 ) there are no such periodic orbits. Asymptotic orbits get closer to or move away from L1 , L2 or L3 without
spiraling. Instead of exponential and trigonometric expressions as
encountered before (see VII), we obtain here purely exponential
terms.
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XX. More general gravitational problems.
Cases of the three body problem and one
with additional bodies.
In a text from 1900 (see [30]) the author started numerical computations for the case where all three masses had the same order of
magnitude. It was the first time that the approach of numerical integration was applied to such problem. The work was continued in
1909 and at the same time that research on the restricted problem
began in Copenhagen. The goal was to find, if possible, periodic
orbits. A solution, displayed in figure 30, was finally found in 1919
with the case of the mass ratio m1 : m : m2 equal to 1 : 2 : 1.
Using a rotating frame we realized that this problem is simply
an extension to the finite domain of infinitesimal periodic orbits
that we already know and which correspond to the infinitesimal
libration around L1 , L2 and L3 in the restricted problem (Table II
and figure 3). Extended research showed that the orbits continue
to collisions between m1 and m (or m2 and m). Figure 31 shows
the motion in a system close to collision. We also computed a
”libration” case for four equal masses, see figure 32 and [36, 40].
We remark that research into the problem with three or four equal
masses of the same order of magnitude provides an opportunity to
generalize results from the restricted problem of three bodies.

5
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Conclusion

The main tool for our research is the simple technique of numerical integration. Among the mathematical concepts which played
an important role we mention the transformation of the differential
equation, from the work of Thiele, as well as (to start the computation in some cases) the infinitesimal solution of those equations.
It is of great interest to mention where our research increased our
knowledge beyond the results of Poincaré on the restricted problem.
Here are the two main things.
1. With our choice of finite masses it is no longer a perturbation
problem where the solution can be established using power
series and small quantities.
2. Our research had a broader goal than just finding periodic and
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asymptotic solutions near some initial conditions found using
analytics approach. The goal was to systematically follow
classes from a natural starting point until a natural ending.
We listed in the Introduction, the different possibilities for the
start and end of classes. We would have reached the optimal target
in the three body problem in the case where we would have established general formulas for the motion of this celestial problem:
Formulas which allow one to compute the motion at any time by
substituting different values of time into them. It is toward this
goal that so many mathematicians and astronomers put their effort
since the discovery of the law of gravitation.
It seems the problem was solved 25 years ago when M. Sundman
published a few essays where he establish mathematical formulas
for the motion in the three body problem using power series which
converge (in the mathematical sense) for all values of time.
We never doubted his results, but a detailed execution was missing: that is, an explicit computation. For this reason we were un34

sure of the applicability of series to practical goals. We were also
working with conditions which would probably make the convergence of Sundman’s series too slow to be applicable in practice.
Recently M. Belorizky showed in ”Recherches sur l’application
pratique des solutions générales du problème des trois corps” that
the convergence of Sundman’s series is actually so slow that they
would never be applicable in practice. Sundman mentioned himself,
at the 1930 reunion of ”Astronomische Gesellschaft” in Budapest,
that research involving numerical integration are now the only applicable way to solve the three body problem.
In this work, we presented a summary of the results obtained
by numerical integration regarding simple periodic or asymptotic
motion in the restricted problem; this summary provides a map for
a scientific domain which was terra incognita a few decades ago. It
is my hope that the cartography presented here will be a basis for
a mathematical exposition of the problem.
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