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Abstract

We consider a linearly unstable standing wave solution of a parabolic partial differ-
ential equation (PDE) on the real line and develop a high order method for polynomial
approximation of the local unstable manifold. The unstable manifold describes the
breakdown of the nonlinear wave after the loss of stability. Our method is based on
the parameterization method for invariant manifolds and studies an invariance equa-
tion describing a local chart map. This invariance equation is a PDE posed on the
product of a disk and the line. The dimension of the disk is equal to the Morse in-
dex of the wave. We develop a formal series solution for the invariance equation, and
show that the coefficients of the series solve certain boundary value problems (BVPs)
on the line. We solve these BVPs numerically to any desired order. The result is
a polynomial describing the dynamics of the PDE in a macroscopic neighborhood of
the unstable standing wave. The method is implemented for a number of example
problems. Truncation/numerical errors are quantified via a-posteriori indicators.

1 Introduction

Understanding the emergence and evolution of coherent structures is a fundamental chal-
lenge in applied mathematics, and a rich class of examples come from partial differential
equations (PDEs) posed on the entire real line. Traveling waves are an important special
class of solutions where one looks for a fixed wave profile propagating with fixed wave speed.
Waves with zero speed are known as standing waves. Questions about the existence and
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shape of one-dimensional traveling waves are equivalent to questions about the existence
and shape of certain homoclinic/heteroclinic connecting orbits for finite dimensional vector
fields. This observation leads to a dramatic reduction in the dimension of the problem and
forges deep connections between the theory of nonlinear waves and the qualitative theory
of dynamical systems.

After a nonlinear wave is located a natural next step is to consider its stability. That is,
what happens to patterns starting near but not on the traveling wave? While stable waves
are observed in a wide variety of natural systems and mathematical models, unstable waves
are not attracting hence are difficult to observe directly. Nevertheless, insights from the
qualitative theory of dynamical systems suggest that unstable waves play an important role
in the organization of global dynamics. For example changes in stability are important for
understanding spontaneous emergence and bifurcation of patterns. Moreover, unstable or-
bits are dense in chaotic attractors and understanding them is important for understanding
spatiotemporal complexity.

Numerical analysis of traveling waves is a growing area, and within the last decade sev-
eral tools for locating and modeling unstable waves have been developed. Software packages
such as STABLAB [1] facilitate stability calculations by means of the Evans function, the
zeros of which are the eigenvalues of the linearized wave. More recently, additional function-
ality which assists in the automatic derivation of finite difference methods has been added
to STABLAB. The tools in STABLAB are used in the present work to compute traveling
wave profiles, to analyze spectral stability, and to simulate the flow generated by the PDE.

A next natural step in this program is to study nonlinear instabilities, and the organizing
concept is that of the unstable manifold. The unstable manifold describes how nearby
solutions move away from the traveling wave in the fully nonlinear problem. This description
is critical for understanding the emergence and break up of patterns in the full nonlinear
problem.

We develop a new approach for computing high order Taylor approximations of the
unstable manifold attached to a traveling wave. Our approach is based on the parameter-
ization method of Cabré, Fontich, and de la Llave [2, 3, 4]. The parameterization method
provides a general functional analytic framework for studying invariant manifolds in a num-
ber of different contexts and applications. The method is constructive and leads to efficient
and accurate numerics. The parameterization is not required to be the graph of a function
over an eigenspace, hence the method can follow folds in the embedding. In addition to pro-
viding the embedding, the parameterization method also recovers explicitly the dynamics
on the manifold.

Following the works just cited – which focus on manifolds attached to fixed points of
infinite dimensional maps – the parameterization method has been extended by a number of
authors to more general situations such as whiskered tori [5, 6, 7, 8, 9, 10, 11], quasi-periodic
invariant manifolds in infinite dimensional problems [12, 13, 14], and to stable/unstable
manifolds attached to periodic orbits of ordinary differential equations [15, 11, 16, 17, 18, 19]
to cite only a few developments. We refer to the book of [20] for a much more complete
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overview of the literature. We only mention that several recent papers develop numerical
approximation schemes for unstable manifolds in infinite dimensional dynamical systems.
See for example the work of [21] on unstable manifolds attached to equilibrium and periodic
orbits of delay differential equations, the work of [22] on unstable manifolds attached to
equilibrium solutions of one dimensional scalar parabolic PDE posed on compact intervals,
and the extension to planar polygonal domains using finite element methods [23].

The present work generalizes the parameterization method to the setting of unstable
manifolds attached to standing waves for parabolic PDEs on the line. The main idea is
to look for a parameterization of a local unstable manifold satisfying a certain invariance
equation. We derive a formal series solution for this invariance equation and show that
the coefficients are given by a recursive scheme. The main observation is that recursive
system of equations describing the Taylor coefficients are themselves linear boundary value
problems (BVPs) - the so called homological equations – with each BVP formulated on the
line. Recursive numerical solution of these linear BVPs up to some finite order N provides
a polynomial approximation of the parameterization. The parameterization conjugates
the dynamics on the manifold to the linear dynamics given by the unstable eigenvalues.
Checking the conjugacy provides an a-posteriori measure of the truncation/numerical error.

We implement the scheme for three systems with well known unstable standing waves:
the Nagumo equation, the Gray Scott system, and a nonlinear Shrödinger’s equation. We
compute the manifold to high order and verify its accuracy using automatic finite difference
code courtesy of Todd and Morgan [24]. In addition, we perform an a-posteriori error
analysis of each calculation. The MATLAB code is freely available at

Github.com/finitediff/Unstable-Manifold

Before concluding this introduction we remark that numerical methods for computing
invariant manifolds for PDEs and other infinite dimensional systems have a long history
and rich literature. While a thorough review of the literature is far beyond the scope of
the present work, we would like to mention – in addition to the references cited above – a
few papers which could serve as an entry point to this vast literature. We refer for example
to the works of [25, 26, 27, 28] on heteroclinic and homoclinic phenomena, the works of
[29, 30, 31, 32, 33] for a description of the organizing role of unstable periodic orbits and
their invariant manifolds in the study of turbulence, to the works of [34, 35, 36, 37, 38] on
numerical methods for inertial manifold reduciton, the works of [39, 40, 41, 42] on numerical
methods for center manifold reduciton, the woks of [43, 44, 45, 46, 47] on efficient numerical
calculation of spectral submanifolds, and the work of [48, 49, 50, 51, 52, 53] on the role
of invariant manifolds in delay differential equations. Again, we stress that this list barely
scratches the surface of the literature, and that the interested reader will find much of
interest by consulting the references of the papers just mentioned.

The remainder of the paper is organized as follows. After reviewing some requisite
background material and presenting the main example problems in Section 2, we describe
in Section 3 the parameterization method for standing waves of PDEs on the line. We place
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a heavy emphasis on formal series solutions of the invariance equation for the main example
applications – that is, we emphisize the derivation of the homological equations in concrete
problems. In Section 4 we describe and implement numerical procedures for solving the
homological equations and profiling the results. Some conclusions and suggestions for future
work are discussed in 5.

2 Background

We begin by reviewing some now standard results about the parameterization method.
In particular the invariance equation is given and its basic implications discussed. This
material comprises only a few pages and is included so that the present work may serve as
a stand alone introduction to the reader unfamiliar with these developments.

Similarly we describe some classical material about computation and stability analysis of
traveling wave solutions for PDEs on the line. This material underpins our entire approach.
We conclude the section by presenting the three main example applications studied in this
present work: Nagumo’s Equation, the Gray-Scott system, and a nonlinear Schrödinger
equation. For each system we provide a non-trivial unstable standing wave solution for
further analysis later in the paper.

The reader familiar with the topics reviewed in this Section is encouraged to skip ahead
to Section 3. Indeed, many readers will want to skim the present section and refer back to
it only as needed.

2.1 Overview of the parameterization method for unstable manifolds of
vector fields

Let H be a Hilbert space, D ⊂ H be a dense subset. For a smooth mapping F : D → H we
are interested in the differential equation

∂

∂t
u(t) = F (u(t)).

We are interested in the dynamics near an equilibrium solution u∗ ∈ D. Observe that u∗ is
an equilibrium solution if

F (u∗) = 0.

Assume that A = DF (u∗) has finite Morse index. More precisely, we require that A has
at most finitely many unstable eigenvalues each with only finite multiplicity. We write
λ1, . . . , λM to denote the unstable eigenvalues and order them so that

0 < real (λ1) ≤ . . . ≤ real (λM ) .

In the present work we assume for the sake of simplicity that each unstable eigenvalue has
multiplicity one. This assumption can be removed – for example see [2, 54] – however in the
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P : M ! Rd

P (M) = N

Rd

K : M ! T M

DP � K : N ! T N

F : Rd ! Rd

M

✓0 = ⇤✓

P : B ! H

H

D✓P (✓)⇤✓

D✓P (✓)⇤✓ = F (P (✓))

F : H ! H

Figure 1: Geometric interpretation of the invariance equation. DθP maps the vector field
Λθ in B onto the image of P . This push forward should match that given vector field F
in the image of P . If the two vector fields match then they generate the same dynamics
(orbits).

present work we avoid these technicalities. Choose ξ1, . . . , ξM ∈ D associated eigenvectors.
More precisely we require that

DF (u∗)ξj = λjξj , 1 ≤ j ≤M.

If M ≥ 0 the equilibrium u∗ is said to be spectrally unstable, and we are interested
in parameterization of the M dimensional unstable manifold attached to u∗. To be more
precise, let r1, . . . , rM > 0 and define B = [−r1, r1] × . . . × [−rM , rM ]. Consider a smooth
function P : B→ H having that

P (0) = u∗, (1)

∂jP (0) = ξj , 1 ≤ j ≤M. (2)

Such a P is tangent to the unstable manifold, and we would like to impose additional
constraints so that

P (B) ⊂W u(u∗).

Write

Λ =




λ1 . . . 0
...

. . .
...

0 . . . λM


 .
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The parameterization method looks for a P which, in addition to satisfying the constraint
Equations (1) and (2), is also a solution of the invariance equation

F (P (θ)) = DP (θ)Λθ, for all θ ∈ interior (B) . (3)

Figure 1 illuminates the meaning of Equation (3), which is asking that the push forward
of the linear vector field Λ by DP matches the vector field F restricted to the image of
P . Loosely speaking, since the two vector fields match on the image of P they must
generate the same dynamics – with the dynamics generated by Λ well understood. Then
P maps orbits of Λ in B to orbits of F on the image of P , as we will show below. Since
P maps orbits to orbits, Equation (3) is also called an infinitesimal conjugacy equation.
The orbit correspondence is illustrated in Figure 2, and the observations of the preceding
paragraph are made precise by the following lemma. For the sake of simplicity we suppose
that the unstable eigenvalues are real. This restriction can be lifted and complex conjugate
eigenvalues handled as described in [55], and we actually consider this case in Section 2.3
The elementary proof of the lemma is found in [23].

Lemma 2.1 (Orbit correspondence). Assume that the unstable eigenvalues λ1, . . . , λM are
real and distinct. Suppose that P : B → H satisfies the first order constraints of Equations
(1) and (2), and that P is a smooth solution of Equation (3) on interior(B) = (−r1, r1)×
. . .× (−rM , rM ). Then P parameterizes a local unstable manifold for u∗.

Suppose that F generates a flow Φ near u∗. In this case Lemma 2.1 the result of the
Lemma can be restated by saying that P satisfies the flow conjugacy

P (eΛtθ) = Φ(P (θ), t),

for all t such that eΛtθ ∈ B. So, P conjugates the flow generated by Λ to the flow generated
by F . In this sense, P recovers the dynamics on the parameterized manifold in addition to
the embedding.

Lemma 2.1 explains our interest in the invariance Equation (3). Sections 2.1 and 4 re-
spectively develop formal series methods for solving (3) as well as numerical implementation
of the soluitons.

2.2 Computing profiles, eigenvalues, and eigenfunctions

Let us fix for a moment a specific class of examples. With f : R → R a smooth function
consider the parabolic scalar reaction diffusion equations in one spatial dimension given by

∂

∂t
u(x, t) =

∂2

∂x2
u(x, t) + f(u(x, t)), x ∈ R, t ≥ 0. (4)

A standing wave solution is a smooth function u∗ : R→ R satisfying

u′′∗(x) + f(u∗(x)) = 0, (5)
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�(x, t)
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H H

P

Figure 2: Flow conjugacy induced by the invariance Equation. The orbits of eΛt accumulate
in backwards time to the origin in B. The parameterization P lifts these orbits to curves
which are themselves orbits in H. The orbits in H accumulate at the equilibrium u∗, so
that the image of P is a local unstable manifold for u∗. (3)

where ′ := d/dx denotes differentiation with respect to the spatial variable. We refer to
Equation (5) as the (standing wave) profile equation. In the present work we are interested
in standing waves which are asymptotically constant and require

lim
x→−∞

u∗(x) = C− and lim
x→∞

u∗(x) = C+,

for some constants C± ∈ R.
By a standard change of variables u1 = u, u2 = u′ we rewrite the profile equation as a

nonlinear system of first order ODEs

u′1 = u2

u′2 = −f(u2).

Observe an equilibrium solution of this system has u2 = 0 and

f(u1) = 0.

Suppose now that a0 and a1 are (not necessarily distinct) zeros of f , so that (a0, 0)
and (a1, 0) are equilibrium solutions of the ODE system. If u1(t), u2(t) is a non-constant
solution of the profile system with

lim
t→−∞

u1(t) = a0, lim
t→−∞

u2(t) = 0, lim
t→∞

u1(t) = a1, and lim
t→∞

u2(t) = 0,
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then u∗(x) = u1(x) is the profile of a standing wave solution of Equation (4) with C− = a0

and C+ = a1. The discussion extends naturally to systems of reaction diffusion PDEs with
one spatial dimension, and to parabolic PDEs with more general diffusion operators. For
just a few examples, see [56, 57, 58, 59, 60]

Looking for a standing wave reduces the problem of finding solutions of the PDE to the
problem of finding heteroclinic/homoclinic connecting orbits for an ODE: the profile equa-
tions. The desired connecting orbits are computed numerically by projecting the boundary
conditions onto the stable/unstable eigenspace at the equilibrium solution and solving the
resulting two point boundary value problem. This numerical procedure is discussed in detail
in [61, 62].

Stability of the standing wave is reduced to the study of certain ODEs as follows.
Consideration of the eigenvalue problem for the PDE linearized about the traveling wave
solution leads to

w′′(x) + f ′(u∗(x))w(x) = λw(x), x ∈ R.

Define the λ dependent matrices

A−(λ) =

(
0 1

λ− f ′(a0) 0

)

A+(λ) =

(
0 1

λ− f ′(a1) 0

)

and the non-constant matrix

A(x, λ) =

(
0 1

λ− f ′(u∗(x)) 0

)
.

Letting W = (w,w′) we look for λ ∈ C so that the non-autonomous linear equation

W (x)′ = A(λ, x)W (x),

has solutions asymptotic to the stable eigenspace of A+ and the unstable eigenspace of A−
as t→ ±∞ respectively. So, linear stability of the standing wave is reduced to solution of
a certain two point boundary value problem on the line.

In the present work the eigenvalues λ are found as zeros of the Evans function, an infinite
dimensional generalization of the determinant of a finite dimensional square matrix. The
Evans function is discussed from a numerical point of view in [63, 64]. We employ the
numerical package STABLAB [1] for the Evans function calculations in the present work.

To numerically approximate the associated eigenfunction, we double the size of the
Evans ODE system by making a linear change of coordinates to express the solution that
corresponds to the interval [0, L] on the interval [−L, 0], where L � 1. This allows us to
give a norm condition on the eigenfunction at x = 0 while still using MatLab’s two-point
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boundary value solver bvp5c, which uses the four-stage Lobatto IIIa formula. The boundary
value problem is thus,

(
W ′(x)
Z ′(x)

)
=

(
A(x;λ)W (x)

A(x+ L;λ)Z(x)

)
,

Ps W (−L) = 0, Pu Z(0) = 0, ||W (0)||2 = 1, x ∈ [−L, 0],

(6)

where Ps is the projection onto the stable subspace of A−(λ), and Pu is the projection
onto the unstable subspace of A+(λ), where A±(λ) := limx→±∞A(x;λ). The spectral
parameter λ is treated as a free variable, which allows us to provide the norm condition on
the eigenfunction. To provide an initial guess for the eigenvalue, we solve for the eigenvalue
using Evans function root solving routines built into STABLAB; see [1]. We use sech(x)
and its derivatives as the initial guess for W and Z. See [65] for more details about how
one can solve for an eigenfunction in this setting.

Remark 2.2 (Non-zero wave speed). The discussion above generalizes substantially by
considering traveling waves. To be more precise, suppose that we look for solutions of
Equation (4) having the form u(x, t) = u∗(x− ct). That is, we seek out waves with a fixed
shape u∗ moving at a constant speed c 6= 0. This is referred to as the traveling wave ansatz,
and upon substituting it into Equation (4) we arrive at the system

u′′∗ − cu′∗ + f(u∗) = 0,

where ′ denotes differentiation with respect to the variable τ = x− ct. Imposing the same
boundary conditions as before we are once again led to a system of ODEs whose heteroclinic
and homoclinic solutions must be analyzed. We remark that the parameterization method
for standing waves developed in Section 3 extends in a natural way to unstable manifolds
for more general traveling waves simply by studying the standing waves of the transformed
system.

2.3 Example systems: profiles and eigendata

In this section we describe the three models used in the present work. For each system we
consider a standing wave profile and examine the stability via the Evans Function. The
first model is Nagumo’s equation, for which an explicit pulse solution, explicit eigenvalue,
and explicit eigenfunction are known. The second model, the Gray-Scott system, also has
explicit solutions for unstable standing waves, but explicit solutions for its eigenfunctions are
not known. The third system, Shrödinger’s equation, is known to exhibit a Hopf bifurcation
resulting in oscillating eigenfunctions associated with complex conjugate eigenvalues. The
Gray-Scott and Schrödinger models illustrate that our method applies to systems as well
as scalar equations. The Schrödinger model further illustrates the computation of a two
dimensional unstable manifold.
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2.3.1 Nagumo Equation

The Nagumo equation in one spatial dimension is given by,

ut = uxx − u+ u3, (7)

where u(x, t) : R× (0,∞)→ R. The profile equation for a standing wave is

u′′ − u+ u3 = 0,

which leads to the first order system

u′1 = u2

u′2 = u1 − u3
1.

The Nagumo equation has an unstable standing wave solution given by

u∗(x) = u1(x) =
√

2 sech(x).

Linearizing (7) about the wave u∗ and looking for separated solutions (that is, ignoring the
continuous spectrum) yields the eigenvalue problem

ξ′′(x)− ξ(x) + 3u∗(x)2ξ(x) = λξ(x), lim
x→±∞

ξ(x) = 0, ||ξ|| 6= 0. (8)

A solution to (8) for the unique unstable eigenvalue λ = 3 is given by the eigenfunction,

ξ(x) =

{
e2x(2− 2 tanh(x)− sech2(x)) if x ≥ 0

e−2x(2 + 2 tanh(x)− sech2(x)) if x < 0.

, can be seen in Figure 3. The profile and eigenfunction for Nagumo’s equation are plotted
in Figure 3.

2.3.2 Gray-Scott

The Gray Scott equations in one spatial dimension are given by

ut = uxx − uv2 + α(1− u),

vt = vxx + uv2/γ − v/γ,
(9)

where u, v : R × (0,∞) → R, and α, γ > 0 are parameters. The equations model a cubic
autocatalytic reaction without stirring [66, 67, 68]. The profile equations for a standing
wave solution are

u′′ = uv2 − α(1− u), v′′ =
1

γ
(v − uv2). (10)
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Figure 3: The Nagumo equation profile, u⇤(x), and eigenfunction, ⇠(x) associated with the
unstable eigenvalue � = 3.

which leads to the first order system

u0
1 = u2

u0
2 = u1 � u3

1.

The Nagumo equation has an unstable standing wave solution given by

u⇤(x) = u1(x) =
p

2 sech(x).

Linearizing (7) about the wave u⇤ and looking for separated solutions (that is, ignoring the
continuous spectrum) yields the eigenvalue problem

⇠00(x) � ⇠(x) + 3u⇤(x)2⇠(x) = �⇠(x), lim
x!±1

⇠(x) = 0, ||⇠|| 6= 0. (8)

A solution to (8) for the unique unstable eigenvalue � = 3 is given by the eigenfunction,

⇠(x) =

(
e2x(2 � 2 tanh(x) � sech2(x)) if x � 0

e�2x(2 + 2 tanh(x) � sech2(x)) if x < 0.

The profile and eigenfunction for Nagumo’s equation are plotted in Figure 3.

2.3.2 Gray-Scott

The Gray Scott equations in one spatial dimension are given by

ut = uxx � uv2 + ↵(1 � u),

vt = vxx + uv2/� � v/�,
(9)
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Figure 3: The Nagumo equation profile, u∗(x), and eigenfunction, ξ(x) associated with the
unstable eigenvalue λ = 3.
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Figure 4: Standing wave solution for the Gray-Scott equations.

We take αγ = 1 and 0 < γ < 2
9 , as for these parameters there is a known explicit solution

(see [67]) for the profile equations given by

u∗(x) = 1− 3γ

1 +Q cosh(x/
√
γ)
,

v∗(x) =
3

1 +Q cosh(x/
√
γ)
,

(11)

where Q :=
√

1− 9γ/2. These solutions were shown to be unstable in [69]. We select
values of α = 9 and γ = 1

9 . The corresponding profile is shown in Figure 4.
Linearizing equations (9) about the profile (u∗, v∗), and looking for separated solutions,

we arrive at the eigenvalue problem

ξ′′ − v2
∗ξ − 2u∗v∗η − αξ = λξ,

η′′ +
v2
∗
γ
ξ +

2

γ
u∗v∗η −

1

γ
η = λη,

11



-10 -5 0 5 10

0

0.05

0.1

0.15

0.2

Figure 5: The Gray-Scott eigenfunctions, ξ(x) and η(x) – red (top) and blue (bottom)
respectively.

which upon rearranging terms becomes the second order system,

ξ′′ = v2
∗ξ + 2u∗v∗η + αξ + λξ, (12)

η′′ = −v
2
∗
γ
ξ − 2

γ
u∗v∗η +

1

γ
η + λη. (13)

We note that, due to the symmetry of u∗ and v∗, eigenfunctions may be even or odd
functions of x ∈ R. We introduce the variables ξ1 = ξ, ξ2 = ξ′, η1 = η, η2 = η′ and write
(12) as a first order system W ′(x;λ) = A(x;λ)W (x;λ) as follows,




ξ′1
ξ′2
η′1
η′2


 =




0 1 0 0
λ+ v2

∗ + α 0 2u∗v∗ 0
0 0 0 1

−v2
∗/γ 0 λ+ (1− 2u∗v∗)/γ 0







ξ1

ξ2

η1

η2


 . (14)

The asymptotic matrices A± := limx→±∞A(x;λ) are given by

A±(λ) =




0 1 0 0
λ+ α 0 0 0

0 0 0 1
0 0 λ+ 1/γ 0


 . (15)

The eigenvalues of A± are given by µ±1 = ±
√
λ+ α and µ±2 = ±

√
λ+ 1/γ. The associated

eigenvectors are given by v±1 = (1, µ±1 , 0, 0)T and v±2 = (0, 0, 1, µ±2 )T . Using these eigenvec-
tors to create projective boundary conditions, we solve for the eigenfunction as described
in Section 2.2.
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Figure 6: Profile for PNLS. The blue (top) line corresponds to the component u∗, and the
orange (bottom) line to the component v∗.

2.3.3 Nonlinear Shrödinger Equations

The rescaled, parametrically-forced nonlinear Shrödinger equation (PNLS) in one spatial
dimension is given by,

ut = −vxx + µv − v(v2 + u2),

vt = uxx − u+ u(v2 + u2)− 2νv,
(16)

where u and v represent respectively the real and imaginary part of the dependent variable
of the rescaled PNLS, and µ and ν are rescaled coefficients; see [70] for details. It was
shown in [70] that Hopf bifurcations of a pulse solution exist in PNLS.

The system has a stationary pulse equilibrium given by (u∗, v∗) = (sech(x), 0) solving
the profile equation

−v′′ + µv − v3 − vu2 = 0,

u′′ − u− 2νv + uv2 + u3 = 0;
(17)

see Figure 6.
Linearizing about the profile leads to the eigenvalue problem

−η′′ + µη − 3v2
∗η − u2

∗η − 2u∗v∗ξ = λξ

ξ′′ − ξ − 2νη + v2
∗ξ + 2u∗v∗η + 3u2

∗ξ = λη.
(18)

We fix parameters µ = 0.3957 and ν = 0.1745, which correspond to a = 4 and γ = 2 in [70].
We solve for one of the eigenvalue-eigenfunction pairs of PNLS using the method described
in Section 2.2, and then we obtain the other eigen pair by taking the complex conjugate of
the first. There are a pair of complex conjugate unstable eigenvalues λ1,2 ≈ 0.0557±1.3053i.
We plot the real and imaginary parts of the associated eigenfunctions in Figure 7.
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Figure 7: The real and imaginary part of the eigenfunctions corresponding to the complex
conjugate pair of eigenvalues λ1,2 = 0.0557 ± 1.3053i. Red corresponds to ξ(x), and blue
to η(x).

3 Unstable manifolds for standing waves: formal series cal-
culations

In this section, we derive the formal derivation of the homological equations.

3.1 Cauchy products of power series

Derivation of homological equations in the applications below relies on some formal power
series manipulations. These calculations are much cleaner if we introduce a little notation.
In particular, since our example systems are nonlinear, products of power series are a
critical operation. In the present work we consider polynomial systems with only quadratic
and cubic nonlinearities. We remark that higher degree polynomials are treated similarly.
Moreover, using techniques from automatic differentiation for power series it is possible to
transform non-polynomial systems into polynomial systems of a larger number of variables.
For explicit examples of this procedure for parabolic PDEs see [23]. A more abstract
discussion is found in Chapter 2 of [20].

For the present work it is enough to consider the Cauchy product of two or three power
series in one or two variables. Consider then the three power series of a single variable given
by

P (θ) =

∞∑

n=0

pnθ
n,

Q(θ) =
∞∑

n=0

qnθ
n,
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and

R(θ) =
∞∑

n=0

rnθ
n.

The point wise products of P ·Q and P ·Q ·R are expressed as power series via the Cauchy
product formulas

(P ·Q)(θ) =

∞∑

n=0

(p ∗ q)nθn,

and

(P ·Q ·R)(θ) =

∞∑

n=0

(p ∗ q ∗ r)nθn,

where

(p ∗ q)n =

n∑

j=0

pn−jqj ,

and

(p ∗ q ∗ r)n =
n∑

j=0

j∑

k=0

pn−jqj−krk.

Suppose we want to isolate the highest order terms from the Cauchy products. We have
that

(p ∗ q)n =

n∑

j=0

pn−jqj

= p0qn + q0pn +
n−1∑

j=1

pn−jqj

= p0qn + q0pn + (p∗̂q)n,

where we define

(p∗̂q)n =

n−1∑

j=1

pn−jqj .

For the cubic term we have that

(p ∗ q ∗ r)n = p0q0rn + q0r0pn + p0r0qn + (p∗̂q∗̂r)n,

where

(p∗̂q∗̂r)n =

n∑

j=0

j∑

k=0

δ̂njkpn−jqj−krk
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where the term δ̂njk is defined by

δ̂njjk =





0 if j = k = 0

0 if j = k = n

0 if k = 0 and j = n

1 otherwise

,

and appears so that terms of order n are removed from the Cauchy product. The point is
that the so called “hat products” do not depend on terms of order n.

Similarly, consider three power series of two variables

P (θ1, θ2) =

∞∑

n=0

∞∑

m=0

pmnθ
m
1 θ

n
2 ,

Q(θ1, θ2) =
∞∑

n=0

∞∑

m=0

qmnθ
m
1 θ

n
2 ,

and

R(θ1, θ2) =

∞∑

n=0

∞∑

m=0

rmnθ
m
1 θ

n
2 .

Define the Cauchy products

(P ·Q)(θ1, θ2) =
∞∑

n=0

∞∑

m=0

(p ∗ q)mnθm1 θn2

and

(P ·Q ·R)(θ1, θ2) =

∞∑

n=0

∞∑

m=0

(p ∗ q ∗ r)mnθm1 θn2

where

(p ∗ q)mn =

m∑

i=0

m∑

j=0

pm−i,n−jqij ,

and

(p ∗ q ∗ r)mn =

m∑

i=0

i∑

j=0

n∑

k=0

k∑

l=0

pm−i,n−kqi−j,k−lrjl.

In this case we have that

(p ∗ q)mn = p00qmn + q00pmn + (p∗̂q)mn,

and
(p ∗ q ∗ r)mn = p00q00rmn + p00r00qmn + q00r00pmn + (p∗̂q∗̂r)mn
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where

(p∗̂q)mn =
m∑

i=0

n∑

j=0

δ̂njmipm−i,n−jqij ,

and

(p∗̂q∗̂r)mn =
m∑

i=0

i∑

j=0

n∑

k=0

k∑

l=0

δ̂nklmijpm−i,n−kqi−j,k−lrjl,

with

δ̂njmi =





0 if i = j = 0

0 if i = m and j = n

1 otherwise

and

δ̂nklmij =





0 if i = k = 0

0 if j = m and l = n

0 if i = m, k = n, j = 0, and l = 0

1 otherwise

.

3.2 Homological equations for standing waves

We now specialize the discussion of the parameterization method given in Section 2.1 to
the case of the flow generated by a parabolic partial differential equation on the line. We
think of Equation (4) as generating the Cauchy problem

ut = F (u), (19)

where for example the vector field F could be defined given by

F (u)(x) =
∂2

∂x2
u(x) + f(u(x)),

with u in an appropriate Hilbert space. (More general problems involving systems are
considered in Section 4).

Suppose that u∗ : R→ R has

F (u∗) =
∂2

∂x2
u∗(x) + f(u∗(x)) = 0,

for all x ∈ R. We say that u∗ is an equilibrium solution of Equation (19), and note that an
equilibrium solution u∗ corresponds to a standing wave solution of Equation (4).

An eigenvalue eigenvector pair (ξ, λ) for the equilibrium u∗, is a solution of the eigenvalue
problem

DF (u∗)ξ = λξ,
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or more explicitly
∂2

∂x2
ξ(x) + f ′(u∗(x))ξ(x) = λξ(x), (20)

for x ∈ R. Following the discussion in Section 2.1, we assume that Equation 20 has exactly
M solutions (ξj , λj) with real(λj) > 0 for 1 ≤ j ≤M and ξ1, . . . , ξM linearly independant.
That is, assume that u∗ has exactly M unstable eigenvalues each with multiplicity one.

Following the discussion of the parameterization method in Section 2.1 we make a power
series ansatz

P (θ1, . . . , θM , x) =
∞∑

m1

. . .
∞∑

mM=0

pm1,...,mM (x)θm1
1 . . . θmM

M ,

where each coefficient pm1,...,mM (x) is in the same function space as u∗, and satisfies Dirchlet
boundary conditions at infinity. Here we treat P as a formal series in θ and ignore the
question of convergence.

Imposing the first order constraints of Equations (1) and (2) gives that

P (0, . . . , 0, x) = p0,...,0 = u∗(x),

∂

∂θ1
P (0, . . . , 0, x) = p1,0,...,0 = ξ1(x),

...
∂

∂θM
P (0, . . . , 0, x) = p0,0,...,1 = ξM (x).

To work out the form of the coefficients pm1,...,mM of the formal series form1+. . .+mM ≥
2 we insert power series ansatz into the Invariance Equation (3). Considering the two sides
of the equation separately we have first that

DθP (θ, x)Λθ = λ1θ1
∂

∂θ1
P (θ, x) + . . .+ λMθM

∂

∂θM
P (θ, x)

=
∞∑

m1=0

. . .
∞∑

mM=0

(m1λ1 + . . .+mMλM )pm1,...,mM (x)θm1
1 . . . θmM

M ,

on the left and that

F (P (θ, x)) =
∂2

∂x2
P (θ, x) + f(P (θ, x)),

on the right. Suppose that

f(P (θ, x)) =

∞∑

m1

. . .

∞∑

mM=0

qm1,...,mM (x)θm1
1 . . . θmM

M ,
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where the coefficients qm1,...,mM (x) depend on the coefficients pm1,...,mM (x) in a problem
dependent way. Then, (formally) we have that

F (P (θ, x)) =

∞∑

m1=0

. . .
∞∑

mM=0

(
∂2

∂x2
pm1,...,mM (x) + qm1,...,mM (x)

)
θm1

1 . . . θmM
M .

Matching like powers of θ leads to

∂2

∂x2
pm1,...,mM (x)− (m1λ1 + . . .+mMλM )pm1,...,mM (x) = −qm1,...,mM (x),

for m1 + . . .+mM ≥ 2 (recall that the zero and first order coefficients are already known).
Now we want to isolate all the terms involving pm1,...,mM (x) on one the left hand side

of the equation, and obtain a BVP defining the pm1,...,mM (x). The challenge is dealing
with the fact that the right hand side of the equation depends in a complicated way on
pm1,...,mM (x).

Rather than continuing the discussion at this level of generality we we find it instructive
to complete the remaining calculations in the context of specific application problems below.
Before moving forward a remark about existence of solutions to the homological equations
is in order. It can be shown that

qm1,...,mM (x) = f ′(u∗(x))pm1,...,mM (x) +Rm1,...,mM (x),

where Rm1,...,mM (x) depends only on lower order terms. Then the homological equation
defining pm1,...,mM (x) has the form

∂2

∂x2
p(x) + f ′(u∗(x))p(x)− (m1λ1 + . . .+mMλM )p(x) = −Rm1,...,mM (x), (21)

where p(x) = pm1,...,mM (x). Equation (21) is a linear BVP for pm1,...,mM (x), where we recall
that pm1,...,mM (x) should satisfy Dirchlet boundary conditions at infinity. Indeed this lets
us rewrite the homological Equations (21) as

(DF (u∗)− (m1λ1 + . . .+mMλM )Id) p(x) = −Rm1,...,mM (x),

and we observe that the linear operator on the left hand side is boundedly invertible as long
as z = m1λ1 + . . .+mMλM is not an eigenvalue of DF (u∗). Observing that real(z) > 0 we
see that this reduces to the scalar non-resonance condition

m1λ1 + . . .+mMλM 6= λj , (22)

for 1 ≤ j ≤ M . These are the finitely many non-resonance conditions which always one
expects to appear in the parameterization method. They are the obstruction to the existence
of a formal series conjugating the nonlinear dynamics to linear.
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The non-resonance conditions of Equation (22) are valuable in practice as they are
scalar conditions which warn us wether or not to proceed with the manifold calculation.
Suppose for example that we have found the eigenvalues and are interested in computing
the unstable manifold up to polynomial order N . Then we simply check the non-resonance
for each multi-index (m1, . . . ,mM ) ∈ NN with 2 ≤ m1 + . . . + mM ≤ N . If there are no
resonances to order N then we know in advance that we will be able to solve each of the
homological equations defining the Taylor coefficients and we are confident with committing
the computational resources.

Another observation is that if there are no resonances, then solutions of the homological
equations are unique. Since the homological equations determine the coefficients for all
orders greater than or equal to two, this says that once the first order data are chosen, the
parameterization P solving Equation (3) is unique. But the only free choice in the first order
data is the choice of the scalings of the eigenvectors. Put another way, the parameterization
P is unique up to the choice of the eigenvector scaling. This non-uniqueness is exploited in
numerical calculations where we use it to control the growth of the coefficients.

The remarks above are in direct analogy with the results obtained in [2] for fixed points
of maps, and the formula in Equation (21) can be established by following the steps intro-
duced there. More precisely, what one needs to do is find the explicit dependance of the
qm1,...,mM (x) on the pm1,...,mM (x), but this can be worked out using the Taylor formula for
the coefficients of the power series and the Faá di Bruno formula. The interested reader
will find a similar argument carried out in detail in [21].

The general result given in Equation (21) is not needed for the present work, as in
our experience it is much easier to derive the explicit form of the equation from scratch
in a given application. In the next sections we discuss in more detail the methods used
to obtain the equilibrium solution and to analyze its stability. Finally we remark that the
entire discussion generalizes to systems of PDEs with only the obvious modifications, as
illustrated in Section 4.

3.3 Homological equations for Nagumo’s Equation

Since Nagumo’s equation has one unstable eigenvalue λ, the unstable manifold is one di-
mensional and we look for P (θ, x) with x ∈ R and θ ∈ [−r, r] parameterizing the unstable
manifold. (The value of r is a-priori unknown and is in fact set only after some numerical
experimentation).

Assume that the parameterization has the power series expansion

P (θ, x) =
∞∑

n=0

pn(x)θn.

Imposing the first order conditions, P (0, x) = p0(x) = u∗(x) is the wave profile and
∂
∂θP (θ, x)|θ=0 = p1(x) = ξ(x) is the eigenfunction.
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The invariance equation for a one dimensional unstable manifold reduces to

λθ
∂

∂θ
P (θ, x) = F (P (θ, x)),

where for the Nagumo equation

F (P (θ, x)) =
∂2

∂x2
P (θ, x)− P (θ, x) + P (θ, x)3.

We cary out the formal series calculation in some detail, for reasons which become clear by
the end.

Substituting the power series ansatz into the invariance equation we have

λθ
∂

∂θ
P (θ, x) = λθ

∂

∂θ

( ∞∑

n=0

pn(x)θn

)

= λθ

∞∑

n=0

npn(x)θn−1

=
∞∑

n=0

λnpn(x)θn,

on the left and

F (P (θ, x)) =
∂2

∂x2

( ∞∑

n=0

pn(x)θn

)
−
∞∑

n=0

pn(x)θn +

( ∞∑

n=0

pn(x)θn

)3

=

∞∑

n=0

p′′n(x)θn −
∞∑

n=0

pn(x)θn +

∞∑

n=0

(p ∗ p ∗ p)n(x)θn

=
∞∑

n=0

(
p′′n(x)− pn(x) + 3p0(x)2pn(x) + (p∗̂p∗̂p)n(x)

)
θn,

on the right. By matching like powers we obtain that

λnpn(x) = p′′n(x)− pn(x) + 3p0(x)2pn(x) + (p∗̂p∗̂p)n(x),

and isolating terms of order n on the left leads to the homological equation

p′′n(x) +
(
−1 + 3p0(x)2

)
pn(x)− λnpn(x) = −(p∗̂p∗̂p)n(x). (23)

We require that pn(x)→ 0 as x→ ±∞.
Observe that Equation (23) does in fact have the form

[DF (p0(x))− λnId] pn(x) = Rn(x),
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with Rn(x) is given explicitly by

Rn(x) = −(p∗̂p∗̂p)n(x),

just as claimed in Section 3.2. The important point, in fact the entire reason for working
through the formal calculation just given, is that we obtain explicitly the form of the right
hand side Rn(x).

Introducing the variable qn(x) = p′n(x) we write (23) as a first order system, giving rise
to the boundary value problem,

(
p′n
q′n

)
=

(
0 1

1 + λn− 3p2
0 0

)(
pn
qn

)
−
(

0∑n
k=0

∑k
r=0 δ

n
k,rpn−k(x)pk−r(x)pr(x)

)
. (24)

We impose the projective boundary conditions and find a numerical solution to the BVP
that is tangent to the unstable and stable subspaces of the linear ODE system

(
pn
p′n

)′
=

(
0 1

1 + λn− 3p2
0 0

)(
pn
p′n

)

at x = ∓∞. That is, the boundary conditions are

PL · pn(−L) = 0

PR · pn(L) = 0,
(25)

where PL = (−
√

1 + λn, 1)T and PR = (
√

1 + λn, 1)T .
In solving the Homological equations, we take L = 20.

3.4 Gray-Scott’s Homological Equations

Recall that the Gray-Scott equations have the unstable eigenvalue λ ≈ 8.6267, and take the
profiles u∗, v∗ and eigenfunctions as discussed in Section 2.3.2. Since the unstable manifold
is one dimensional we make the power series ansatz

~P (θ, x) =

[
P (θ, x)
Q(θ, x)

]
=

∞∑

n=0

[
un(x)
vn(x)

]
θn =

∞∑

n=0

~pn(x)θn, (26)

where u0(x) = u∗(x), v0(x) = v∗(x), u1(x) = ξ(x), and v1(x) = η(x).
In this case the invariance equation reduces to

λθ
∂

∂θ
~P (θ, x) = F (~P (θ, x)),

where, as before

λθ
∂

∂θ
~P (θ, x) =

∞∑

n=0

nλ~pn(x)θn,
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and

F (~P (θ, x)) =

(
∂2

∂x2
P (θ, x)− P (θ, x)Q(θ, x)2 + α(1− P (θ, x))
∂2

∂x2
Q(θ, x)− 1

γQ(θ, x) + 1
γP (θ, x)Q(θ, x)2

)
.

A calculation following the same steps as in Section 3.3 shows that for n ≥ 2 that the
coefficients ~pn(x) must satisfy,

u
′′
n(x)− (α+ nλ)un(x)− v∗(x)2un(x)− 2u∗v∗vn(x) = (u∗̂v∗̂v)n,

v
′′
n(x)− nλvn(x) +

1

γ

(
v∗(x)2un(x) + 2u∗v∗vn(x)− vn(x)

)
= −1

γ
(u∗̂v∗̂v)n

(27)

which again has the desired from

(DF (u∗, v∗)− nλId) ~pn(x) = Rn(x),

and recovers the explicit form of Rn(x).
Introducing the variables pn(x) = u′n(x) and qn(x) = v′n(x), the homological equations

can be rewritten as a first order system, giving rise to the boundary value problem




u′n
p′n
v′n
q′n


 =




0 1 0 0
α+ nλ+ v2

∗ 0 u∗v∗ 0
0 0 0 1

−v2∗
γ 0 1

γ + nλ− 2
γu∗v∗ 0







un
pn
vn
qn


+




0
bn
0
− 1
γ bn


 , (28)

where bn := (u∗̂v∗̂v)n.
Let

A± =




0 1 0 0
α− nλ 0 0 0

0 0 0 1
0 0 nλ 0


 ,

and Wn(x) = (un(x), pn(x), vn(x), qn(x))T . Define P 1
L, P

2
L and P 1

R, P
2
R to be the unsta-

ble eigenvectors of A− and the stable eigenvectors of A+ respectively, and let E+ =
span(P 1

L, P
2
L) and E− = span(P 1

R, P
2
R). We choose a large L > 0 and impose the projected

boundary condition Wn(−L) ∈ E+ and Wn(L) ∈ E+ to numerically solve the homological
equation.

3.5 Shrödinger’s Homological Equations

Suppose that u∗(x), v∗(x) is an equilibrium (standing wave) solution of the Shrödinger
equation with complex conjugate eigenvalues

λ1,2 = α± iβ,
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and that the corresponding complex conjugate eigenvectors ξ(x) = (ξ1(x), ξ2(x)), and
η(x) = (η1(x), η2(x)) satisfy

ξ(x) = η(x).

Let

P (θ1, θ2, x) =
∞∑

m=0

∞∑

n=0

[
umn(x)
vmn(x)

]
θm1 θ

n
2 ,

with
u00(x) = u0(x), v00 = v0(x),

and

u10(x) = ξ1(x), v10 = ξ2(x), u01(x) = η1(x) v01 = η2(x),

are the components of the eigenfunction. Since the unstable manifold is two dimensional
the invariance equation in this case reduces to

λ1θ1
∂

∂θ1
P (θ1, θ2, x) + λ2θ2

∂

∂θ2
P (θ1, θ2, x) = F (P (θ1, θ2, x)).

Substituting in the power series ansatz leads to

λ1θ1
∂

∂θ1
P (θ1, θ2, x) + λ2θ2

∂

∂θ2
P (θ1, θ2, x) =

∞∑

m=0

∞∑

n=0

(λ1m+ λ2n)

[
umn(x)
vmn(x)

]
θm1 θ

n
2 ,

on the left and
F (P (θ1, θ2, x)) =

∞∑

m=0

∞∑

n=0

(
−v′′mn(x) + µvmn(x)− (v ∗ v ∗ v)mn − (v ∗ u ∗ u)mn

u′′mn(x)− umn(x) + (u ∗ v ∗ v)mn + (u ∗ u ∗ u)mn − 2νvmn

)
θm1 θ

n
2 ,

on the right. Matching like powers leads to

(λ1m+ λ2n)

(
umn
vmn

)
=

(
−v′′mn(x) + µvmn(x)− (v ∗ v ∗ v)mn − (v ∗ u ∗ u)mn

u′′mn(x)− umn(x) + (u ∗ v ∗ v)mn + (u ∗ u ∗ u)mn − 2νvmn

)
=

(
−v′′mn + µvmn − 3v2∗vmn − (v∗̂v∗̂v)mn − u2∗vmn − 2v∗u∗umn − (v∗̂u∗̂u)mn

u′′mn − umn + 2u∗v∗vmn + v2∗umn + (u∗̂v∗̂v)mn + 3u2∗umn + (u∗̂u∗̂u)mn − 2νvmn

)
.

Observe that (after choosing an appropriate norm) the Fréchet derivative of F at (u∗, v∗)
acting on (u, v)T is

DF (u∗, v∗)
[
u
v

]
=

[
−v′′ + µv − 3v2

∗v − 2u∗v∗u− u2
∗v

u′′ − u+ 2u∗v∗v + v2
∗u+ 3u2

∗u− 2νv

]
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so that the homological equations indeed have the form

(DF (u0, v0)− (mλ1 + nλ2)Id)

[
umn
vmn

]
= Rmn(x),

just as they must. We stress once again that the entire point of going through the formal
series calculations above is that we obtain explicitly the expression

Rmn(x) =

[
−(u∗̂u∗̂u)mn − (u∗̂v∗̂v)mn
(v∗̂u∗̂u)mn − (v∗̂v∗̂v)mn

]
,

for the right hand side. That the left hand side comes out correctly provides a convenient
check on our work.

Introducing the variables pmn = u′mn and qmn = v′mn and defining the matrices

Amn(x) =




0 1 0 0
1− 3u∗(x)2 − v∗(x)2 0 (λ1n+ λ2m) + 2ν − 2u∗(x)v∗(x) 0

0 0 0 1
−(λ1n+ λm)− 2u∗(x)v∗(x) 0 µ− 3v∗(x)2 − u∗(x)2 0




we rewrite the homological equations as the linear system



u′nm
p′nm
v′nm
q′nm


 = Amn




unm
pnm
vnm
qnm


−




0
N1
mn

0
N2
mn


 , (29)

where

N1
mn := (u∗̂u∗̂u)mn + (u∗̂v∗̂v)mn,

N2
mn := (v∗̂u∗̂u)mn + (v∗̂v∗̂v)mn.

The limiting matrix for the linear portion of (29) is given by

A± =




0 1 0 0
1 0 (λ1n+ λ2m) + 2ν 0
0 0 0 1

−(λ1n+ λ2m) 0 µ 0


 . (30)

Let Wmn(x) = (umn(x), pmn(x), vmn(x), qmn(x))T and define P 1
L, P

2
L and P 1

R, P
2
R to be

the unstable eigenvectors of A− and the stable eigenvectors of A+ respectively, and let
E+ = span(P 1

L, P
2
L) and E− = span(P 1

R, P
2
R).
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4 Numerical implementation and example calculations

Consider again the parabolic PDE
ut = F (u),

as discussed in Section 3.2, or any of the generalizations considered in Section 3. In any
case F is densely defined on a Hilbert space H. The numerical procedure for computing
the unstable manifold parameterization is as follows.

• Step 1: Numerically solve the profile equation F (u) = 0 to find a standing wave
u∗ ∈ H. Let p0 = u∗

• Step 2: Suppose that the standing wave is unstable with Morse index M . If M = 0
the wave is stable and the unstable manifold is empty. In this case we end the
procedure. Otherwise numerically solve the eigenvector problem

DF (p∗)ξ = λξ,

to find the unstable eigenvalues λ1, . . ., λM and associated eigenfunctions ξ1, . . .,
ξM ∈ H. Set pej = ξj where ej is the vector with a 1 in the j-th component and zeros
elsewhere.

• Step 3: Check the non-resonance conditions

m1λ1 + . . .+mMλM 6= λj ,

(m1, . . . ,mM ) ∈ NM with m1 + . . .mM ≥ 2, and for each 1 ≤ j ≤ M . (This is
actually only a finite number of conditions as λj are all unstable). If there is a
resonance at order Ñ ≥ 2 choose N < Ñ . If there are no resonances then we are free
to approximate the parameterization to any desired order N ≥ 2.

• Step 4: For all (m1, . . . ,mM ) ∈ NM with m1 + . . .+mM ≥ 2 solve the homological
equation

[DF (p∗)− (m1λ1 + . . .+mMλM )Id] pm1,...,mM = Rm1,...,mM ,

where pm1,...,mM ∈ H. This is a projected boundary value problem on the line. The
equation has a unique solution as there are no resonances up to order N . Return the
power series coefficients pm1,...,mM for 0 ≤ m1 + . . .+mM ≤ N .

We refer to this as the main algorithm. The polynomial

PN (x, θ1, . . . , θM ) =
∑

0≤m1+...+mM≤N
pm1,...,mM (x)θm1

1 · . . . · θmM
M ,

approximates the unstable manifold to order N .
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As a post-processing step we check the a-posteriori error associated with PN as follows.
Choose an allowed error tolerance ε � 1 and for some large K ∈ N choose some sample
points {~θk}Kk=1 ∈ B throughout the domain of PN . For some τ > 0 and for each 1 ≤ k ≤ K
define~̃θk by

~̃θk = e−ΛM τ~θk.

Here

ΛM =




λ1 . . . 0
...

. . .
...

0 . . . λM


 ,

is the diagonal matrix of eigenvalues. Compute the quantities

εk = ‖Φnum(̃~θk, τ)− P (~θk)‖H,

where Φnum is a numerical integration scheme for the parabolic PDE. We are satisfied with
the calculation if

max(ε1, . . . , εK) ≤ ε.
If the check fails then we can decrease the size of the box B = [−r1, r1] × . . . × [−rM , rM ]
(or decrease the scalings of the eigenfunctions) and rerun the main algorithm. On the other
hand it may turn out that the ε1, . . . , εK are all dramatically less than ε. In this case we
can increase the size of the domain (or the scalings of the eigenvectors) and run the main
algorithm again.

Automatic procedures for choosing optimal scalings for the eigenvectors are discussed
in [71]. In the present work we employ the heuristic that the N -th order coefficients should
be on the order of machine epsilon or smaller. This is usually enough to guarantee that
max(ε1, . . . , εK) is less than machine epsilon. We refer to the procedure just described as
a-posteriori verrification for the main algorithm.

4.1 Unstable manifold for Nagumo’s Equations

We use (24) in the main algorithm to recursively solve the first N = 30 homological equa-
tions. The first four generated solutions of the homological equations we denote by p2,
p3, p4, and p5 and they are illustrated in figure 8. These are the Taylor coefficients of
the parameterization to order 5. Observe that the 5-th order coefficients already have C0

norm on the order of 10−5. The maximum absolute value of the final homological equa-
tion solution (N = 30) is given by 6.290e-21. We choose a domain of B = [−2, 2] for the
parameterization, that is we take r = 2.

Figure 9 illustrates what the nonlinear unstable manifold looks like away from the
stationary solution.
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Figure 8: Solutions to the first four generated homological equations, p2, p3, p4, and p5 for
the Nagumo equation.

Figure 9: Plot of u(x) on the unstable manifold for Nagumo’s equation with values of
θ ∈ [−2, 2]. The black line represents the profile/equilibrium solution.
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∆x ∆t ‖un − u0‖∞
0.02 0.003 0.059127
0.01 0.00075 0.013958
0.005 0.0001875 0.0036251
0.0025 4.6875e-05 0.0010956

Table 1: Convergence study results for Nagumo’s equation. Here ∆x and ∆t represent the
grid size in x and t respectively. The last column shows the C0 norm of the difference
between the numerical evolution and the parametrization solution. The integration time
∆T = 0.15 is orders of magnitude larger than the final error.

4.1.1 Finite Difference Verification of Nagumo

To verify the correctness of our approximation we employ the a-posteriori verification
scheme for θ̂0 = 1 and θ̂1 = 1.5683 respectively. For all systems in this work, we use
the package provided in [24] to automatically produce finite difference code for the Crank-
Nicolson method, giving the numerical integration scheme Φnum. Recall that the Crank-
Nicolson scheme is second order accurate for the heat equation. Thus, we have cause to
hope that the Crank-Nicolson scheme will also be second order accurate for the systems
we consider. We will consider the parametrized nonlinear manifold to be verified correct if
we initialize the finite difference time evolution code with a solution of the parametrization
method and then observe convergence of order two of the finite difference scheme solution
to the solution predicted by the parametrization after the same amount of time has passed.
We remark that the accuracy and speed of the parametrization method compared to the
finite difference scheme is one of the benefits of the former. Indeed, the limiting factor in
the precision with which we verify the parametrization method is the computation time as
the finite difference grid size decreases.

The time elapsed between the two parametrization values θ0 and θ1 can be calculated as
∆T = (log(θ̂1)−log(θ̂0))/λ = 0.15.We begin the finite difference code at u0(x) = PN (θ̂0, x)
and evolve it ∆T forward in time, denoting its final result as un(x). Let u1(x) = PN (θ0, x).
We then can calculate ‖un(x)−u0(x)‖, the error between the parameterization method and
the finite difference method in the C0 norm.

Using this method, we perform a convergence study for ∆x ∈ {0.02, 0.01, 5e3, 2.5e-
3} with ∆t

∆x2
= 0.75, to see if the finite difference results converge to the solution of the

parameterized method as we move toward a tighter mesh. For the time evolution, we use
Dirichlet boundary conditions as given by the parametrization method. Here L = 20 was
our numerical approximation for infinity. We conclude that the method gives accurate
results as seen by the rate of convergence shown in Table 1.
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Figure 10: The first four generated homological equations for the Gray Scott equation.
Note the scaling decreases in each consecutive figure.

4.2 Unstable manifold for Gray-Scott

We use (28) combined with the main algorithm to recursively solve the first thirty homo-
logical equations. Several solutions of the homological equations are shown in Figure 10,
a visualization of the manifold is pictured in Figure 11. In solving the homological equa-
tions, we take L = 10. We compute the parameterization to order N = 25 and find that
the pointwise-norm (Euclidean norm) over the coefficients of order N = 25 is smaller than
1.464e−26. We choose r = 10 so that B = [−10, 10] is the domain of the parameterization.

4.2.1 Finite Difference Verification of Gray-Scott

Evaluating our parameterization we obtain two solutions, U0 and U1, corresponding to
values produced by the manifold at θ0 = 1 and θ1 = 8.6424 respectively. For our initial
state of the finite difference code, we choose U0. We let ∆T be the total time elapsed by our
finite difference method and perform a convergence study by taking ∆x ∈ {0.1, 0.05, 0.025}
with ∆t

∆x2
= 0.25 and forming a mesh accordingly. Here L = 10, and N = 30 is the number

of homological equations computed. Table 2 shows the results.
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Figure 11: Plot of u(x) and v(x) on the unstable manifold for the Gray-Scot system.
Values of θ ∈ [−10, 10]. The black line represents the profile/equilibrium solution. The u
component is in the left frame (blue) while the v component is on the right (red).

∆x ∆t ‖un − u1‖∞
0.1 2.5e-3 3.62304e-2
0.05 6.25e-4 8.5888e-3
0.025 1.5625e-4 2.1196e-3

Table 2: Convergence study results for Gray Scott. Here ∆x is the change in x of the mesh
and ∆t is the size of each time step. The last column shows the normed difference between
the finite difference result and the parameterization result. As the space and time steps are
taken smaller, the results appear to converge.

4.3 Unstable manifold for Schrödinger’s Equation

We use (29) combined with the main algorithm to solve the first 20 homological equations.
That is we compute the parameterization to order N = 20. The real and imaginary parts
of several of the solutions to the homological equations are shown in Figure 12. To plot
the unstable manifold, we require that θ1 = θ̄2 and we vary θ1 in an outward spiral in the
complex plane as shown at the bottom of Figure 13. We also plot the manifold along the
image of this spiral reflected across the imaginary axis. In Figure 13, θ = |θ1| along the
black spiral, and θ = −|θ1| along the red spiral. Observe that, since the real part of the
unstable eigenvalue is positive but small, the linear dynamics is fairly slow. This leads to
a substantial oscillation on the manifold. In this case we take r = 2 and because we use
complex conjugate variables the domain can be thought of as the disk with radius r.

4.3.1 Finite Difference Verification of Shrödinger’s Equation

We apply the a-posteriori verification for the main algorithm. We follow the same process
as outlined in Section 4.1.1 to perform a convergence study. This time, we choose ∆x ∈
{0.02, 0.01, 0.005} with ∆t

∆x2
= 25. Here L = 3, ∆T = 1, θ1 = 1.5 + 1.5i, and we use 20

homological equations. Table 3 shows the results.
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Figure 12: The real and imaginary part of the first four generated homological equations
for Shrödinger’s equation. Note the scale gets smaller with each subsequent image.

32



-2 0 2
-2

-1

0

1

2

Figure 13: The nonlinear manifold for the Shrödinger equation. Top left and right – u(x)
(blue) and v(x) components of a solution on the unstable manifold of the equilibrium. The
figure illustrates the oscillation of solutions as they converge (in backward time) to the
equilibrium. Center left and right – same as above but a top-down view. Bottom – the
corresponding orbit in parameter space. Recall that we are just past a Hopf bifurcation
so that the real part of the complex conjugate eigenvalues is fairly small, approximately
0.056. This explains the spiraling in linear dynamics, and accounts for the fairly dramatic
oscillation in the solutions on the unstable manifold.
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∆x ∆t ‖un − u1‖∞
0.24 0.016 9.83e-3
0.12 0.004 2.67e-3
0.06 0.001 9.67e-4

Table 3: Convergence study results for Shrödinger’s Equation. Here ∆x is the change in
x of the mesh and ∆t is the size of each time step. The last column shows the normed
difference between the finite difference result and the parameterization result. As the space
and time steps are taken smaller, the results appear to converge. The total integration time
in the conjugally check is ∆T = 1 in each case, so that the final error is several magnitudes
smaller than the integration time.

5 Conclusions

In this paper we have presented a method for high order numerical approximation of un-
stable manifolds attached to equilibrium solutions for parabolic PDEs on the line. These
equilibria correspond to standing wave solutions of the PDE, and the unstable manifolds
describe the time behavior of solutions which diverge from a small neighborhood of the
unstable wave. We developed a parameterization method which applies to standing wave
solutions and showed that the invariance equation can be solved using formal series meth-
ods. We derived the recursion relations, or homological equations, for the formal series
solution in a number of example problems and show that the homological equations are
non-autonomous systems of linear equations on the line satisfying assymptotic boundary
conditions. We implemented numerical methods for solving the homological equations in
a number of interesting examples coming from applied mathematics. Using techniques of
numerical integration for solving initial value problems for parabolic PDEs on the line we
showed that our approximate manifolds provide a good description of the unstable mani-
folds away from the standing wave.

As already mentioned in Remark 2.2, the methods discussed in the present work ap-
ply directly to traveling wave solutions with non-zero wave speed. However we have not
considered any such examples in the present work. An interesting future project would be
to apply our method to some such examples, computing unstable manifolds attached to
traveling kinks and/or pulses. Such a project would require only minor modifications of the
techniques described in the present work.

Another interesting generalization would be to study parabolic PDEs formulated on
R2 instead of on the line. For example one could study unstable nonlinear waves for
conservation laws. This is an active area of research even in terms of numerical analysis of
the wave profiles and their stability, as the traveling wave ansatz does not in general reduce
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the problem to an ODE (unless planar waves are considered). It is therefore in general
more difficult, if not impossible, to apply dynamical systems techniques. It is nevertheless
reasonable to suggest that for any examples where the profile and unstable eigenvalues can
be computed numerically, the homological equations for the jets of the parameterization
could be developed and solved also numerically. This would make a very interesting topic
for a future study.

Finally, we mention that in recent years a number of researchers have developed com-
puter assisted methods of proof for studying existence questions for traveling wave solutions
[72, 68, 73, 74] and also computer aided methods for verifying both existence and stability
properties of such waves [75, 76, 77, 78, 79]. If one were to develop analogous computer
assisted methods of proof for studying the homological equations this would open the way
to validated computation of unstable manifolds for traveling waves. Indeed such techniques
would be a first step toward computer assisted proofs for connecting orbits in the full PDE
(posed on the line), though several other components would be needed as well – namely
computer assisted analysis of the stable manifold and computer assisted techniques for rig-
orous integration of the flow. This is an ambitious program whose completion could take
years of sustained research.
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