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Abstract

We develop and implement a semi-numerical method for computing high order
Taylor approximations of unstable manifolds for hyperbolic fixed points of compact in-
finite dimensional maps. The method can follow folds in the embedding, and describes
precisely the dynamics on the manifold. In order to insure the accuracy of our computa-
tions in spite of the many truncation and round off errors, we develop a-posteriori error
bounds for the approximations. Deliberate control of round-off errors (using interval
arithmetic) in conjunction with explicit analytical estimates leads to mathematically
rigorous computer assisted theorems describing precisely the truncation errors for our
approximation of the invariant manifold. The method is applied to the Kot-Schaffer
model of population dynamics with spatial dispersion.

1 Introduction

In this paper we develop an efficient numerical method for accurate approximation of un-
stable manifolds for compact infinite dimensional maps. The manifold is parameterized by
a Taylor polynomial and, in case the map is analytic, the polynomial is computed to any
desired order. High order approximation is useful for studying the embedding away from
the fixed point. Our parameterization is not required to be the graph of a function, and
it is possible to follow folds. In addition to recovering the embedding, the method gives
the dynamics on the manifold via a semi-conjugacy relation. There is however no a-priori
theory guaranteeing that the polynomial is a good approximation outside a small neighbor-
hood of the fixed point, and the main result of the present work is an a-posteriori argument
providing mathematically rigorous bounds on all approximation errors.

The setting is as follows. Let F : X → X be a compact, Fréchet differentiable map with
X a separable Banach space over C. Suppose further that X admits the Schauder basis
{φn}∞n=0 ⊂ X . Let p ∈ X be a hyperbolic fixed point of F , i.e. we assume that DF (p) is a
compact linear map with spectrum disjoint from the unit circle.

We recall several standard facts about such operators. An excellent reference for this
material is the book of [45]. First, since DF (p) is compact its spectrum accumulates only at
the origin, and all non-zero elements of the spectrum are eigenvalues with finite multiplicity.
It follows that there are exactly u unstable eigenvalues (i.e. eigenvalues in the complement
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of the closed unit disk) for some u ≥ 0. Here we suppose that u ≥ 0 counts the unstable
eigenvalues with multiplicity.

When u > 0, let λ1, . . . , λu ∈ C denote the unstable eigenvalues and ξ1, . . . , ξu ∈ X
denote an associated choice of (possibly generalized) linearly independent eigenvectors. We
are interested in the u dimensional local unstable manifold Wu

loc(p) associated with p.

Our approach is based on the Parameterization method of [1, 2, 3], a general functional
analytic framework for studying invariant manifolds. In order to sketch the main idea of
the Parameterization Method, let Du ⊂ Cu denote the u-dimensional unit poly-disk, i.e.

Du := {θ = (θ1, . . . , θu) ∈ Cu : |θi| < 1, for 1 ≤ i ≤ u} ,

where | · | denotes the usual complex absolute value. Let L : Du → Cu be an invertible
polynomial map with L(0) = 0, and limn→−∞ Ln(θ) = 0 for all θ ∈ Du. We think of Du

as a model space for the local unstable manifold and L as the model dynamics. The goal
of the Parameterization Method is to find a function P : Du → X satisfying the conjugacy
equation

F [P (θ)] = P [L(θ)] for all θ ∈ Du. (1)

By requiring that

P (0) = p, and
∂

∂θi
P (0) = ξi for 1 ≤ i ≤ u, (2)

we see that any smooth solution of Equation (1) satisfying (2) is a parameterization of a
local unstable manifold at p.

Now consider P and L as unknowns in Equation (1), and suppose that the eigenvectors
are scaled so that ‖ξ1‖ = s1, . . . , ‖ξu‖ = su. Let s := max1≤i≤u(si). Informally speaking,
the results of [1] give that there exists an ε > 0 so that if 0 < s ≤ ε then there exist P,L
solving Equation (1) (see also Remark 1.1 below). Moreover P is unique up to the scalings
s1, . . . , su, i.e. rescaling the eigenvectors leads to parameterizations of larger or smaller
portions of the local unstable manifold (non-uniqueness is discussed further in remark 4.2
below). While L is not uniquely determined, the coefficients of the polynomial L depend
only on the unstable eigenvalues λ1, . . . , λu, and this dependence is worked out explicitly in
[1]. Indeed it is typically possible to choose L the diagonal matrix of unstable eigenvalues
(for more discussion of this point see also Remark 4.3 below). In [2] it is shown that P is
as smooth as F , and in particular P is analytic whenever F is.

Using the results of [1], we fix the model dynamics L as soon as we know the eigenvalues
λ1, . . . , λu, so that P is the only unknown remaining. In the present work we focus on the
analytic case and look for a power series solution

P (θ) =

∞∑
|α|=0

pαθ
α, θ ∈ Du.

Here α ∈ Nu is a u-dimensional multi-index, |α| := α1 + . . . + αu, θα := θα1
1 . . . θαuu , and

pα ∈ X for each α ∈ Nu. The constraints of (2) are met by requiring that p0 = p, and
pei = ξi, for 1 ≤ i ≤ u, where ei is the multi-index with one in the i-th component and zeros
elsewhere.

For the higher order terms having |α| ≥ 2, we would like to find the expansion

pα =

∞∑
n=0

pα,nφn,
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of the Taylor coefficient pα in the Schauder basis. Truncating to both |α| ≤M and n ≤ N
gives a finite representation

PMN (θ) =

M∑
|α|=0

N∑
n=0

pα,nφnθ
α,

of the parameterization. Once we fix the scalings s1, . . . , su, the unknown scalars {pα,n}
with 0 ≤ |α| ≤M, 0 ≤ n ≤ N , are uniquely determined and the series solution P is (at least
formally) well defined by the results of [1]. In particular the choice of scalings determines
the decay rate of the power series coefficients (uniqueness and the explicit dependence of
the decay rate on the eigenvector scalings is discussed further in remark 4.2 below). By
adjusting the scalings, and hence the decay rates of the Taylor coefficients, we ensure that
the tail of P is as small as we like. This suggests that truncation to order M is reasonable.

In the applications considered in the present work, the compactness of F leads to rapid
decay of the coefficients in n as well, and truncation to N terms in the Schauder basis
is reasonable as well (see also Remark 1.4 below). The unknown scalars {pn,α} are com-
puted numerically using a power matching scheme in conjunction with Newton’s method.
Numerical considerations are discussed in detail in Section 4.

Now we come to the main concern of the present work. Suppose that we choose the
scalings s1, . . . , su, and compute numerically the approximate solution PMN . We now want
to confirm that the polynomial PMN is a good approximation of P on Du. The critical
issue is that the choice of scalings determines both the size of the embedding of the unit disk
P [Du] ⊂ X , and also the decay rates of the Taylor coefficients. In practice then the choice
of the scalings is governed by competition between these two considerations. On one hand
we want the Taylor coefficients to decay rapidly so that truncation to order M is reasonable,
and this is managed by choosing the scalings s1, . . . , su small. On the other hand we want
the image of Du under P to be large, so that we learn about the dynamics far from p, and
this is managed by choosing scalings s1, . . . , su as large as possible.

When s � 0 the existence results of [1] do not apply. In fact it could happen that
for some ŝ large enough the solution P has poles on the boundary of Du. While solving
Equation (1) for s > ŝ is impossible, in practice we have no way of knowing the value of
ŝ a-priori. This leads to the following questions of existence and approximation: for fixed
s1, . . . , su > 0, does there exist a solution P of Equation (1) on Du? Supposing the answer
is yes, then for fixed M , N how close is PMN to P? The finite dimensional case is addressed
in [4] with some extensions in [5, 6]. Motivated by [1, 2, 3] and also by [4] we define the
nonlinear operator

Φ(P ) = F ◦ P − P ◦ L, (3)

and study zeros of Equation (3) in the case that F is a compact infinite dimensional map.
We implement an a-posteriori computer assisted argument in the tradition of [7], which

answers the existence and approximation questions of the previous paragraph simultane-
ously. The argument is based on a Newton-Kantorovich theorem which says, roughly speak-
ing, that if PMN is a “good enough” and “non-degenerate” approximate zero of Φ, then
there exists a true zero of Φ near PMN . In addition the argument yields an explicit r > 0
so that ‖P − PMN‖ < r, in an appropriate norm. Since PMN is stored on the digital
computer it is reasonable to allow that “good enough” and “non-degenerate” are checked
with computer assistance.

Of course for a given choice of scalings s1, . . . , su the a-posteriori argument may or may
not work at all. In practice then we choose s1, . . . , su, N and M only after some systematic
numerical tests, so that the expensive computer assisted proof is postponed until we are
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fairly certain that it will succeed. These numerical considerations are discussed further in
Section 5. See also [8].
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Figure 1: An unstable manifold computed using N = 26 Fourier modes and M =
35 Taylor coefficients: (All references to color refer to the online version). The figure
illustrates the unstable manifold of the Kot-Schaffer map (discussed in detail in Section 2.1).
The system’s two fixed points are indicated by black stars, and the blue points illustrate
a numerically computed orbit near the presumed attractor of the system. The red curve
inside the attractor indicates the one dimensional unstable manifold associated with the
non-trivial fixed point.

Figure 1 gives an example of a result obtained using the techniques of the present work.
The figure illustrates the “chaotic attractor” for an infinite dimensional dynamical system
known as the Kot-Schaffer map (defined in Section 2.1). A local unstable manifold of
a non-trivial fixed point sits inside the attractor (unstable manifold shown in red). The
representation of the unstable manifold is validated using the a-posteriori scheme sketched
above. The axes in the figure are the first three coordinates of the infinite dimensional
phase space (Fourier modes in this case). The computation uses M = 35 Taylor coefficients,
and we see that the size of the image of Du under PMN is comparable to the size of the
attractor itself. The parameterized manifold follows two turns, and is clearly not the graph
of a function. The C0 distance between the red plot of PMN and the true parameterization
P is of order less than 10−6, i.e. much smaller than the pixel size of the figure. We also note
that the dynamics on the entire red curve (i.e. on the image of our parameterization) are
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conjugate to the linear dynamics given by multiplication by the unstable eigenvalue in the
parameter space Du. The validated computations highlighted in the figure are discussed in
detail in Section 5.

Remark 1.1 (Comparison with the results of [1, 2, 3]). The description of the Parameter-
ization Method given above is necessarily informal, and we remark that, strictly speaking,
Theorems 1.1 and 1.2 of [1] do not apply to our problem. To see this note that the theorems
just mentioned assume that DF (p) is invertible, and in our case DF (p) is compact. On the
other hand, the theory developed in [1] applies to isomorphisms DF (p) having continuous
or residual spectrum. For example one can apply the Parameterization Method to study
invariant manifolds and invariant foliations (or pre-foliations) in the neighborhood of a finite
dimensional normally hyperbolic invariant manifold. Again, we refer the interested reader to
[1] for more complete discussion of theoretical applications of the Parameterization Method.

A careful reading of [1] shows that Theorems 1.1 and 1.2 could be modified to obtain
a-priori existence of unstable parameterizations P for compact maps (again assuming s > 0
small enough). Nevertheless this remark is not pursued in the present work, as our stated
interest is in a-posteriori validation for application problems and in polynomial approxima-
tion far away from the fixed point. A-priori existence results play only a heuristic role in the
discussion above and to follow, in the sense that a-priori results suggest that our computer
aided existence proof is not doomed to fail.

Other computer assisted techniques for studying stable/unstable manifolds for infinite
dimensional dynamical systems, based on geometric arguments, are developed in [9]. Topo-
logical arguments (based on the Conley index) for studying chaotic dynamics of infinite
dimensional maps have been developed by [10, 11], and applied to the study of the Kot-
Schaffer map. These methods are based on C0 index arguments and give no information
about stable/unstable manifolds.

Remark 1.2 (1D unstable manifolds and cosine series). The primary focus of the present
work is the infinite dimensional phase space. In order to reduce the (already substantial)
proliferation of technical details we focus on the case of one unstable dimension. Then the
scalar coefficients of PMN have only two indices, i.e. u = 1 and α ∈ N. Nevertheless the
methods developed in the present work generalize to u > 1 as in the finite dimensional
case. See [4] for a more complete treatment of parameterization and validation of higher
dimensional manifolds.

Remark 1.3 (Implementation). Numerical implementation of a computer assisted proof
(especially in nonlinear analysis) often requires the development of some problem dependent
estimates, which are typically evaluated using methods of interval arithmetic [15, 16, 17].
In Section 4.4 we discuss, in some detail, the estimates we need for the Kot-Schaffer map.
Indeed these formulas essentially constitute pseudo-code for the numerical implementation
of the computer assisted validation argument. While reading these estimates could be
considered tedious, it is hoped that the presentation leaves the reader with a clear picture
of the precisely role played by the computer in our analysis.

That being said, the implementation details could be managed more elegantly (if less
transparently) using a software library for validated computation in Banach spaces. Such
libraries are discussed in detail in [18, 19, 20, 12, 21, 22, 23, 24]. See also the book of [25].

Remark 1.4 (Computer assisted analysis of the first order data). The results of the present
work are themselves built on a sequence of preliminary computer assisted proofs. To see
why, simply note that the constraints of Equation (2) require that the fixed point p and
the unstable eigenvalues/eigenvectors are known explicitly. In the context of computer as-
sisted proof, “known explicitly” means that we have a finite numerical representation plus
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mathematically rigorous validated error bounds in an appropriate norm. In the infinite di-
mensional setting this is already a non-trivial problem. Moreover we need to know that there
are exactly u unstable eigenvalues in order to be sure we are parameterizing the whole un-
stable manifold and also to check that the non-resonance conditions of the Parameterization
Method are satisfied (see Remark 4.3).

Computer aided existence proof and stability analysis for fixed points (even in the infinite
dimensional case) is a topic addressed in many previous studies, going back to the work of
[7]. That being said, the first order analysis is a critical component of the present work and
we include some details in the Appendices. Our analysis is similar to the earlier work of
[26] on fixed/periodic points of infinite dimensional maps. Indeed the work just mentioned
studied periodic orbits of Kot-Schaffer map, albeit in a Ck rather than analytic setting.
Another technical comment is that in [26] it was assumed that the spatially inhomogeneous
term c(x) was a trigonometric polynomial, while in the present work we treat an arbitrary
analytic function. See Section 2.1 for the meaning of c.

Preliminary computer assisted analysis of the first order data provides us with important
insight that feeds into the computation and validation of the unstable manifold parameter-
ization. For example the number of modes needed to represent the fixed point p gives an
indication of the number of modes needed to represent points on the unstable manifold
manifold, as these points have well defined backward trajectories accumulating at p. Since
F is compact (i.e. “smoothing”) we expect the parameterization to consist of points as
regular as p (more or less). Of course these heuristic observations are only confirmed when
the proof succeeds.

Remark 1.5 (Connecting orbits for infinite dimensional maps). While the manifolds stud-
ied in the present work are interesting in their own right, our parameterizations also serve
as ingredients in more global computer aided arguments. For example stable and unsta-
ble manifolds enter into computer assisted existence proofs of heteroclinic and homoclinic
connecting orbits for dynamical systems. We refer to the work of [27, 21, 28, 4, 23, 29, 30]
for more discussion of results for finite dimensional maps. The results of the present work
are used to prove the existence of some infinite dimensional connecting orbits for the Kot-
Schaffer map in [31]. The work just mentioned also provides a computer assisted method for
studying the stable manifold of a fixed point of a compact infinite dimensional map, however
this method involves completely different techniques than those of the present work, and
results in a validated representation of the stable manifold only in a small neighborhood of
the fixed point. The method used in [31] to study the stable manifold also does not give the
dynamics on the manifold.

As a final remark we mention an interesting possible extension/application of the these
ideas to renormalization theory. Recent work of [32] shows that certain global questions
in renormalization theory, which involve combinations of rescaling exponents, can be an-
swered by studying intersections of stable/unstable manifolds associated with fixed points
of renormalization operators. At the same time computer assisted proof in renormalization
theory is a mature field, again going back to the work of [7], but see also [33, 34, 35, 36]
for more recent results and discussion of the literature. The reference [36] just cited stud-
ies MacKay’s renormalization operator and provides computer assisted proof of exactly the
hypotheses needed to apply the methods of the present work. In particular the author gives
computer assisted existence proof of a non-trivial fixed point, obtains validated solution of
the unstable eigenvalue/eigenvector problem, and proves that there is exactly one unstable
eigenvalue. Implementing the methods of the present work and the work of [31] in the con-
text of renormalization operators, in order to apply the theory of [32], will make the subject
of future studies.
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The remainder of the paper is organized as follows: Section 2 is devoted to back-
ground material. Section 3 defines the spaces used in order to formalize our arguments,
and could be skipped by the reader familiar with the classical Banach algebras associated
with Fourier/Taylor coefficients of analytic functions. Section 4 develops the main analytic
results of the paper, first in general and then for the specific case of the Kot-Schaffer map.
Section 5 discusses numerical results. Finally, analysis of first order data for the Kot-Schaffer
maps is reviewed in Appendices A, B, C, D, E and F.

Numerical implementation of all computations discussed in the present work are freely
available from the author’s home page at the website for this paper [37]. The programs are
implemented using MatLab. The IntLab library is used for interval arithmetic [38].

2 Background

2.1 An Infinite Dimensional Discrete Time Dynamical System: The
Kot-Schaffer Mapping with Logistic Non-Linearity

Consider a spatially extended habitat [0, π] supporting a species whose population at each
site x ∈ [0, π] is described by the population density function u ∈ L2(0, π). This function
u is referred to as the population profile of the species. Next season’s population profile is
determined by applying the nonlinear integral operator

F[u](x) :=
1

π

∫ π

0

K(x− y)N [u(y)] dy, (4)

to u, the population profile this year. In the present work we focus onN : L2(0, π)→ L2(0, π)
the nonlinear operation given by

N [u(x)] = µu(x)(1− c(x)u(x)),

so that for fixed x ∈ [0, π] the number N [u(x)] describing the “uncoupled” population
growth. In other words we consider the case where (neglecting dispersion) next season’s
population at the site x is determined by a logistic growth law. The population disper-
sion, i.e. the spread of populations from one site into neighboring sites, is determined by
convolution of N [u(x)] against the integral kernel K(x). The function c(x) is the spatially
inhomogeneous carrying capacity of the environment and µ is the reproductive rate of the
species. The Kot-Schaffer dynamical system is generated by repeated application of F, i.e.
the orbit of an initial population profile u0 ∈ L(0, π) is defined to be un+1 = F(un) for n ≥ 0.
The orbit {un}∞n=0 describes the population throughout the habitat at all subsequent years.

We impose the Neumann boundary conditions

d

dx
u(0) =

d

dx
u(π) = 0,

so that there is no population flux in or out of the habitat. We further assume that K and c
are given by even, 2π-periodic, analytic functions, so that in particular K and c satisfy the
boundary conditions. Since K and c are analytic, even, and 2π periodic they have Fourier
cosine series representations

K(z) = b0 + 2

∞∑
n=1

bn cos(nz),
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and

c(z) = c0 + 2

∞∑
n=1

cn cos(nz),

converging absolutely and uniformly on some complex strip containing the real axis, i.e. the
coefficient sequences {bn} and {cn} decay exponentially fast.

Remark 2.1. Iterative application of F generates a discrete time semi-dynamical system
on L2. Our assumption that F is given by convolution against an analytic kernel K implies
that for any u ∈ L2, F[u] is analytic. This remark gives that any fixed point of F is an
analytic function, as is any point u on the unstable manifold of a fixed point.

In light of the previous remark we restrict the domain of F to functions u which are
analytic, even, and 2π periodic. Any such u has

u(z) = a0 + 2

∞∑
n=1

an cos(nz),

with coefficients {an} decaying exponentially fast. Projecting F onto the Fourier-cosine
basis yields the nonlinear map

F (a)n = µbnan − µbn(c ∗ a ∗ a)n, (5)

on the space of Fourier coefficients. Here (· ∗ ·) is the discrete convolution operation de-
fined later in Equation (15). The need to formalize the preceding discussion motivates the
technical considerations in Section 3.

2.1.1 Dynamics of the Kot-Schaffer Model for µ = 3.5 and c(x),K(x) Poisson
Kernels

In order to illustrate the computation and validation of the unstable manifold we fix K, c of
the form

K(x) =
1− r2

1− 2r cos(x) + r2
= 1 + 2

∞∑
n=1

rn cos(nx),

and

c(x) =
1− s2

2 (1− 2s cos(x) + s2)
=

1

2
+

∞∑
n=1

sn cos(nx),

i.e. given by Poisson kernels. We take r = 1/2 and s = 1/5. We choose a growth rate
of µ = 3.5. In choosing these system parameters we are guided by the earlier studies
of [10, 11, 26] (note however that we do not restrict to the case of c(x) a trigonometric
polynomial). A typical orbit of the system with these parameter choices is illustrated in
Figure 1, and we observe the seemingly chaotic behavior.

Let b = {bn}∞n=0 and c = {cn}∞n=0 denote the sequences of Fourier cosine coefficients for
the functions K(x) and c(x) respectively. Let 1 < ν < 5. The following bounds are used in
several truncation error estimates in the sequel:

∞∑
n=N+1

|cn|νn =
1

2
(
1− ν

5

) (ν
5

)N+1

, (6)

and
sup

n≥N+1
|bn| = bN+1 = 2−(N+1). (7)
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2.2 A-Posteriori Analysis and Newton Like Operators

In the following let X and Y be Banach spaces and x ∈ X . For r > 0 define

Br(x) := {y ∈ X | ‖x− y‖X ≤ r} ,

the closed ball of radius r about x in X . For a linear operator M : X → Y let

‖M‖B(X ,Y) = sup
h∈X
‖h‖X=1

‖Mh‖Y ,

denote the operator norm of M , and let

B(X ,Y) =
{
M : X → Y|M a linear map, and ‖M‖B(X ,Y) <∞

}
,

denote the Banach space of continuous linear operators between X and Y. We write B(X ) :=
B(X ,X ) and for M ∈ B(X ) we denote the norm of M by ‖M‖B(X ).

Theorem 2.2 is a “Newton-Kantorovich” type theorem in the style of Yamamoto [39],
and is used to study zeros of a nonlinear operator Φ: X → Y given a “good enough”
approximate solution x̄. The theorem postulates the existence of a distinguished element
x̄ ∈ X and distinguished linear operators A : Y → X and A† : X → Y. Heuristically we think
of x̄ ∈ X as being a “good approximate zero” of Φ, of A† as being a “good approximation”
of DΦ(x̄), and of A as being an “good approximate left inverse” of A†. In practice A and
A† are chosen based on numerical considerations. We avoid the assumption that X = Y, as
we want that to allow for the case that DΦ and A† are unbounded operators, in which case
A is a “smoothing left approximate inverse” of A†.

The polynomial p(r) defined in the theorem determines the neighborhoods of x̄ for which
we can prove that Φ has a unique zero, given the data Y0, Z0, Z1, and Z2. The proof of
the Theorem is a standard contraction mapping argument, similar in spirit to the proof of
the implicit function theorem. Theorems similar to 2.2 have appeared many times in the
computer aided proof literature, and in addition to the work of [39] we refer the reader to
[40, 41, 42, 13] and the references therein for more complete discussion. We include the
elementary proof for the sake of completeness.

Theorem 2.2. (Newton-Kantorovich with approximate derivative and smoothing approx-
imate inverse) Let r∗ > 0, x̄ ∈ X , and suppose that Φ: Br∗(x̄) ⊂ X → Y is a Fréchet
differentiable mapping. Suppose also that A : Y → X and A† : X → Y are linear operators
with A one-to-one (i.e. injective). Assume that Y0, Z0, Z1, and Z2 are positive constants
with

‖AΦ(x̄)‖X ≤ Y0, (approximate solution) (8)

‖IdX −AA†‖B(X ) ≤ Z0, (approximate inverse) (9)

‖A[A† −DΦ(x̄)]‖B(X ) ≤ Z1, (approximate derivative) (10)

and
‖A[DΦ(x)−DΦ(y)]‖B(X ) ≤ Z2‖x− y‖X , (Lipschitz condition) (11)

for all x, y ∈ Br∗(x̄). Define the polynomial

p(r) := Z2r
2 − (1− Z1 − Z0)r + Y0, (12)

and suppose that there exists an 0 < r ≤ r∗ so that p(r) ≤ 0. Then there exists a unique
x∗ ∈ Br(x̄) so that Φ(x∗) = 0.
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Proof. Define the Newton like operator

T (x) = x−AΦ(x).

and note that T is well defined and Fréchet differentiable on Br∗(x̄). Moreover, since A is
injective we have that x is a fixed point of T is and only if x is a zero of Φ.

Suppose that 0 < r ≤ r∗ satisfies that p(r) ≤ 0, and let x ∈ Br(x̄). By the definitions of
Z0, Z1, and Z2 we have

‖DT (x)‖B(X ) = ‖IdX −ADΦ(x)‖B(X )

≤ ‖IdX −AA†‖B(X ) + ‖A[A† −DΦ(x̄)]‖B(X ) + ‖A[DΦ(x̄)−DΦ(x)]‖B(X )

≤ Z0 + Z1 + Z2r, (13)

a bound independent of x ∈ Br(x̄). To see that T maps Br(x̄) into itself let x ∈ Br(x̄) and
observe that

‖T (x)− x̄‖X ≤ ‖T (x)− T (x̄)‖X + ‖T (x̄)− x̄‖X
≤ sup

y∈Br(x̄)

‖DT (y)‖B(X )‖x− x̄‖X + ‖AΦ(x̄)‖X

≤ (Z0 + Z1 + Z2r)r + Y0

≤ r,

by the mean value theorem, the bound given by Equation (13), the definition of Y0, and the
hypothesis that p(r) ≤ 0. To see that T : Br(x̄) → Br(x̄) is a contraction let x, y ∈ Br(x̄).
We have that

‖T (x)− T (y)‖X ≤ sup
z∈Br(x̄)

‖T (z)‖B(X )‖x− y‖X

≤ (Z0 + Z1 + Z2r)‖x− y‖X ,

again by the mean value theorem and the bound of Equation (13). By rearranging the
expression p(r) ≤ 0 we have that

Z0 + Z1 + Z2r +
Y0

r
≤ 1,

and since Y0 and r are both positive we have

Z0 + Z1 + Z2r < 1.

Then T has a unique fixed point x∗ ∈ Br(x̄) by the Contraction Mapping Theorem.

3 Sequence Spaces Associated With Analytic Functions

The material in this section is standard and is included primarily for the sake of complete-
ness. We suggest the reader skim or skip Section 3 on first reading, referring back only as
needed.
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3.1 Cosine Series Banach Algebras

Let
a = {an}n∈N, an ∈ C

denote a one-sided sequence of complex numbers with lower index. For the applications
considered in this paper we take ν ≥ 1 and define the weighted little ` one norm

‖a‖1ν := |a0|+ 2

∞∑
n=1

|an|νn,

and the Banach Space
`1ν := {a = {an} : ‖a‖1ν <∞}.

An upper indexed sequence of complex numbers {cn}n∈N defines a linear functional on `1ν
under the action

l(a) =

∞∑
n=0

cnan, (14)

and we define the norm

‖c‖∞ν := max

(
|c0|, sup

n≥1

|cn|
2νn

)
.

Then
`∞ν := {c = {cn} : ‖c‖∞ν <∞},

is a Banach space. If c ∈ `∞ν then l defines a bounded linear functional on `1ν . In fact
`∞ν = (`1ν)∗, i.e. these spaces are isometrically isomorphic with Equation (14) providing the
isomorphism. The proof follows as in the classical case of ν = 1.

Remark 3.1. Often in the sequel, and without further remark, we employ the estimates

‖a‖1ν ≤ 2

∞∑
n=0

|an|νn, and ‖c‖∞ν ≤ sup
n≥0

|cn|
νn

.

The bounds cost a factor of two, but are typographically easier to look at.

For any a, b ∈ `1ν define the discrete cosine convolution product by

(a ∗ b)n :=
∑

k1+k2=n

k1,k2∈Z

a|k1|b|k2| =

n∑
k=0

an−kbk +

∞∑
k=1

(an+kbk + bn+kak). (15)

We have a ∗ b ∈ `1ν whenever a, b ∈ `1ν as

‖a ∗ b‖1ν ≤ ‖a‖1ν‖b‖1ν ,

i.e. the pair (`1ν , ∗) is a Banach algebra. The following Lemma relates the `1ν spaces to
certain spaces of analytic functions. We write

Ar = {z ∈ C : |imag(z)| < r},

to denote the complex strip of width r about the real axis.
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Lemma 3.2. Let a = {an}, b = {bn} ∈ `1ν and define the functions

f(z) := a0 + 2

∞∑
n=1

an cos(nz), and g(z) := b0 + 2

∞∑
n=1

bn cos(nz).

• The `1ν norm bounds the C0 norm: If ν ≥ 1 then f, g are well defined, even, 2π
periodic, Lebesgue integrable functions having

sup
z∈Alog(ν)

|f(z)| ≤ ‖a‖1ν ,

(and similarly for g. If ν = 1 then the supremum is over the real axis only).

• Regularity: If ν > 1 then f, g define analytic functions on the complex strip Ar with
r = log(ν). Moreover the functions f , g are continuous on the closure of the strip. If
a, b are real sequences then f and g are real analytic.

• Products: If ν > 1 then the function fg is analytic on the complex strip Ar and
continuous on the closure of the strip with r = log(ν). The product function has
Fourier coefficients {cn} given by discrete convolution, i.e.

cn = (a ∗ b)n.

A linear operator A : `1ν → `1ν can be expressed as

(Ah)n = ln(h),

with ln ∈ (`1ν)∗ for each n ∈ N. Then there are {an}∞n=0 with an = {akn}∞k=0 ∈ `∞ν for each
n ≥ 0 so that

(Ah)n =

∞∑
k=0

aknhk,

i.e. we think of A as an infinite matrix with entries {akn}k,n∈N. (Here we use superscript k
to denote the columns and subscript n to denote the rows of this infinite matrix). A bound
on the operator norm for a class of linear operators sufficient for the purposes of the present
work is given in Lemma 3.4.

3.2 Kot-Schaffer as a mapping on `1
ν

Let {bn}∞n=0 be a bounded sequence of complex numbers and define the bounded linear
operator B : `1ν → `1ν by

B(a)n = bnan, n ≥ 0, (16)

with a ∈ `1ν . Note that ‖B‖B(`1ν) ≤ supn∈N |bn|. Then the Kot-Schaffer map in Fourier space
given by Equation (5) can be written as

F (a) = µB(a)− µB(c ∗ a ∗ a), (17)

and we note that F is a well defined map on `1ν as

‖F (a)‖1ν ≤ µ‖B‖B(`1ν)‖a‖1ν + µ‖B‖B(`1ν)‖c‖1ν(‖a‖1ν)2.

Moreover the map is Fréchet differentiable with

DF (a)h = µBh− 2µB(c ∗ a ∗ h), (18)
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and for every a, h ∈ `1ν we have that

‖DF (a)‖B(`1ν) ≤ µ‖B‖B(`1ν) + 2µ‖B‖B(`1ν)‖c‖1ν‖a‖1ν .

If b ∈ `1ν then DF (a) is a compact linear operator due to the smoothing effect of bn (one
way to realize this smoothing is to recall that if b ∈ `1ν then the operation B corresponds
to convolution against an analytic kernel). In this case we have the bound ‖B‖B(`1ν) ≤ ‖b‖1ν
(though this is not sharp).

3.3 Finite Dimensional Projection

We project a sequence a ∈ `1ν into finite dimensional Euclidean space by simply truncating
to N cosine modes. More precisely we define the projection maps πN : `1ν → RN+1 by

πN (a) = (a0, . . . , aN ) ∈ RN+1.

We often employ the shorthand
aN = πN (a).

Similarly in order include an N + 1-vector into `1ν we simply “pad by zeros”. More precisely
we define the inclusion operator inc`1ν : RN+1 → `1ν by

inc`1ν (aN ) :=

 aNn 0 ≤ n ≤ N

0 n ≥ N + 1
,

for any vector aN ∈ RN+1. When the space is clear from context we often drop the `1ν
subscript in the inclusion operator. Under these projections RN+1 inherits the norm

‖aN‖1ν = |a0|+ 2

N∑
n=1

|an|νn ≤ 2

N∑
n=0

|an|νn.

Finally, by projecting the discrete triple convolution product into RN+1 we obtain the
operation (· ∗ · ∗ ·)N : RN+1 × RN+1 × RN+1 → RN+1 defined by

(aN ∗ bN ∗ cN )N := πN (inc(aN ) ∗ inc(bN ) ∗ inc(cN )).

An explicit component-wise formula for the projected discrete triple convolution is

(aN ∗ bN ∗ cN )Nn =
∑

k1+k2+k3=n

−N≤k1,k2,k3≤N

aN|k1|b
N
|k2|c

N
|k3|. (19)

In practice we evaluate this product using the interval FFT routines of IntLab [38]. The
reader interested in the implementation can consult the MatLab codes at [37].

Recall the definition of the Kot-Schaffer mapping from Section 2.1 and define the pro-
jected Kot-Schaffer mapping FN : RN+1 → RN+1 as follows: for aN ∈ RN+1 we have

FN (aN ) := πN
[
F (inc(aN ))

]
.

Let bN = πN (b) and cN = πN (c). Then a more explicit component-wise formula is

FN (aN )n = µbNn a
N
n − µbn(cN ∗ aN ∗ aN )Nn 0 ≤ n ≤ N, (20)
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where the projected discrete cosine convolution is given component-wise by Equation (19).
For any hN ∈ RN+1 the action of the truncated differential is given by

[DFN (aN )hN ]n = µbNn h
N
n − µbn(cN ∗ aN ∗ hN )Nn , 0 ≤ n ≤ N. (21)

The matrix for the differential can be worked out by considering its action on the standard
basis vectors. However our implementation utilizes the FFT implemented in the IntLab
library. The reader interested in the details is referred to the codes [37].

3.4 Two Technical Lemmas

Certain linear functionals and linear operators play an important role in the truncation error
analysis to follow. The following lemmas are needed in the sequel. Their proofs are similar
to Corollaries 1 and 3 in [43].

Lemma 3.3 (Convolution Sums for Tails). Let 0 ≤ n ≤ N and aN , cN ∈ `1ν be of the
form aN = (a0, . . . , aN , 0, 0, 0, . . .), c

N = (c0, . . . , cN , 0, 0, 0, . . .). For any h ∈ `1ν let h∞ =
(0, . . . , 0, hN+1, hN+2, . . .) and define the linear functional ln : `1ν → R by

ln(h) := (aN ∗ cN ∗ h∞)n.

Let

κ1
n := max

N+1≤k≤2N−n

|(cN ∗ aN )n+k|
2νk

and κ2
n := max

N+1≤k≤2N+n

|(cN ∗ aN )k−n|
2νk

.

Then
‖ln‖(`1ν)∗ ≤ κ1

n + κ2
n.

We say that A : `1ν → `1ν is an “eventually diagonal” linear operator if

(Ah)n =

 [ANhN ]n 0 ≤ n ≤ N

cnhn n ≥ N + 1
, (22)

for some N + 1×N + 1 matrix AN and some bounded sequence {cn}∞n=N+1.

Lemma 3.4. Let A be an eventually diagonal linear operator as defined in Equation (22)
and define the numbers

C1 = max
0≤k≤N

1

νk

N∑
n=0

|akn|νn,

and
C2 = sup

n≥N+1
|cn|.

Then
‖A‖B(`1ν) ≤ 2 max(C1, C2).

Moreover if AN is invertible and cn 6= 0, for n ≥ N + 1 then the operator A is one-to-one
(injective).
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3.5 Cosine-Taylor Banach Algebras

We write
P = {pm,n}m,n∈N,

to denote a sequence of complex numbers, lower indexed by two natural numbers m and n.
With ν ≥ 1 define the cosine-Taylor norm

‖P‖Xν :=

∞∑
m=0

(
|pm0|+ 2

∞∑
n=1

|pmn|νn
)
,

and the Banach space

Xν := {P = {pm,n}m,n∈N : ‖P‖Xν <∞}.

An upper indexed multi-sequence of complex numbers Q = {qm,n}m∈N,n∈N defines a linear
functional LQ : Xν → C by

LQ(P ) =

∞∑
m=0

∞∑
n=0

qm,npm,n.

Define the norm

‖Q‖∞ := sup
m∈N

max

(
|qm,0|, sup

n≥0

|qmn|
2νn

)
and the Banach Space

Zν := {Q = {qm,n}m,n∈N : ‖Q‖∞ <∞}.

We have Zν = X ∗ν by a standard modification of the one dimensional argument.
Let P,R ∈ Xν and define the Cauchy/discrete convolution product (which we also refer

to as the Cauchy product)

(P ∗R)m,n :=

m∑
j=0

(Pm−j ∗Rj)n.

where (Pm−j ∗ Rj) denotes discrete cosine convolution of the sequences Pm = {pm,n}n≥0

and Rm = {rm,n}n≥0 as elements of `1ν . Then for fixed m the outer sum is finite but the
cosine convolution terms are infinite sums. We have the bound

‖P ∗R‖Xν ≤ ‖P‖Xν‖R‖Xν ,

so that Xν is a Banach algebra under the operation of Cauchy convolution. The following
Lemma relates Xν to the space of functions analytic on a cylinder.

We write
D = {w ∈ C : |w| < 1},

to denote the unit disk in the complex plane. Recall that Ar is the complex strip of width
r about the real axis and let

Ur = Ar ×D ⊂ C2.

Lemma 3.5. Suppose that P,R ∈ Xν . We define the Fourier-Taylor series (i.e. Taylor
series with periodic coefficients) by

F (z, w) :=

∞∑
m=0

pm(z)wm
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=

∞∑
m=0

(
pm,0 + 2

∞∑
n=1

pm,n cos(nz)

)
wm,

and

G(z, w) :=

∞∑
m=0

rm(z)wm

=

∞∑
m=0

(
rm,0 + 2

∞∑
n=1

rm,n cos(nz)

)
wm.

• The Xν norms bound the C0 norm: If ν ≥ 1 then F,G are well defined Lebesgue
integrable functions with

sup
(z,w)∈Ulog(ν)

|F (z, w)| ≤ ‖P‖Xν ,

and similarly for G. F and G are even and 2π periodic in the z variable. If ν = 1
then z ranges over the real axis.

• Regularity: If ν > 1 then F and G are analytic on Ulog(ν) and continuous on Ulog(ν).
If P and Q are real sequences then F and G are real analytic functions.

• Products: If ν > 1 then FG is analytic on Ulog(ν) and the Fourier-Taylor coefficients
of FG are given by

(FG)m,n = (P ∗R)m,n.

3.6 Finite Dimensional Projection

Let LMN denote the space of all M+1×N+1 matrices (this is isomorphic to R(M+1)(N+1)).
We project a sequence P ∈ Xν into LMN by truncating each of the first M terms to N modes.
More precisely we write P = {pmn}m,n∈N = {pn}∞n=0 where pn = {pn,m}∞m=0 ∈ `1ν for each
n ≥ 0, and define the projection maps πMN : Xν → LMN by

πMN (P ) = (πN (p0), . . . , πN (pM )) = (pN0 , . . . , p
N
M ).

We write
PMN = πMN (P ).

Conversely to include an M + 1 × N + 1-matrix into Xν we define the inclusion operator
incXν : LMN → X 1

ν by

inc(PMN )mn :=

 PMN
mn 0 ≤ n ≤ N and 0 ≤ m ≤M

0 otherwise
.

Under these projections LMN is isomprphic to RM+1×N+1 and RM+1×N+1 inherits the norm

‖PMN‖ =

M∑
m=0

(
|am0|+ 2

N∑
n=1

|amn|νn
)
≤ 2

M∑
m=0

N∑
n=0

|amn|νn.
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3.7 Linear Operators on Xν
A linear operator A : Xν → Xν is expressed in the following component-wise form

[AH]m,n :=

∞∑
j=0

∞∑
k=0

aj,km,nhj,k, (23)

where for each fixed m,n the sequence {am,nj,k } ∈ Z∞ = X ∗ν , i.e. for each such m,n Equation
(23) defines a bounded linear functional. Then in general we have the bound

‖A‖B(Xν) =

∞∑
m=0

sup
j≥0

max

∣∣∣aj,0m,0∣∣∣ , sup
k≥0

∣∣∣ajkm,0∣∣∣
2νk

+ 2

∞∑
n=1

sup
j≥0

max

(∣∣aj,0m,n∣∣ , sup
k≥0

∣∣ajkm,n∣∣
2νk

)
νn


≤ 2

∞∑
m=0

∞∑
n=0

sup
j≥0

sup
k≥0

|aj,km,n|
νk

νn.

However the linear operators appearing in the sequel are “lower triangular” in sense that
A = {aj,km,n} have

aj,km,n = 0, whenever j > m.

The action of such an operator reduces to

(AH)m,n =

m∑
j=0

∞∑
k=0

aj,km,nhj,k,

i.e. to finite sums in m. Moreover the lower triangular operators appearing in numerical ap-
plications are composed of eventually diagonal sub-operators (on `1ν) and we obtain sharper
bounds for the operator norm by repeated application of Lemma 3.4.

3.7.1 Taylor Series of a Matrix Valued Function and Lower Triangular Opera-
tors

Proceeding formally consider a power series

P (w) =

∞∑
m=0

pmw
m,

with coefficients in pm ∈ `1ν for all m ∈ N and a power series of operators

A(w) =

∞∑
m=0

Amw
m,

with Am ∈ B(`1ν) for all m ∈ N. Then P is a curve in `1ν and A a curve in B(`1ν). Then the
action of A on P can be written as

[AP ](w) =

∞∑
m=0

m∑
j=0

Am−jpjw
m.

A induces a linear operator A : Xν → Xν which we define by matching like powers of w
above, i.e.

[AP ]m =

m∑
j=0

Am−jpj ∈ Xν ,
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where we recall that each Am ∈ B(`1ν) and can be written as

(Amh)n =

∞∑
k=0

akm,nhk,

for some {akm,n} ∈ `∞ν , and any h ∈ `1ν . Then the action of A on P ∈ Xν is given formally
by

[AP ]m,n =

m∑
j=0

∞∑
k=0

akm−j,npj,k.

3.7.2 Solution of Lower Triangular Linear Equations on Xν
Suppose that Q ∈ Xν and that we wish to solve the equation

AP = Q, (24)

with A lower triangular, i.e. A = {aj,km,n} has that aj,km,n = 0 whenever j > m. We observe

that for fixed m, j ∈ N the sequence {aj,km,n} defines a linear operator in Ajm ∈ B(`1ν). Assume
that each of the linear operators Amm is invertible. Proceeding formally we see that Equation
(24) expressed in components becomes

m∑
j=0

Ajmpj = ammpm +

m∑
j=0

δjmA
j
mpj = qm,

where δjm = 0 if and only if m = j and is one otherwise. Then

pm = [Amm]
−1

qm − m∑
j=0

δjmA
j
mpj

 . (25)

Remark 3.6 (Numerical Computation of an Approximate Inverse). Suppose that we trun-
cate all series and coefficients to order M in m and to order N in n. Then solving Equation
(24) “term by term” to order M requires solving M + 1 systems of N + 1 linear equations
in N + 1 unknowns, rather than solving a single (N + 1)(M + 1) by (N + 1)(M + 1) system.
Moreover when the formal inverse given by Equation (25) is used in the truncated problem
there is no need to justify the convergence. Rather we have to bound certain terms measur-
ing the quality of the approximate inverse. This observation is employed in our numerical
implementation, as the interested reader will see by consulting the codes.

4 1-Dimensional Unstable Manifold for a Map on `1
ν

Consider a smooth map F : `1ν → `1ν and let a∗ ∈ `1ν be a fixed point of F . Let λ ∈ R,
ξ∗ ∈ `1ν be an eigenvalue/eigenvector pair, i.e. assume that

DF (a∗)ξ∗ = λξ∗.

We assume further that λ is the unique unstable eigenvalue of DF (a∗). Let āN , ξ̄N ∈ RN+1

denote the finite dimensional projections of a∗ and ξ∗ into RN+1. For the present discussion
we fix the scaling ‖ξ∗‖1ν arbitrarily. (Later we will see that the freedom to choose the scaling
has numerical implications. See Remark 4.4 and also [8]).
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Following the discussion of the introduction we suppose that F is analytic in some
neighborhood of a∗ and seek P : (−1, 1)→ `1ν with

F [P (s)] = P (λs), for all s ∈ (−1, 1), (26)

subject to P (0) = a∗ and P ′(0) = ξ∗ (i.e. in this case the Parameterization Method reduces
to the study of a Banach space valued Schröder equation in one variable). Proceeding
formally, assume that P has power series expansion

P (s) =

∞∑
m=0

pms
m, (27)

with pm ∈ `1ν for m ∈ N and impose

p0 = a∗, p1 = ξ∗.

We have that

P (λs) =

∞∑
m=0

λmpms
m,

and we let

F [P (s)] =

∞∑
m=0

qms
m,

denote the power series expansion of the composition. Here the coefficients qm should be
thought of as smooth functions of P = {pm}. When we want to emphasize this we write
qm(P ).

Matching like powers of s leads to the system of equations

p0 = a∗ (28)

p1 = ξ∗1 (29)

qm(P ) = λmpm, m ≥ 2. (30)

Since pm ∈ `1ν for all m ≥ 0 we can also write these equations in “component-wise” form as

p0n = a∗n m = 0, n ≥ 0 (31)

p1n = ξ∗n m = 1, n ≥ 0 (32)

q(P )mn = λmpmn, m ≥ 2, n ≥ 0. (33)

The above is a bi-infinite system of scalar equations indexed by m,n ∈ N. A solution of this
bi-infinite system is equivalent to a zero of the non-linear mapping Φ defined by

Φ(P )mn :=

 pmn − a∗n m = 0, n ≥ 0
pmn − ξ∗n m = 1, n ≥ 0

λmpmn − q(P )mn m ≥ 2, n ≥ 0
. (34)

Working this formal argument backward in light of Lemmas 3.2 and 3.5 shows that if P ∈ Xν
is a solution of Φ(P ) = 0 then the power series given by Equation (27) is an analytic chart
map for the stable manifold, i.e. P (s) satisfies Equation (26) for all s ∈ (−1, 1). Indeed the
solution is analytic on the unit disk in C, when we replace s by z, and continuous on the
boundary of the disk.
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Remark 4.1 (Domain and range of Φ). Suppose that {qm(P )}∞n=0 ∈ Xν for all P ∈ Xν .
We note that this is not enough to give that Φ(P ) is in Xν , due to the term

pmn → λmpmn,

with |λ| > 1. More precisely, the correspondence pmn → λmpmn is an unbounded linear
operator on Xν . Let 0 < τ < |λ|−1 < 1 and for any sequence R = {rmn} define the norm

‖R‖τ,ν := 2

∞∑
m=0

∞∑
n=0

|rmn|νnτm,

and the Banach space
Xτ,ν := {{rmn} : ‖R‖τ,ν <∞} .

We write Y := Xτ,ν , and see that Φ: Xν → Y. However the space Y plays essentially no
role in the sequel, as we discuss below.

Let ΦNM be a finite dimensional truncation of Φ, let P̄MN be an approximate zero of
the truncated map. Let DΦMN (P̄MN ) be the Jacobian at the approximate zero, and let
AMN be an approximate inverse of the Jacobian.

The goal now is to construct the linear operators A† : Xν → Y and A : Y → Xν such
that A is a left approximate inverse for A† and having for large M,N that A† is a “good
approximation” of DΦ(P̄ ). In fact, it is not necessarily important to understand the range
of Φ and A†, i.e. the domain of A. What is really important is that the composition maps
AΦ(P ), ADΦ(P ), and AA† map from Xν back into Xν .

Once we define A and A† we are in the setting of Theorem 2.2. We then look for bounds
Y0, Z0, Z1, and Z2 satisfying the hypotheses Theorem 2.2, in hopes of proving the existence
of a true solution P ∗ near PMN . It is essential that these “Y and Z” bounds can be evaluated
on the computer in a reasonable amount of time. The selection of these operators and the
derivation of these bounds is a problem specific matter, best illustrated by example.

Remark 4.2 (Rescaling of ξ and the decay of pm). Suppose that P (s) =
∑∞
m=0 pms

m is a
power series solution of Equation (26) on (−1, 1), and let σ > 0. Consider the power series
P̃ (θ) =

∑∞
m=0 p̃ms

m with coefficients defined by

p̃m = σmpm.

Note that P̃ converges for s ∈ (−σ−1, σ−1). Note also that

P̃ (0) = σ0p0 = p,

is the fixed point and that
∂

∂s
P̃ (0) = σ1p1 = σξ,

is the eigenvector associated with the unstable eigenvalue λ, rescaled by σ. Moreover, for
any s ∈ (−σ−1, σ−1), we have that

f [P̃ (s)] = f [P (σs)] = P (σλs) = P̃ (λs),

as σs ∈ (−1, 1). In other words: P̃ solves Equation (26) on (−σ−1, σ−1). In fact this shows
that P̃ is the solution of Equation (26) associated with the rescaled eigenvector σξ. Note
also that if σ > 1 then P̃ may or may not converge on (−1, 1). Nevertheless it is clear from
this discussion that the scaling of ξ determines (in a completely explicit way) the decay rate
of the power series solution. This observation is exploited in the numerical computations
below.
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4.1 Example: The Kot-Schaffer Map

Recall the notation of Section 3.2, especially the definition of the operator B in Equation
(16) and the definition of the Kot-Schaffer map on `1ν given in Equation (17). Letting P be
as in Equation (27) we compute

F [P (s)] = µBP (s)− µB(c ∗ P (s) ∗ P (s)) (35)

= µ

∞∑
m=0

Bpmsm − µ
∞∑
m=0

m∑
j=0

B(c ∗ pm−j ∗ pj)sm (36)

=

∞∑
m=0

µBpm − m∑
j=0

µB(c ∗ pm−j ∗ pj)

 sm, (37)

so that

qmn(P ) = µbnpm − µ
m∑
j=0

bn(c ∗ pm−j ∗ pj)n,

and we define

Φ(P )mn :=

 pmn − a∗n m = 0, n ≥ 0
pmn − ξ∗n m = 1, n ≥ 0

(λm − µbn)pmn + qmn(P ) m ≥ 2, n ≥ 0
. (38)

Note that qmn is a “lower triangular” function of P , in the sense that qmn(P ) depends only
on pjk for 0 ≤ j ≤ m and 0 ≤ k ≤ n. Moreover qmn is a differentiable function of P so that
Φ is a Fréchet differentiable mapping with

[DΦ(P )H]mn =


hmn m = 0, 1, n ≥ 0

(λm − µbn)hmn + 2µ
∑m
j=0 bn(c ∗ pm−j ∗ hj)n m ≥ 2, n ≥ 0.

,

for all P,H ∈ X . Then DΦ(P ) is a “lower triangular” linear operator on X .

Remark 4.3 (Uniqueness and non-resonance for a one dimensional unstable manifold).
Isolating the terms of order m on the left hand side of Equation (38) and moving lower
order terms to the right leads to

(µbn − λm)pmn − 2µbn(c ∗ p0 ∗ pm)n = −µ
m−1∑
j=1

bn(c ∗ pm−j ∗ pj)n, (39)

for m ≥ 2. By inspection of Equation (18), we see that Equation (39) is[
DF (p)− λmId`1ν

]
pm = sm, (40)

where sm has components given by the right hand side of Equation (39), and we recall that
p is the fixed point of F . The Equations (40) are referred to as the homological equations
for pm.

Note that these homological equations are characteristic for DF (p), i.e. for each m ≥ 2
the equation has unique solution as long as λm is not an eigenvalue of DF (p). But DF (p)
is compact and λ is the only unstable eigenvalue by hypothesis. Then λm /∈ spec(DF (p))
for all m ≥ 2, hence the pm are formally well defined and unique up to the choice of the
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scaling of ξ = p1. Then P is always formally well defined in the one dimensional case. Only
the convergence of P for a particular choice of scalings is in question.

For the reader interested in parameterization of higher dimensional unstable manifolds
we consider briefly the discussion above in light of the the general setup of Section 1. Take
F analytic near the fixed point p and suppose that λ1, . . . , λu are the unstable eigenvalues
of DF (p). Proceeding formally, assume that L in the invariance Equation (1) is given by
the diagonal linear map

L(θ1, . . . , θu) =

 λ1 . . . 0
...

. . .
...

0 . . . λu


 θ1

...
θu

 .
It can be shown (by a computation generalizing the one dimensional case for Kot-Schaffer
discussed above) that P solves Equation (1) formally in the sense of power series for this
choice of L if and only if the coefficients pα, α ∈ Nu satisfy the homological equations[

DF (p)− λα1
1 . . . λαuu Id`1ν

]
pα = sα,

for all |α| ≥ 2. Again the sα is a nonlinear function depending only on the coefficients pβ
for |β| < |α|. The functional form of sα is determined by the nonlinearity of the maps F .
A detailed exposition of this argument is in [1].

For the choice of L just given then, the homological equations have unique solution as
long as the “non-resonance condition”

λα1
1 . . . λαuu 6= λj , (41)

holds for all 1 ≤ j ≤ u and all |α| ≥ 2. Since |λj | > 1 for each 1 ≤ j ≤ u there are only a
finite number of multi-indices α for which a resonances can occur, i.e. Equation (41) is an
open condition.

On the other hand, even if Equation (41) fails the offending (i.e. resonant) multi-indices
tell us exactly how to define the a new polynomial L so that Equation (1) can be solved.
The order of the polynomial is always given by the order of the resonance. Degenerate cases
are discussed in detail in [1]. See also [4, 44].

4.2 Finite Dimensional Projection

The truncated operator ΦMN : R(M+1)(N+1) → R(M+1)(N+1) is defined by

ΦMN (PMN )mn :=


pNmn − āNn m = 0, 0 ≤ n ≤ N
pNmn − ξ̄Nn m = 1, 0 ≤ n ≤ N
λmpNmn − µbnp

N
mn + µ

∑m
j=0 bn(cN ∗ pNm−j ∗ pNj )Nn 2 ≤ m ≤M, 0 ≤ n ≤ N

.

(42)
Note that the derivative is given by

[
DΦMN (PMN )HMN

]
mn

=


hNmn m = 0, 1, 0 ≤ n ≤ N

(λm − µbn)hNmn + 2µ
∑m
j=0 bn(cN ∗ pNm−j ∗ hNj )Nn 2 ≤ m ≤M, 0 ≤ n ≤ N

.

The operator DΦMN (PMN ) inherits the “lower triangular” structure of DΦ. Then the
equation

DΦMN (PMN )HMN = QMN ,

is solved by back substitution, i.e. via Equation (25). By considering QMN equal to the
canonical basis vectors it is possible to approximately invert DΦMN (PMN ) in an efficient
way. See also the discussion in Section 3.7.2.
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Remark 4.4 (Numerical implementation of the Newton method). After choosing fixed
truncation dimensions M,N ∈ N, we obtain efficient numerical schemes by iterating the
Newton sequence

PMN
k+1 = PMN

k + ∆MN
k ,

where ∆MN
k is a solution of the linear equation

DΦMN (PMN
k )∆MN

k = −ΦMN (PMN
k ).

The linear equation is solved efficiently by exploiting the lower triangular structure as re-
marked above. The Newton sequence is initialized with the linear approximation PMN

0

whose components are given by (
PMN

0

)
0

= āN ,(
PMN

0

)
1

= ξ̄N ,

and (
PMN

0

)
j

= 0 ∈ RN+1,

for 2 ≤ j ≤ M . If so desired, the convergence of the Newton method is accelerated by
solving the discretized homological equations recursively to order M0 < M (see Equation
(40)). If the Newton iteration fails to converge then we adjust the choice of the scaling of
ξ∗, the choice of ν > 1, the choice of N , the choice of M , or some combination of these. See
Section 5 for a heuristic discussion of these choices.

4.3 Definition of the approximate derivative and approximation
inverse for the Kot-Schaffer map

The linear operators A and A† needed in order to apply Theorem 2.2 are defined as follows.

Assumption 1: Suppose that {bn}∞n=0 and µ > 0 are as is Section 2.1.1, and that λ is an
unstable eigenvalue for the Kot-Schaffer map. Assume that

λm − µbn 6= 0,

for all m ≥M + 1 and all n ≥ N + 1.

Note that bn → 0 as n → ∞ and λn → ∞ as n → ∞. Then this condition is met by
taking N,M large enough. On the other hand if M,N are arbitrary it may be necessary to
check a finite number of conditions a-priori.

Define

[A†H]mn =

 [DΦMN (P̄MN )HMN ]mn 0 ≤ m ≤M, 0 ≤ n ≤ N
hmn m = 0, 1 n ≥ N + 1

(λm − µbn)hmn otherwise
, (43)

and

[AH]mn =

 [AMNHMN ]mn 0 ≤ m ≤M, 0 ≤ n ≤ N
hmn m = 0, 1 n ≥ N + 1

(λm − µbn)−1hmn otherwise
. (44)

Note that A is a one-to-one (injective) bounded linear operator (in fact compact) on X as
long as AMN is invertible. A† on the other hand is unbounded on X . We also remark that
there is some freedom in the choice of A and A†. For example we could have left −µbn out
of the diagonal terms as it is the λm terms which eventually dominate. In this case we would
have had no possibility of zero denominators. However it is numerically advantageous to
include them as we have, even if this introduces an extra condition to check.
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4.4 A-Posteriori Analysis for the Kot-Schaffer map

The Lemmas in this section comprise the most technical material in the paper. Nevertheless
they illustrate exactly the conditions which must be checked by the computer in order to
obtain the a-posteriori existence and error bounds. The details of the proofs highlight
exactly what will need to be changed to apply our methods to different systems.

Proposition 4.10 is the main result for the Kot-Schaffer map. It relies on Theorem 2.2
for a-posteriori analysis of Newton-like operators. The derivation of the necessary Y0, Z0,
Z1, and Z2 bounds is delegated to the following four additional Lemmas. First however
the following definition collects and formalizes the data needed in order to attempt an
a-posteriori validation.

Definition 4.5 (Validation Values for the Fourier-Taylor Parameterization of a One Dimen-
sional Unstable Manifold of Kot-Schaffer). Consider the given data ν, µ, r0, r1, r2, r3, λ ∈
R a collection of real numbers, M,N ∈ N a pair of natural numbers, c̄N , āN , ξ̄N , p̄N0 , . . .,
p̄NM ∈ RN+1 a collection of vectors, AMN = {AMN

mj }0≤j,m≤M , a lower triangular sequence

of N + 1 × N + 1 matrices (Amj = 0 when j > m), and a∗, ξ∗, a∞, c∞ ∈ `1ν a collection
of Fourier-cosine sequences. This data taken together is called a collection of validation
values for the Fourier-Taylor parameterization of a one dimensional unstable manifold of
Kot-Schaffer if:

1. ν > 1,

2. µ > 0, and b, c ∈ `1ν are parameters for the Kot-Schaffer mapping F : `1ν → `1ν defined
in Section 2.1,

3. c admits the decomposition
c = inc(c̄N ) + c∞,

with ‖c∞‖1ν ≤ r2,

4.
sup

n≥N+1
|bn| ≤ r3,

5. N,M,µ and b satisfy Assumption 1 of Section 4.3.

6. a∗ is a fixed point for F admitting the decomposition

a∗ = inc(āN ) + a∞,

where ‖a∞‖1ν ≤ r0,

7. |λ| > 1 is the unique unstable eigenvalue of DF (a∗) and ξ∗ is an eigenvector for λ
which admits the decomposition

ξ∗ = inc(ξ̄N ) + ξ∞,

with ‖ξ∞‖1ν ≤ r1,

8. Each matrix AMN
mm is invertible, i.e. AMN is an invertible lower triangular linear

operator.

Note that for Kot-Schaffer the bounds r2 and r3 are computed using Equations (6) and
(7) respectively.
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Lemma 4.6 (Y0 bound for unstable manifold parameterization for Kot-Schaffer). Let Φ
and A be the maps defined in Equations (38), and (44) and suppose that ν, µ, r0, r1, r2,
r3, λ ∈ R, M,N ∈ N, c̄N , āN , ξ̄N , p̄N0 , . . ., p̄NM ∈ RN+1, AMN = {AMN

mj }0≤j,m≤M a lower

triangular sequence of matrices, and a∗, ξ∗, a∞, c∞ ∈ `1ν are a collection of validation values
in the sense of Definition 4.5. Let BN denote the N + 1×N + 1 matrix with b0, . . . , bN on
the diagonal and zeros elsewhere, let P̄ = inc(P̄MN ), and let

Ā :=

M∑
m=2

m∑
j=0

‖AMN
mj B

N‖B(`1ν) +
r3

||λ|2 − |µ|r3|
+

‖b‖1ν
||λ|M+1 − |µ|‖b‖1ν |

.

Define the constants
Y 1

0 := ‖AMNΦMN (P̄MN )‖Xν ,

Y 2
0 := 2µ

2M∑
m=M+1

3N∑
n=0

2M−m∑
j=0

|bn|
|λm − µbn|

|(cN ∗ p̄M−j ∗ p̄m−M+j)n|νn,

Y 3
0 := 2µ

M∑
m=2

3N∑
n=N+1

m∑
j=0

|bn|
|λm − µbn|

|(cN ∗ p̄m−j ∗ p̄j)n|νn,

and

Y 4
0 := ‖AMN

00 ‖B(`1ν)r0 + ‖AMN
10 ‖B(`1ν)r0 + ‖AMN

11 ‖B(`1ν)r1 + |µ| r2 Ā
(
‖P̄‖Xν

)2
.

Let
Y0 := Y 1

0 + Y 2
0 + Y 3

0 + Y 4
0 .

Then ∥∥AΦ(P̄ )
∥∥
Xν
≤ Y0.

Proof. Throughout the proof all norms are as hypothesized above and we suppress subscripts
in the computations. We begin by noting that for any m,n ≥ 0 we have that

m∑
j=0

bn(c ∗ p̄m−j ∗ p̄j)n =

m∑
j=0

bn(cN ∗ p̄m−j ∗ p̄j)n +

m∑
j=0

bn(c∞ ∗ p̄m−j ∗ p̄j)n.

We also have that

p̄mn − a∗n = p̄mn − ān − a∞n , and p̄mn − ξ∗n = p̄mn − ξ̄n − ξ∞n ,

for m = 0, 1 and n ≥ 0. These observations lead to the decomposition

Φ(P̄ ) = Φ1(P̄ ) + Φ2(P̄ ),

with

Φ1(P̄ )mn :=


p̄Nmn − ān m = 0, 0 ≤ n ≤ N
p̄Nmn − ξ̄∗n m = 1, 0 ≤ n ≤ N

0 m = 0, 1, n ≥ N + 1
(λm − µbn)p̄mn + µ

∑m
j=0 bn(cN ∗ p̄m−j ∗ p̄j)n m ≥ 2, n ≥ 0,

and

Φ2(P̄ )mn :=


−a∞n m = 0, n ≥ 0
−ξ∞n m = 1, n ≥ 0

µ
∑m
j=0 bn(c∞ ∗ p̄m−j ∗ p̄j)n m ≥ 2, n ≥ 0

.
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Exploiting the fact that p̄mn = 0 if either m ≥ M + 1, or n ≥ N + 1 allows further
decomposition of Φ1(P̄ ) as

Φ1(P̄ )mn =

ΦMN (P̄MN )mn 0 ≤ m ≤M, 0 ≤ n ≤ N
0 m = 0, 1, n ≥ 0

µ
∑2M−m
j=0 bn(cN ∗ p̄M−j ∗ p̄m−M+j)n M + 1 ≤ m ≤ 2M, 0 ≤ n ≤ 3N

0 M + 1 ≤ m ≤ 2M,n ≥ 3N + 1
µ
∑m
j=0 bn(cN ∗ p̄m−j ∗ p̄j)n 2 ≤ m ≤M,N + 1 ≤ n ≤ 3N

0 2 ≤ m ≤M,n ≥ 3N + 1
0 m ≥ 2M + 1, n ≥ 0,

.

Then
[AΦ1(P̄ )]mn =

[AMNΦMN (P̄MN )]mn 0 ≤ m ≤M, 0 ≤ n ≤ N
0 m = 0, 1, n ≥ N + 1

µ
λm−µbn

(∑2M−m
j=0 bn(cN ∗ p̄M−j ∗ p̄m−M+j)n

)
M + 1 ≤ m ≤ 2M, 0 ≤ n ≤ 3N

µ
λm−µbn

(∑m
j=0 bn(cN ∗ p̄m−j ∗ p̄j)n

)
2 ≤ m ≤M,N + 1 ≤ n ≤ 3N

0 M + 1 ≤ m ≤ 2M,n ≥ 3N + 1
0 m ≥ 2M,n ≥ 0

.

It follows that
‖AΦ1(P̄ )‖ ≤

≤ ‖AMNΦMN (P̄MN )‖

+ 2µ

2M∑
m=M+1

3N∑
n=0

2M−m∑
j=0

|bn|
|λm − µbn|

|(cN ∗ p̄M−j ∗ p̄m−M+j)n|νn

+ 2µ

M∑
m=2

3N∑
n=N+1

m∑
j=0

|bn|
|λm − µbn|

|(cN ∗ p̄m−j ∗ p̄j)n|νn

≤ Y 1
0 + Y 2

0 + Y 3
0 ,

In order to bound the remaining term we exploit the lower triangular form of A in order
to obtain that

[AΦ2(P )]0n = −(A00a
∞)n

[AΦ2(P )]1n = −(A10a
∞)n − (A11ξ

∞)n

[AΦ2(P )]mn =

µ m∑
j=0

AmjB(c∞ ∗ p̄m−j ∗ p̄j)


n

.

Then

‖AΦ2(P )‖ =

∞∑
m=0

‖[AΦ2(P )]m‖

≤ ‖AMN
00 ‖r0 + ‖AMN

10 ‖r0 + ‖AMN
11 ‖r1 +

∞∑
m=2

∥∥∥∥∥∥
m∑
j=0

µAmjB(c∞ ∗ p̄m−j ∗ p̄j)

∥∥∥∥∥∥
≤

(
‖AMN

00 ‖+ ‖AMN
10 ‖

)
r0 + ‖AMN

11 ‖r1 + |µ|Ār2‖P̄‖2

≤ Y 4
0 .
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Combining all of the bounds gives

‖AΦ(P̄ )‖ ≤ ‖AΦ1(P̄ )‖+ ‖AΦ2(P̄ )‖
≤ Y 1

0 + Y 2
0 + Y 3

0 + Y 4
0

= Y0,

as desired.

Lemma 4.7 (Z0 bound for unstable manifold parameterization for Kot-Schaffer). Let Φ
and A be the maps defined in Equations (38), and (44) and suppose that ν, µ, r0, r1, r2,
r3, λ ∈ R, M,N ∈ N, c̄N , āN , ξ̄N , p̄N0 , . . ., p̄NM ∈ RN+1, AMN = {AMN

mj }0≤j,m≤M a lower

triangular sequence of matrices, and a∗, ξ∗, a∞, c∞ ∈ `1ν are a collection of validation values
in the sense of Definition 4.5. Define

Z0 := ‖IdMN −AMNDΦMN (P̄ )‖B(Xν).

Then ∥∥IdX −AA†
∥∥
B(Xν)

≤ Z0.

Proof. Again, the norms are as hypothesized above and we suppress subscripts in the proof.
Let H ∈ Xν with ‖H‖ = 1. We have that

[AA†H]mn =

 [AMNDΦ(P̄MN )HMN ]mn 0 ≤ m ≤M, 0 ≤ n ≤ N
hmn m = 0, 1, n ≥ N + 1

(λm − µbn)−1(λm − µbn)hmn otherwise

so that

[Id−AA†H]mn =

{
hmn − [AMNDΦ(P̄MN )HMN ]mn 0 ≤ m ≤M, 0 ≤ n ≤ N

0 otherwise

Then

sup
‖H‖=1

‖(Id−AA†)H‖ = sup
‖HN‖=1

‖(IdMN −AMNDΦ(P̄MN ))HMN‖ (45)

= ‖IdMN −AMNDΦ(P̄MN )‖ (46)

= Z0. (47)

Lemma 4.8 (Z1 bound for unstable manifold parameterization for Kot-Schaffer). Let Φ
and A be the maps defined in Equations (38), and (44) and suppose that ν, µ, r0, r1, r2,
r3, λ ∈ R, M,N ∈ N, c̄N , āN , ξ̄N , p̄N0 , . . ., p̄NM ∈ RN+1, AMN = {AMN

mj }0≤j,m≤M a lower

triangular sequence of matrices, and a∗, ξ∗, a∞, c∞ ∈ `1ν are a collection of validation values
in the sense of Definition 4.5. For 0 ≤ m ≤M and 0 ≤ n ≤ N define the constants

κ1
mn := max

N+1≤k≤2N−n

|(cN ∗ p̄Nm)n+k|
2νk

,

and

κ2
mn := max

N+1≤k≤2N+n

|(cN ∗ p̄Nm)k−n|
2νk

,
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as in Lemma 3.3. Define also the constant

Ã =

M∑
m=2

m∑
j=0

‖AMN
mj B

N‖B(`1ν),

where BN is the matrix with b0, . . . , bN as diagonal entries and zeros elsewhere. Let

Z1
1 := 4|µ|

M∑
m=2

m∑
j=0

j∑
l=0

N∑
n=0

N∑
k=0

|amnjk ||bk|(κ1
j−l,k + κ2

j−l,k)νn

Z2
1 := 2|µ|

(
r3

λ2 − |µ|r3
+ max

0≤n≤N

|bn|
|λM+1 − µbn|

+
r3

λM+1 − µr3

)
‖c‖1ν‖P̄‖X

Z3
1 := 2|µ|r2Ã‖P̄‖Xν .

Define
Z1 := Z1

1 + Z2
1 + Z3

1 .

Then ∥∥A[A† −DΦ(P̄ )]
∥∥
B(Xν)

≤ Z1.

Proof. Again we suppress norm subscripts. For any H ∈ X we write

[DΦ(P̄ )H]mn =
[DΦMN (PMN )HMN ]mn m = 0, 1, 0 ≤ n ≤ N

[DΦMN (PMN )HMN ]mn +RN1 (H)mn +RN2 (H)mn 2 ≤ m ≤M, 0 ≤ n ≤ N
hmn m = 0, 1, n ≥ N + 1

(λm − µbn)hmn +R∞(H)mn otherwise

,

where

RN1 (H)mn = 2µ

m∑
j=0

bn(c∞ ∗ p̄Nm−j ∗ hj)n, 2 ≤ m ≤M, 0 ≤ n ≤ N,

RN2 (H)mn = 2µ

m∑
j=0

bn(cN ∗ p̄Nm−j ∗ h∞j )n 2 ≤ m ≤M, 0 ≤ n ≤ N,

and are zero otherwise, and

R∞(H)mn = 2µ

m∑
j=0

bn(c ∗ p̄Nm−j ∗ hj)n

0 ≤ m ≤M,n ≥ N + 1
or

m ≥M + 1, 0 ≤ n ≤ N
or

m ≥M + 1, n ≥ N + 1.

Then

[(A† −DΦ(P̄ ))H]mn =

 0 m = 0, 1, n ≥ N
RN1 (H)mn +RN2 (H)mn m ≥ 2, n ≥ 0

R∞(H)mn otherwise
,

so that

[A(A† −DΦ(P̄ ))H]mn =


0 m = 0, 1, n ≥ N[

AMNRN1 (H) +AMNRN2 (H)
]
mn

m ≥ 2, n ≥ 0
1

(λm−µbn)R
∞(H)mn otherwise

.
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Now we observe that

‖AR∞(H)‖ = 2

∞∑
m=2

∞∑
n=N+1

1

|λm − µbn|
|R∞(H)mn|νn

+ 2

∞∑
m=M+1

N∑
n=0

1

|λm − µbn|
|R∞(H)mn|νn

+ 2

∞∑
m=M+1

∞∑
n=N+1

1

|λm − µbn|
|R∞(H)mn|νn

≤ 2µr3

λ2 − |µ|r3
‖c‖‖P̄‖‖H‖

+

(
max

0≤n≤N

2µ|bn|
|λM+1 − µbn|

)
‖c‖‖P̄‖‖H‖

+
2µ

λM+1 − µr3
r3‖c‖‖P̄‖‖H‖

= Z2
1‖H‖,

that

‖AMNRN1 (H)‖ = 2

M∑
m=2

N∑
n=0

∣∣[AMNRN1 (H)]mn
∣∣ νn

≤ Z3
1‖H‖,

and that

‖AMNRN2 (H)‖ = 2

M∑
m=2

N∑
n=0

∣∣[AMNRN2 (H)]mn
∣∣ νn

= 2

M∑
m=2

N∑
n=0

∣∣∣∣∣∣
m∑
j=0

N∑
k=0

amnjk R
N
2 (H)jk

∣∣∣∣∣∣ νn
≤ 2

M∑
m=2

N∑
n=0

∣∣∣∣∣∣
m∑
j=0

N∑
k=0

amnjk 2µ

j∑
l=0

bk(cN ∗ pNj−l ∗ h∞l )k

∣∣∣∣∣∣ νn
≤ 4µ

M∑
m=2

m∑
j=0

j∑
l=0

N∑
n=0

N∑
k=0

|amnjk ||bk|(κ1
j−l,k + κ2

j−l,k)‖H‖νn

≤ Z1
1‖H‖.

Now suppose that ‖H‖ = 1. We have∥∥A[(A† −DΦ(P̄ ))H]
∥∥ ≤ ‖AMNRN1 (H)‖+ ‖AMNRN2 (H)‖+ ‖AR∞(H)‖
≤ Z1

1 + Z2
1 + Z3

1 .

Taking the supremum over all such H gives the result.

Lemma 4.9 (Z2 bound for unstable manifold parameterization for Kot-Schaffer). Let Φ
and A be the maps defined in Equations (38), and (44) and suppose that ν, µ, r0, r1, r2,
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r3, λ ∈ R, M,N ∈ N, c̄N , āN , ξ̄N , p̄N0 , . . ., p̄NM ∈ RN+1, AMN = {AMN
mj }0≤j,m≤M a lower

triangular sequence of matrices, and a∗, ξ∗, a∞, c∞ ∈ `1ν are a collection of validation values
in the sense of Definition 4.5. Define

Z2 := 2|µ|‖b‖1ν‖c‖1ν‖A‖B(Xν),

and let P1, P2 ∈ Br(P̄ ). Then

‖A[DΦ(P1)−DΦ(P2)]‖B(Xν) ≤ Z2‖P1 − P2‖Xν .

Proof. As usual we suppress the sub and super scripts on norms. Let P1 = {p1
mn}, P2 =

{p2
mn} ∈ Br(P̄ ), and H = {hmn} ∈ Xν . Then

[(DΦ(P1)−DΦ(P̄2))H]mn =

{
0 m = 0, 1, n ≥ 0

2µ
∑m
j=0 bn(c ∗ p1

m−j − p̄2
m−j ∗ hj)n m ≥ 2, n ≥ 0

,

and we note that the unbounded linear terms cancel. Then

‖A(DΦ(P1)−DΦ(P2))H‖ ≤ ‖A‖
∞∑
m=2

‖[(DΦ(P1)−DΦ(P2))H]m‖

≤ 2|µ|‖A‖‖b‖‖c‖‖H‖‖P1 − P2‖
≤ Z2‖P1 − P2‖,

where in the last two lines we used the Banach algebra and the definition of Z2. Taking the
supremum over ‖H‖ = 1 gives the result.

Proposition 4.10 (A-posteriori unstable manifold theorem for Kot-Schaffer). Let Φ and A
be the maps defined in Equations (38), and (44) and suppose that ν, µ, r0, r1, r2, r3, λ ∈ R,
M,N ∈ N, c̄N , āN , ξ̄N , p̄N0 , . . ., p̄NM ∈ RN+1, AMN = {AMN

mj }0≤j,m≤M a lower triangular

sequence of matrices, and a∗, ξ∗, a∞, c∞ ∈ `1ν are a collection of validation values in the
sense of Definition 4.5. Suppose that Y0, Z0, Z1, and Z2 are positive as defined in Lemmas
4.6, 4.7, 4.8, and 4.9, and that r > 0 is a positive number with

p(r) := Z2r
2 − (1− Z0 − Z1)r + Y0 ≤ 0. (48)

Then there exists a unique P ∗ ∈ Br(P̄ ) ⊂ X so that Φ(P ∗) = 0.

With the constants Y0, Z0, Z1, and Z2 properly defined the proof is a direct application
of Theorem 2.2, with r∗ =∞.

5 Example: Validated Computation of the Unstable
Manifold for the Kot-Schaffer Model

Throughout the remainder of the paper we sometimes truncate or round up (as appropriate)
the numerical bounds we report, especially when giving intermediate results. This is done
in such a way that the bounds given below are correct. The reader who runs the computer
codes will sometimes find that the programs give even sharper bounds than those reported
here.

Consider the Kot-Schaffer model with parameters as discussed in Section 2.1.1. In partic-
ular we take µ = 3.5 and the dispersion kernel and carrying capacity Poisson kernels. With
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Figure 2: Validated first order data for Kot-Schaffer: (all reference to colors refer to the
online version) These figures illustrate the first order data for Kot-Schaffer with system
parameters as discussed in Section 2.1.1. The left frame has axes x versus f(x) for x ∈ [0, π],
and plots the parameter functions and the first order data in function space. The red curve
represents the dispersion kernel and the green curve represents the carrying capacity for the
Kot-Schaffer model. These are taken as fixed Poisson kernels. The blue curve represents the
nontrivial fixed point of Kot-Schaffer computed in appendix B. The black curve represents
the eigenvector/eigenfunction associated with the unstable eigenvalue of the fixed point. All
functions are computed to N = 26 Fourier-cosine modes. Note that all data satisfies the
Neumann boundary conditions. The right frame plots n versus log10(|qn|), where {qn}26

n=0

are the cosine series coefficients of each of the functions just mentioned. The colors in the
right frame are chosen as in the left frame. The first order data has validated error bounds
as discussed in the Appendices.

parameters as discussed in Section 2.1.1 the system has a nontrivial fixed point a∗ ∈ `1ν and
DF (a∗) has exactly one unstable eigenvalue

λ ≈ −1.688296535873966.

The fixed point and eigenvector ξ∗ ∈ `1ν are computed as discussed in Appendices B and
D respectively. For the present discussion we report that the validated bounds obtained
in the Appendices are r0 = 3.855342398400024 × 10−14 and r1 = 4.251135957023438 ×
10−13 for a∗ and ξ∗ respectively (i.e. r0, r1 bound the `1ν distances between our numerical
approximations aN , ξN ∈ RN+1 and the true fixed point/eigenvector a∗, ξ∗ ∈ `1ν). We also
note that in Appendix F we establish the claim that there is exactly one unstable eigenvalue
with one dimensional eigenspace. The functions associated with the cosine series coefficients
a∗, ξ∗, b, c ∈ `1ν are illustrated in the left frame of Figure 2.

The numerical computations require discretization to a finite number of Fourier modes.
As a rule of thumb, we choose N high enough that the tails of b and c are roughly of size
machine epsilon in the `1ν norm. For example when N = 26 we obtain, by using the formula
given by Equation (6), that

‖c∞‖1ν ≤ 1.13× 10−18, ‖b∞‖1ν ≤ 2.77× 10−15,

Since ‖c∞‖ appears linearly in the Y and Z bounds of Lemmas 4.6-4.8 this is a reasonable
(if conservative) rule of thumb.

Indeed the right frame of Figure 2 illustrates the numerical decay rates of the Fourier-
cosine coefficients of the fixed point, the eigenvector, the kernel, and the carrying capacity.
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In particular we see that the cosine coefficients of the fixed point and the eigenvector are
smaller than machine epsilon for about n > 15. As already mentioned in Remark 1.4,
the fact that N = 26 spatial modes is sufficient to resolve the first order data is a strong
indication that N = 26 spatial modes is sufficient to resolve the unstable manifold near
the fixed point. Again, the intuition is that since the map is smoothing (i.e. compact)
a point with backward orbit converging to a∗ is in some sense a smoothed copy of a∗.
Indeed, at least from a heuristic point of view, the farther away from a∗ a point is along the
unstable manifold the more well defined backward iterates it has: hence we might expect
more smoothness as we move along the unstable manifold. Again, this is just a heuristic
justification for the choice N = 26, but as we see below we are in fact able to validate for
this N .

5.1 Parameterization to Order M = 5

With system parameters, spatial truncation, and first order data as discussed above in
Section 5, let us parameterize the unstable manifold to Taylor degree M = 5. As a baseline
scaling we choose an eigenvector scaled to have norm 1. In fact we let MatLab choose a
numerical eigenvector with Euclidian norm 1. The choice of the specific norm is not the
important detail. All that matters is that we fix some “base case” for making comparisons.

With this scaling fixed we compute the truncated Taylor coefficients for the unstable
manifold parameterization {pNm}5m=0 using the Newton scheme discussed in Remark 4.4.
Here for m = 0, . . . , 5 each pNm ∈ R27. The left frame of Figure 3 plots m versus ‖pNm‖1ν
for m = 0, . . . , 5, and it is clear that the exponential decay of the Taylor series has not yet
“kicked in”. In fact we have that

‖pN5 ‖1ν ≈ 0.362933470626985,

and if we try to validate this approximation the proof fails, i.e. when we compute the
quantities defined in Lemmas 4.6−4.9 we obtain that both the Y0 and Z1 bounds associated
with this data are greater than one.

The problem is that we have tried to validate a low order approximation with a “large”
choice of scalings for the eigenvalues (tried to validate a low order approximation far from
the fixed point). The situation comes back under control after rescaling the eigenvector.
We recall the content of Remark 4.2, where we observed that rescaling the eigenvector by σ
leads to new parameterization coefficients

p̃Nm = σmpNm, m = 0, . . . , 5.

Then rescaling the eigenvector by σ = 0.1 gives a new parameterization whose last coefficient
has `1ν norm on the order of 3.6 × 10−6, while rescaling the eigenvector by σ = 0.001 gives
a new parameterization whose last coefficient has `1ν norm on the order of 3.6× 10−16.

The right frame of Figure 3 plots m versus `1ν norm for the parameterization coefficients
with the base case eigenvector rescaled by a factor of σ = 0.1. The norms of the coefficients
are here plotted log base 10 and we see clearly the exponential decay down to a magnitude
of roughly 10−6 as desired. Validation of the approximation succeeds this time, and in the
notation of Proposition 4.10 we find that

Y0 = 8.09996× 10−7, Z0 = 2.8825× 10−9, Z1 = 0.6028, and Z2 = 58.74,

so that for example if r = 2.039870023119681 × 10−6 then the polynomial p(r) defined
in Proposition 4.10 is negative. The validation of the fifth order parameterization takes
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Figure 3: Decay of numerically computed parameterization coefficients for Kot-Schaffer (all
reference to colors refer to the online version). We compute the parameterization to order
M = 5 for the Kot-Schaffer map, taking a spatial truncation of N = 26 cosine modes. In the
left frame we plot the magnitude of the `1ν norms of numerically computed parameterization
coefficients when the eigenvector has the default MatLab scaling (Euclidean norm one).
Then we recompute the coefficients with the eigenvector rescaled by σ = 0.1 and plot the
logarithm base ten of the `1ν norm of the coefficients. The results are shown in the right
frame and we clearly see the exponential decay of the coefficients.

approximately five seconds on a Mac Pro desktop with 3.7 GHz Quad-Core Intel Xeon E5
processor and 64 GB 1866 MHz DDR3 ECC or RAM running OS X Yosemite.

It follows that the approximating sequence PMN = {pN0 , . . . , pN5 } has

‖PMN − P‖Xν ≤ r,

and since the Xν norm bounds the C0 norm on the unit interval we have that the cosine-
Taylor polynomial

PMN (θ) =

5∑
m=0

(
pm0 + 2

26∑
n=1

pNmn cos(nx)

)
θm,

satisfies
sup

θ∈[−1,1]

|PMN (θ)− P (θ)| ≤ r,

where P is the true parameterization of the unstable manifold. (Here the existence of P
analytic on the unit disk is part of the conclusion of Proposition 4.10).

Repeating the computation with σ = 0.001 yields a validated error bound of r =
2.207323226291397e − 12. This is almost as good as the error bound r1 ≤ 4.26 × 10−13,
i.e. almost as good as could possibly be achieved without refining the first order data. Of
course the image of the local unstable manifold associated with the scaling σ = 0.001 is
smaller in phase space than the one obtained with scaling σ = 0.1. The results discussed in
this section are obtained by running the program a_KotPapeProofs_M5.m, from [37].

5.2 Parameterization to Order M = 35

With system parameters, spatial truncation, and first order data as discussed above in
Section 5 and 5.1, we now parameterize the unstable manifold to Taylor degree M = 35.
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As before we run a baseline computation with the eigenvector scaled to one. We find that
M = 35 is sufficiently high order that the exponential decay does kick in for this baseline
choice scaling. Indeed the coefficients now decay faster than we would like. To see this we
report that last coefficient has norm ‖pN35‖1ν ≈ 4.6×10−22. In other words we might attain a
better parameterization (i.e. bigger patch of the local unstable manifold) by taking an even
larger eigenvector scaling. A good rule of thumb for these parameterization computations
is to arrange that the norm of the last coefficient is on the order of machine epsilon. For
example, and again by the observations of Remark 4.2, choosing σ = 1.5 we have that
‖pN35‖1νσ35 ≈ 4.6× 10−22 × 1.535 ≈ 6.7× 10−16.

We recompute the approximate parameterization with the eigenvector rescaled by σ =
1.5. We run the validation scheme and obtain values of

Y0 = 7.249×10−7, Z0 = 1.909×10−8, Z1 = 9.82×10−7, and Z2 = 8.7×102.

Then for r = 7.25 × 10−7 we check that the polynomial has p(r) < 0. The hypotheses of
lemma 4.10 are satisfied and the approximating sequence PMN is no more than r away form
a true zero of Φ in the Xν norm. Since the Xν norm bounds the C0 norm in function space,
the resulting Fourier-Taylor approximation of the unstable manifold is no further than r
away form the true parameterization P (which exists and is analytic on the unit disk again
as a conclusion of lemma 4.10).

The results discussed in this section are obtained by running the program

a_KotPapeProofs_M35.m,

from [37], and are illustrated in Figure 1 of the introduction. The approximate manifold
shown in the figure is accurate with error no worse than r, which is much smaller than the
pixel size of the figure. Nevertheless the parameterization is large or “non-local”, in the
sense that it follows two “folds” in the local manifold and is not the graph of a function.
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A Computer Assisted Proof of a Non-Trivial Fixed Point
for Kot-Schaffer

We discuss an a-posteriori scheme for studying the fixed point problem for the Kot-Schaffer
mapping F : `1ν → `1ν with logistic nonlinearity as defined in Section 2.1. The argument is
another application of Theorem 2.2. In order to apply the theorem we define the mapping
G : `1ν → `1ν by

G(a) = F (a)− a = µBa− a− µB(c ∗ a ∗ a).
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We have that a is a zero of G if and only if a is a fixed point of F . Observe that G is Fréchet
differentiable and that for any a ∈ `1ν the action of the linear operator DG(a) : `1ν → `1ν is
given by

DG(a)h = µBh− h− 2µB(c ∗ a ∗ h).

The associated truncated mapping GN : RN+1 → RN+1 is

GN (āN ) = µBN āN − āN − µBN (c̄N ∗ āN ∗ āN )N . (49)

(The truncated convolution maps are as defined in Section 3.3).
Suppose that āN ∈ RN+1 is an approximate solution of GN = 0. (In practice āN may

be the output of a numerical computation via Newton’s method). The derivative of GN at
āN is the N + 1×N + 1 matrix which acts on hN ∈ RN+1 by

DGN (āN )hN = µBNhN − IdN+1h
N − 2µBN (cN ∗ āN ∗ hN )N .

The matrix representation of this linear transformation is computed column by column in
the usual way, i.e. by considering the action on the basis vectors hN = ej ∈ RN+1.

Let AN be an approximate inverse for DGN (āN ) (possibly obtained numerically). Define
the linear operators A†, A ∈ B(`1ν) by

(A†h)n :=

{
(DGN (āN )hN )n 0 ≤ n ≤ N

−hn n ≥ N + 1
(50)

and

(Ah)n :=

{
(ANhN )n 0 ≤ n ≤ N
−hn n ≥ N + 1

(51)

for all h ∈ `1ν . Note that

‖A†‖B(`1ν) ≤ max
(
‖DGN (āN )‖B(`1ν), 1

)
, and ‖A‖B(`1ν) ≤ max

(
‖AN‖B(`1ν), 1

)
.

Both operators are invertible, and hence injective, as they can be written as the product
of an invertible matrix and the identity. The following Lemma gives sufficient conditions
for the existence of a fixed point for Kot-Schaffer. The proof of the Theorem follows by
estimates similar to those discussed in detail in Section 4.4.

Lemma A.1 (A-posteriori existence of a fixed point for Kot-Schaffer). Suppose that µ > 0,
ν > 1 and b, c ∈ `1ν are fixed parameters for the Kot-Schaffer mapping F : `1ν → `1ν defined
by Equation (5). Let N ∈ N, GN be as defined in Equation (49), āN ∈ RN+1, AN be an
N + 1×N + 1 invertible matrix, and A ∈ B(`1ν) be the linear operator defined in Equation
(51). Let bN , cN denote respectively the projections of b, c into RN+1 Let BN denote the
N + 1×N + 1 diagonal matrix of bN , and B ∈ B(`1ν) denote the linear operator defined by
(Bh)n = bnhn for all n ∈ N. Let r3 ∈ R have that

sup
n≥N+1

|bn| ≤ r3.

Let

‖c∞‖1ν =

∞∑
n=N+1

|cn|νn.

Define the constants

κ1
n := max

N+1≤k≤2N−n

|(cN ∗ āN )n+k|
2νk

, κ2
n := max

N+1≤k≤2N+n

|(cN ∗ āN )k−n|
2νk
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as in Lemma 3.3. Let

Y0 := ‖ANGN (āN )‖+ 2µ

3N∑
n=N+1

|bn||(cN ∗ āN ∗ āN )n|νn

+ µ(‖ANBN‖+ r3)‖ā‖2‖c∞‖ (52)

Z0 := ‖IdN+1 −ANDGN (āN )‖, (53)

Z1 := 4|µ|
N∑
n=0

N∑
k=0

|aNnk||bk|(κ1
k + κ2

k) νn

+|µ|‖ANBN‖‖ā‖1ν‖c∞‖1ν
+|µ|r3

(
1 + 2‖c‖1ν‖ā‖1ν

)
,

and
Z2 := 2|µ| ‖c‖1ν‖AB‖.

If r > 0 is a number with

p(r) := Z2r
2 − (1− Z0 − Z1)r + Y0 ≤ 0,

then there exists a unique fixed point a∗ ∈ Br(ā) of the Kot-Schaffer mapping.

B CAP Results for Non-Trivial Fixed Points of the Kot-
Schaffer map

For parameters of the Kot-Schaffer map as discussed in Section 2.1.1, we choose to work in
the sequence space `1ν with ν = 1.1. We project to orderN = 26 cosine modes (i.e. projecting
the problem into R27) as discussed in Section 5. We run a numerical Newton method in
order to find an approximate fixed point. The Intlab program kotSchaffer_validateFP.m

is then used in order to check the conditions of Theorem A.1. We obtain the interval
constants

Y0 = 2.3× 10−15,

Z0 = 10−13,

Z1 = 1.15× 10−7,

and
Z2 = 6.

From these constants we obtain that there is a fixed point a∗ of the Kot-Schaffer map with

a∗ ∈ Br0(ā) ⊂ `1ν ,

with r0 = 7.6 × 10−15. Moreover the fixed point is unique in a ball of radius at least
R0 = 0.169. The reader interested in the details of the proof can run the Intlab program
a_KotPaperProofs_firstOrderData.m from [37] for more details.
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C Computer Assisted Analysis of the Eigenvalue/Eigenvector
Problem for the Kot-Schaffer map

In this section we discuss a numerical validation scheme for the Kot-Schaffer eigenvalue/eigenvector
problem. We focus on the case of a real eigenvalue, as this is the case of interest in main
body of the paper. Let F : `1ν → `1ν be the Kot-Schaffer mapping given in Equation (5).

Assumption C: (a-priori fixed point) Assume that a∗ ∈ `1ν is a fixed point for F and that
a∗ admits the decomposition

a∗ = ā+ a∞,

where ā, a∞ ∈ `1ν and ān = 0 for n ≥ N + 1. Let āN ∈ RN+1 denote the projection
of ā. We do not assume that the N + 1 leading coefficients of a∞ are zero. Rather we
assume that there is an r0 ≥ 0 so that ‖a∞‖1ν ≤ r0. (Computer assisted validation of such
a decomposition for a∗ is obtained using the techniques discussed in Section A).

Suppose now that λ̄ ∈ R and ξ̄N ∈ RN+1 are an approximate (possibly numerically
computed) eigenvalue/eigenvector pair for DFN (āN ), i.e. suppose that

DFN (āN )ξ̄N − λ̄ξ̄N ≈ 0.

Our goal is to prove that there exist λ∗ ∈ R, and ξ∗ ∈ `1ν having |λ̄0 − λ∗|, ‖ξ̄ − ξ∗‖1ν small
and that

DF (a∗)ξ∗ − λ∗ξ∗ = 0. (54)

In order to isolate a unique solution we choose an arbitrary s ∈ R, s 6= 0 and impose the
constraint

N∑
n=0

ξn = s. (55)

This constraint is somewhat arbitrary and could be replaced with any condition which fixes
the length of ξ.

In order to formalize the problem we define the Banach space

Y := R× `1ν ,

which we endow with the norm

‖(λ, ξ)‖Y = |λ|+ ‖ξ‖.ν

We denote a general element y ∈ Y as a sequence indexed from −1, 0, 1, 2, . . ., i.e.

y = {yn}∞n=−1 = {y−1, y0, y1, . . .},

and think of the norm as being

‖y‖Y = |y−1|+
∞∑
n=0

|yn|νn

With s 6= 0 fixed we define the mapping E : Y → Y by

E(λ, ξ)n :=

 s−
∑N
n=0 ξn n = −1

[DF (a∗)ξ]n − λξn n ≥ 0

, (56)
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where
DF (a)h = µBh− 2µB(c ∗ a ∗ h).

Note that E is a nonlinear (quadratic) mapping, due to the appearance of the product of
the unknowns λ and ξ.

The truncated system EN : RN+2 → RN+2 is given by

EN (λ, ξN )n :=

 s−
∑N
n=0 ξn n = −1

DFN (āN )ξN − λξN 0 ≤ n ≤ N
(57)

=

{
s−

∑N
n=0 ξn n = −1[

(µBN − 2µMN )ξN
]
n
− λξNn 0 ≤ n ≤ N

where MN is the N + 1×N + 1 matrix defined linear operator

(cN ∗ āN ∗ hN )N = MNhN , for allhN ∈ RN+1. (58)

and BN is the N + 1×N + 1 matrix diagonal matrix with the entries of bN in the diagonal
and zeros elsewhere. (MN is computed column by column by considering hN = ej the j-th
basis vector in RN+1 for each j).

The Fréchet derivative of E is given by

[DE(λ, ξ)h]n =

{
−
∑N
n=0 hn n = −1

µbnhn − 2µbn(c ∗ a∗ ∗ h)n − λhn − ξnh−1 n ≥ 0
,

and the derivative of the truncated mapping is is given by the N + 2×N + 2 matrix

DEN (λ, ξN ) =

(
0 −1N
−ξN µBN − 2µBNMN − λIdN

)
,

where
1N = (1, . . . , 1)T (1, . . . , 1) ∈ RN+1,

i.e. this is the row vector of length N + 1 with ones in all entries.
Let (λ̄, ξ̄N ) be an approximate solution of EN = 0. Assume that DEN (λ̄, ξ̄N ) is an

invertible matrix and let AN be an approximate inverse. Define the linear operators A,A† ∈
B(Y) by

(A†h)n :=

{ [
DEN (λ̄, ξ̄N )h

]
n

−1 ≤ n ≤ N
−λhn n ≥ N + 1

(59)

and

(Ah)n :=

{ [
ANh

]
n

−1 ≤ n ≤ N
−hnλ n ≥ N + 1

(60)

for all h = {h−1, h0, h1, . . .} ∈ Y. Note that A,A† are injective. We have the following
a-posteriori validation lemma for the eigenvalue/eigenvector problem, whose proof follows
by estimates similar to those carried out in detail in Section 4.4.

Lemma C.1 (A-posteriori existence of an eigenvalue/eigenvector pair for the Kot-Schaffer
map). Suppose that µ > 0, ν > 1 and b, c ∈ `1ν are fixed parameters for the Kot-Schaffer
mapping F : `1ν → `1ν defined by Equation (5). Suppose in addition that a∗ is a fixed point
of F satisfying Assumption C above. Let N ∈ N, āN ∈ RN+1, a∞ ∈ `1ν , and r0 > 0 be as in
Assumption C. Let EN be as defined in Equation (57), ξ̄N ∈ RN+2, AN be a N + 2×N + 2
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invertible matrix, λ̄ ∈ C, MN be the N + 1 × N + 1 matrix defined in Equation (58), and
A ∈ B(Y) be the linear operator defined in Equation (60). Let bN , cN denote respectively
the projections of b, c into RN+1, and let BN denote the diagonal matrix of bN . Let r3 ∈ R
be any bound of the form

sup
n≥N+1

|bn| ≤ r3.

Let

‖c∞‖1ν =

∞∑
n=N+1

|cn|νn.

Define the constants

κ1
n := max

N+1≤k≤2N−n

|(cN ∗ āN )n+k|
2νk

, κ2
n := max

N+1≤k≤2N+n

|(cN ∗ āN )k−n|
2νk

as in Lemma 3.3. Let

Y0 := ‖ANEN (λ̄, ξ̄N )‖Y +
4µ

|λ̄|

3N∑
n=N+1

|bn||(cN ∗ āN ∗ ξ̄N )n|νn

+2µ‖ξ̄‖1ν
(
‖ANBN‖B(Y) +

r3

|λ̄|

)
(‖cN‖1νr0 + ‖c∞‖1ν‖a∗‖1ν),

Z0 :=
∥∥IdN+2 −ANDEN (λ̄, ξ̄N )

∥∥
B(Y)

,

Z1 := 4µ

N∑
k=0

|a−1
k ||bk|(κ

1
k + κ2

k)

+ 4µ

N∑
n=0

N∑
k=0

|ank ||bk|(κ1
k + κ2

k)νn

+ 2µ‖ANBN‖B(Y)‖cN‖1νr0

+ 2µ‖ANBN‖B(Y)‖c∞‖1ν‖a∗‖1ν
+ µ

r3

|λ̄|
(1 + 2‖c‖1ν‖a∗‖1ν)

and
Z2 := ‖A‖B(Y).

If r > 0 has that
p(r) := Z2r

2 − (1− Z0 − Z1)r + Y0 ≤ 0,

then there exists a unique (λ∗, ξ∗) ∈ Br(λ̄, ξ̄) ⊂ Y so that E(λ∗, ξ∗) = 0.

D CAP results for an unstable eigenvalue/eigenvector
pair for the Kot-Schaffer map

We take parameters for the Kot-Schaffer map as in Section 2.1.1 and let āN ∈ R27 be as
in Appendix B. In Appendix B we showed that the fixed point validation for this data
resulted in a fixed point a∗ ∈ `1ν with ν = 1.1,

a∗ = āN + a∞, ‖a∞‖ ≤ r0,

39



and r0 = 7.6 × 10−15. We compute an unstable eigenvalue/eigenvector pair for DFN (āN )
resulting in the numerical approximation of the eigenvalue

λ̄ = −1.688296535873959.

We choose a scaling of 1.5 for the eigenvector as discussed in Section 5, and fix s =
−1.76841177760678 as discussed in Section C. The IntLab program kotSchaffer_validateEig.m

is used in order to check the conditions of Theorem C.1, and we obtain that

Y0 ≤ 10−13, Z0 ≤ 8.2× 10−14, Z1 ≤ 6.8× 10−8, and Z2 ≤ 18.9.

This results in a validated error bound of

r1 ≤ 3.087× 10−13.

The reader interested in the details of the implementation will find them in the program
a_KotPaperProofs_firstOrderData.m from [37] for more details.

E A Spectral Perturbation Lemma

The spectrum of an eventually diagonal linear operator on `1ν (recall the definition of Equa-
tion (22)) is determined by considering the spectrum of its matrix part in conjunction with
the (diagonal) entries in the tail. The spectrum of the matrix can often be computed using
validated numerical methods. The spectrum of the tail can be read off by hand in the case
that the diagonal entries decay to zero rapidly enough. Many of the operators we encounter
in applications (especially in this paper) can be viewed as small perturbations of eventually
diagonal linear operators, and we would like to use the fact that we understand precisely
the spectrum of the unperturbed (eventually diagonal) linear operator to understand the
spectrum after a small perturbation.

Lemma E.1 is an example of the kinds of results one can obtain. More general results of
this kind can be given, but this simple lemma is sufficient for the needs of the present work.
We include the elementary proof for the sake of completeness.

Lemma E.1. With N ∈ N let AN be an N + 1 × N + 1 matrix. Assume that AN is
diagonalizable with

AN = QΣQ−1, Σ =


λ0 0 . . . 0
0 λ1 . . . 0
...

...
. . .

...
0 0 . . . λN

 .

Suppose that |λ0| > 1 and that

|λN | ≤ . . . ≤ |λ1| < 1,

so that λ0 is the only unstable eigenvalue of AN . Let {an}∞n=N+1 be a sequence of real
numbers with

an → 0, as n→∞,

and
|an| ≤ |aN+1| < |λN |, for all n ≥ N + 1.
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Let A : `1ν → `1ν be the eventually diagonal operator defined by

(Ah)n :=

 [ANhN ]n for 0 ≤ n ≤ N

anhn for n ≥ N + 1

with h ∈ `1ν . Suppose that

‖Q‖‖Q−1‖max
(
(|λ0| − 1)−1, (1− |λ1|)−1

)
≤ C.

Let Ã : `1ν → `1ν be a bounded linear operator and suppose that

‖Ã‖C < 1.

Then
B = A+ Ã,

has exactly one unstable eigenvalue.

Proof. We study the homotopy given by

H(s) = sA+ (1− s)B = A− (s− 1)Ã.

The proof is in two steps. In the first we prove that: if each operator H(s) has no eigenvalues
on the unit circle during the homotopy (i.e. “no eigenvalues cross the unit circle”) and A
has exactly one unstable eigenvalue, this implies that each H(s) has exactly one unstable
eigenvalue. In the second step of the proof we show that the hypotheses of the lemma are
sufficient to guarantee that indeed each H(s) has no eigenvalue on the unit circle.

Step 1: This part of the argument is based on the well known semicontinunity properties
of separated parts of the spectrum (below we cite precisely the property needed for the
argument). Let Σs denote the spectrum of H(s). Note that

‖H(s)‖ ≤ ‖A‖+ ‖Ã‖ <∞,

Then for |λ| > ‖A‖+ ‖Ã‖ we have that

H(s)− λId = −λ
(

Id− 1

λ
H(s)

)
,

with ‖H(s)/λ‖ < 1. It follows by the Neumann theorem that the operator is invertible, i.e.
that |λ| > ‖A‖+ ‖Ã‖ is not in the spectrum of H(s). More precisely we have that

Σs ⊂ {z ∈ C : |z| < ‖A‖+ ‖Ã‖},

for each s ∈ [0, 1].
Since each H(s) is a compact linear operator, its spectrum accumulates only at the origin

in C. It follows that for each s ∈ [0, 1] the unstable spectrum of H(s) consists of only finitely
many unstable eigenvalues of finite multiplicity.

Now assume that for all s ∈ [0, 1], the operator H(s) has no eigenvalues on the unit
circle. We claim that this implies that there is an r > 0 so that the stable spectrum of H(s)
is interior to the circle of radius 1− r, and so that the unstable spectrum of H(s) is in the
complement of the circle of radius 1 + r. To put it another way: the spectrum of H(s) is
uniformly bounded away from the unit circle throughout the homotopy.
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To see this, note that the assumption that H(s) has no eigenvalues on the unit circle
means that for all θ ∈ [0, 2π] the operator H(s)− eiθId is boundedly invertible. Since [0, 2π]
is compact there is a C > 0 so that

‖(H(s)− eiθId)−1‖ ≤ C,

for all θ ∈ [0, 2π].
Choose r < 1/C and let ε ∈ [−r, r]. Let M(s, θ) = (H(s)− eiθId)−1, and write

H(s)− (1 + ε)eiθId = (H(s)− eiθId)
[
Id− εM(s, θ)eiθId

]
.

Since
‖εM(s, θ)eiθId‖ ≤ r‖M(s, θ)‖ < 1,

we have that Id − εM(s, θ)eiθId is boundedly invertible by the Neumann series argument.
Then (

H(s)− (1 + ε)eiθId
)−1

=
[
Id− εM(s, θ)eiθId

]−1
M(s, θ),

is a bounded linear operator for all s ∈ [0, 1] and ε ∈ [−r, r]. It follows that for each s ∈ [0, 1]
the spectrum of H(s) is bounded away from the unit circle by a distance of r.

Since the specturm is uniformly bounded away from the unit circle, there are simple
closed curves γ1, γ2 ⊂ C so that:

(i) for each s ∈ [0, 1] the unstable eigenvalues of H(s) are enclosed by γ1,

(ii) for each s ∈ [0, 1] the stable eigenvalues of H(s) are enclosed by γ2,

(iii) the curve γ1 is contained in the complement of the unit disk and is a non-zero distance
from the unit circle,

(iv) the curve γ2 is contained in the interior of the unit disk and is a non-zero distance
from the unit circle.

Then observe that for each s ∈ [0, 1] the curves γ1, γ2 and the linear operator H(s) satisfy
the hypotheses of Theorem 3.16 of Part IV , Section 4 of the book of Kato [45].

By applying this stability theorem we have that for each ŝ ∈ [0, 1] there is a δŝ so that
for all s ∈ (ŝ− δŝ, ŝ+ δŝ) the dimension of the unstable eigenspace of H(s) is constant. By
compactness of [0, 1] we obtain finitely many s1, . . . , sN , and δ1, . . . , δN so that the dimension
of the unstable eigenspace of H(s) is constant on each of the intervals (sj − δj , sj + δj) and

[0, 1] ⊂
⋃N
j=1(sj − δj , sj + δj). Then the dimension of the unstable eigenspace is constant in

the intersection of any two intervals, i.e. it cannot change form one subinterval to the next.
But this gives that unstable dimension is constant throughout the entire homotopy. Since
H(1) = A has one dimensional unstable eigenspace it follows that H(s) has one dimensional
eigenspace for each s ∈ [0, 1].

Step 2: Now let h ∈ `1ν and note that

(A− eiθId)−1h =

{[
Q(Σ− eiθId)−1Q−1hN

]
n

0 ≤ n ≤ N
(an − eiθ)−1hn n ≥ N + 1

,

where

(Σ− eiθId)−1 =

 (λ0 − eiθ)−1 . . . 0
...

. . .
...

0 . . . (λN − eiθ)−1

 .
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Then ∥∥∥(A− eiθId)−1
∥∥∥ ≤ ‖Q‖‖Q−1‖max

(
(|λ0| − 1)−1, (1− |λ1|)−1

)
≤ C.

We now write
M = (A− eiθId)−1,

and consider invertibility of the operator

H(s)− eiθId = A− (1− s)Ã− eiθId (61)

= (A− eiθId)
[
Id−M(1− s)Ã

]
. (62)

(63)

By hypothesis we have that

‖M(1− s)Ã‖ ≤ ‖M‖‖Ã‖ ≤ C‖Ã‖ < 1,

so that
[
Id−M(1− s)Ã

]
is boundedly invertible. From this we obtain that H(s)− eiθId is

boundedly invertible for each s ∈ [0, 1], i.e. H(s) has no eigenvalues on the unit circle. By
the argument of step one, B = H(1) has exactly one unstable eigenvalue as desired.

F Computer Assisted Proof that The Unstable Spec-
trum is Exactly One Eigenvalue

We consider again the Kot-Schaffer map F : `1ν → `1ν given by Equation (5) with parameters
µ > 0 and b, c ∈ `1ν as discussed in Section 2.1.1. Let a∗, ξ∗ ∈ `1ν and λ∗ ∈ R be as in the
Appendices B and D. In particular we consider projection dimension N = 26, and have

a∗ = ā+ a∞,

where πN (ā) = āN and ān = 0 for n ≥ N + 1 and

‖a∞‖1ν ≤ r0.

Using the notation of Appendix D let

AN = DFN (āN ),

and define the linear operator A : `1ν → `1ν by

(Ah)n =

{
(ANhN )n 0 ≤ n ≤ N
bnhn n ≥ N + 1.

Computing rigorous enclosures of the eigenvalues and eigenvectors of AN (using IntLab)
gives

λ0 ∈ [−1.68829653587397,−1.68829653587393],

λ1 ∈ [−0.74018685544601,−0.74018685544599],

so that
max((|λ0| − 1)−1, (1− |λ1|)−1) ≤ 3.84892.
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Moreover we report that

λN ∈ [−0.91030349913583,−0.91030349913582]× 10−7,

and that |λN | ≤ |λj | ≤ |λ1| < 1. Then we check that

r3 = |bN+1| = µ2−(N+1) ∈ [0.74505805969238, 0.74505805969239]× 10−8,

which verifies the hypothesis that
|bN+1| < |λN |,

as required by Lemma E.1. Since bn = µ2−n we see that these are strictly decreasing. We
also compute (using IntLab) interval enclosures of Q and Q−1, and using these we check
that

C = 2.5× 103,

is a number satisfying the hypotheses of Lemma E.1.
Now we write the differential at a∗ as

[DF (a∗)h]n = µbnhn − 2µbn(c ∗ a∗ ∗ h)n

=

{
µbnhn − 2µbn(cN ∗ āN ∗ hN )n − 2µbn(c∞ ∗ a∗ ∗ h)n − 2µbn(c ∗ āN ∗ h∞)n − 2µbn(c ∗ a∞ ∗ h)n 0 ≤ n ≤ N

µbnhn − 2µbn(c ∗ a∗ ∗ h)n n ≥ N + 1

=

{
[DF (āN )hN ]n − 2µbn(c∞ ∗ a∗ ∗ h)n − 2µ(cN ∗ āN ∗ h∞)n − 2µbn(cN ∗ a∞ ∗ h)n 0 ≤ n ≤ N

µbnhn − 2µbn(c ∗ a∗ ∗ h)n n ≥ N + 1

Define the bounded linear operator Ã : `1ν → `1ν by

(Ãh)n =

{
−2µbn(c∞ ∗ a∗ ∗ h)n − 2µ(cN ∗ āN ∗ h∞)n − 2µbn(cN ∗ a∞ ∗ h)n 0 ≤ n ≤ N
−2µbn(c ∗ a∗ ∗ h)n n ≥ N + 1

,

so that
DF (a∗) = A+ Ã.

We write
Ã = Ã1 + Ã2 + Ã3 + Ã4,

where Ã1, Ã2, Ã3, Ã4 : `1ν → `ν are defined by

(Ã1h)n =

{
−2µbn(c∞ ∗ a∗ ∗ h)n 0 ≤ n ≤ N
0 n ≥ N + 1

,

(Ã2h)n =

{
−2µbn(cN ∗ āN ∗ h∞)n 0 ≤ n ≤ N
0 n ≥ N + 1

,

(Ã3h)n =

{
−2µbn(cN ∗ a∞ ∗ h)n 0 ≤ n ≤ N
0 n ≥ N + 1

,

and

(Ã4h)n =

{
0 0 ≤ n ≤ N
−2µbn(c ∗ a∗ ∗ h)n n ≥ N + 1

.
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We bound ‖Ã2‖ using Lemma 3.3. More precisely we take

κ1
n := max

N+1≤k≤2N−n

|(cN ∗ āN )n+k|
2νk

, κ2
n := max

N+1≤k≤2N+n

|(cN ∗ āN )k−n|
2νk

as in Lemma 3.3. Then

‖Ã2‖ ≤ 4|µ|
N∑
n=0

|bn|(κ1
n + κ2

n)νn.

For the remaining terms we have that

‖Ã1‖ ≤ 2|µ|‖Ba∗‖‖c∞‖,

‖Ã3‖ ≤ 2|µ|‖BcN‖‖a∞‖,

and
‖Ã4‖ ≤ 2|µ|‖c‖‖a∗‖r3.

Using interval arithmetic we compute the bound

‖Ã‖ ≤ ‖Ã1‖+ ‖Ã2‖+ ‖Ã3‖+ ‖Ã4‖
≤ 9× 10−8,

so that
C‖Ã‖ ≤ 2.25× 10−4 < 1.

Then by Lemma E.1, and the fact that A has exactly one unstable eigenvalue, we conclude
that DF (a∗) = A + Ã has exactly one eigenvalue, that the unstable manifold of a∗ is
exactly one dimensional, and the computations in the main body of the present work are
justified. The reader interested in the details of the proof should see the Intlab program
a_KotPaperProofs_firstOrderData.m from [37] for more details.
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