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Abstract. This paper presents a method for computing validated error bounds on the truncation
error associated with the linear approximation of an (un)stable invariant manifold by its eigenspace.
The method is based on studying a certain functional equation which describes a chart map for
the invariant manifold. The truncation error is represented as a bounded analytic function on an
explicitly given neighborhood. Moreover studying this functional equation leads to a method for
bounding derivatives of the truncation error as well. The methods developed in the present work are
well suited for studying higher dimensional invariant manifolds, and validated numerical results are
provided for manifolds of dimension up to one hundred. As an application of these ideas we present
some computer assisted proofs of transverse homoclinic connecting orbits.

1. Introduction. Invariant manifolds play a central role in the qualitative the-
ory of dynamical systems. Over the last several decades substantial effort has gone
into developing numerical methods for studying invariant manifolds associated with
rest points of a dynamical system. A thorough review of the literature is beyond the
scope of the present work and we refer the interested reader to [43, 16] for excellent
overviews of the literature. At present we remark that many numerical methods for
globalizing stable manifolds exploit the fact that the manifold is tangent to its stable
eigenspace. The present work is concerned with obtaining mathematically rigorous
bounds on the quality of this linear approximation via computer assisted arguments.

When the dynamical system under consideration is smooth enough (say C1) the
linear approximation of the manifold is quadratically good and in a “small enough”
neighborhood of the rest point we expect that the truncation error is proportional to
the square of the radius of the neighborhood. Our goal is to replace this qualitative
statement with precise numerical bounds on the truncation error in a fixed neigh-
borhood of the rest point. The computer is used in order to obtain precisely several
system and dimension dependent constants needed in the argument.

Our approach is based on the Parameterization Method of Cabré, Fontich, and
de la Llave [14, 15, 16]. The Parameterization Method provides a general functional
analytic framework for studying invariant manifolds. We review the essentials in
Section 2.1. For the moment we recall only the most visible feature of the method,
which is to look for a chart map for the local invariant manifold which satisfies a
certain invariance equation. In the present work we ask what precisely is the error
made when we solve this invariance equation only to first order? Answers to this
question are provided by Theorem 3.2 for analytic discrete time dynamical systems
and by Theorem 4.2 for analytic differential equation.

Remark 1.1 (Derivatives). One useful feature of the Parameterization Method is
that it provides several mechanisms for studying derivatives of the invariant manifolds.
When the truncation error is represented as a bounded analytic function it is possible
to bound the derivatives using the classical Cauchy bounds (see for example Lemma
2.2). The Cauchy bounds work best when the domain of the function is large relative
to the bound on the size of the function. For the truncation error associated with
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the linear approximation this is not the case. A more quantitative discussion of this
matter is taken up in Remark 5.1 parts (III) and (IV). The problem of obtaining
good derivative bounds on the derivatives of the truncation error when the linear
approximation is employed is addressed in Section 6. There we develop an alternative,
computer assisted method for bounding derivatives which again exploits the operator
equation for the chart map given by the Parameterization Method.

Remark 1.2 (Connecting Orbits). The intersection of stable and unstable mani-
folds give rise to connecting orbits: i.e. orbits which accumulate in forward/backward
time to some specified rest points. Connecting orbits are widely studied in nonlinear
analysis as they are low dimensional objects which carry global information about the
system. Canonical illustrations of this principle in dynamical systems theory are the
tangle theorems of Smale and Silnikov [68, 67]. An example from nonlinear analysis is
the version of Morse theory developed by Witten and later on used by Floer [73, 65].
In this version of Morse theory the homology groups of a compact n-dimensional man-
ifold are recovered by studying only zero dimensional equilibria and one dimensional
connecting orbits between them. (See [66] for a fuller introduction to this branch of
nonlinear analysis).

A classical numerical method for computing connecting orbits is the method of
projected boundary conditions developed by Doedel, and Friedman for differential
equations [25, 26] and by Beyn and Kleinkauf for diffeomorphisms [12, 13, 11]. Here
the connecting orbit is reformulated as the solution of a certain boundary value prob-
lem, where the boundary conditions are taken to be on the local unstable and stable
manifolds. This reformulation transforms the qualitative dynamical systems prob-
lem of finding connecting orbits into the more standard and quantitative problem of
numerically solving a boundary value problem.

The references [7, 50, 54] develop a-posteriori, computer assisted arguments for
the method of projected boundary conditions which facilitate rigorous computation
of connecting orbits for differential equations and maps. These methods employ the
Parameterization Method (with rigorous computer assisted error bounds) in order to
control the boundary conditions needed in the problem set up. However the computer
assisted arguments developed in the references just mentioned have up to now been
implemented for only low dimensional problems (dimensions between two and six), as
the high order methods used to compute the parameterizations are not practical for
representing manifolds with a large number of stable or unstable dimensions.

As an application of the error bounds developed in the present work we give
some computer assisted proofs for a higher dimensional problem in Section 7. We
use a modification of the a-posteriori method developed in [54], extending to higher
dimensions the results of that work.

Remark 1.3 (High Order Versus Low Order Parameterization). The references
[54, 7, 51] consist of an effort to implement a high order approach to rigorous com-
putation of local stable/unstable manifolds based on the Parameterization Method of
[14, 15, 16]. The methods of [54, 7, 51] are “high order”, in the sense that in order
to apply them it is necessary to approximate the manifolds to at least a minimum
polynomial order determined by some problem dependent spectral gap conditions.
(See for Example the condition given by Equation (3.6) in Theorem 3.2 of [54] and
the condition given by Equation (64) in Theorem 4.2 of [7]). The present work is by
contrast a “low order” offering, in the sense that here we are concerned with only
linear approximation of a (often much higher dimensional) invariant manifold. Our
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goal is to avoid hypotheses which require the polynomial approximation be computed
to some pre-specified order.

The key to both the high and the low order validation schemes is to start by
obtaining some approximate solution of the invariance equation. Then a new fixed
point operator for the associated truncation error is derived, and we show that this
new fixed point operator is in fact a contraction on the Banach space of all candidates
for the truncation error. Before beginning the nonlinear analysis it is first necessary
to invert a particular linear operator in order to show that the fixed point operator
is well defined. In the high order case one assumes that an approximation is known
exactly to N -th order in the sense of power series. This makes the truncation error
zero to N -th order, and if N is large enough it is possible to use some nice properties
of N -tails in order to invert the linear operator.

The low order argument proceeds in a different way. A truncation error operator
equation is derived via local considerations (local with respect to the rest point of
the dynamical system). The local argument reduces the linear operator to constant
coefficient and is solved directly. In other words explicit formulas for the action of the
linear operator on Taylor coefficients are obtained. A benefit of this local approach is
that it reveals a clear relationship between the spectrum of the differential at the rest
point and the invertibility of the linear operator. This relationship is codified in a set
of non-resonance conditions between the eigenvalues which, as we will see in Sections
3 and 4, can be checked a-priori. Considering the resonance conditions leads not only
to the invertibility, but also to bounds on the linear operator.

In addition, the fact that the linear operator is inverted directly suggests that
in the low order case it is more natural to work with Banach spaces of Taylor coef-
ficient sequences. The desire to work with a sequence space also informs the choice
of norms. In the present work we use Wiener norms, or weighted sums of the Taylor
coefficients, rather than using the supremum norms as in [7, 54, 51]. This change
in the choice of norm effects substantially the details of the nonlinear analysis which
must be carried out in order to prove that the fixed point operator for the truncation
error is a contraction, so that the present work has a distinctly different flavor than
previous work of [7, 54, 51]. Nevertheless the present work is closely related to these
previous works in the sense that taken together they constitute an effort to implement
rigorous numerical methods for studying local stable/unstable manifolds based on the
functional analytic approach of the Parameterization Method.

Remark 1.4 (Analytic Versus Ck Category). It should be noted that while the
results of the present work apply to analytic maps and flows, the stable manifold
theorem requires only Ck regularity. Indeed the original theoretical development of
the Parameterization Method given in [14, 15, 16] is formulated for Ck mappings. The
present work focuses on computer assisted validation methods for invariant manifolds
and our arguments are streamlined by the use of complex analysis. This simplification
is not unreasonable as many dynamical systems encountered in applied mathematics
are given by analytic maps or vector fields.

That said, a great deal of work has gone into developing tools for studying non-
linear operator equations in the Ck category by computer assisted arguments. The
interested reader might consult for example [47, 48, 49, 24] and the references discussed
therein. The Ck approach discussed in the previous references could be applied to the
study of solutions of Equations (2.1) and (2.2), however the technical details would
be substantially different from those presented in the present work. The topological
methods mentioned in Section 1.1 are also used in order to study stable/unstable
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manifolds. This analysis is carried out directly in phase space rather than in function
space. Topological computer assisted arguments are often made in the Ck rather
than the analytic category, through the use of isolating neighborhoods and cone con-
ditions.

The remainder of the paper is organized as follows. In Section 1.1 we give a brief
overview of the literature related to rigorous computation of local stable/unstable
manifolds and computer assisted proof of connecting orbits.

The technical core of the paper is in Section 2. In Section 2.1 we review the
basic ideas of the Parameterization Method, while in Section 2.2 we establish basic
notations and recall some facts about analytic functions of several complex variables.
In Section 2.3 we define the function spaces used throughout the paper and review
some of their basic properties. Section 2.4 is where we develop the nonlinear analysis
needed in order to obtain the validated error bounds which are the main goal of
the paper. We solve a certain operator equation which arises in the study of both
continuous and discrete time dynamical systems. Finally in Section 2.5 we recall some
facts from Newton-Kantorovich analysis on Rn.

In Section 3 we develop the necessary non-resonance conditions for maps, and
state and prove our main theorem for maps. In Section 4 we repeat this analysis for
differential equations. The main technical results of Sections 3 and 4 are Lemmas 3.3
and 4.3, which provide conditions under which certain linear operators are boundedly
invertible.

In Section 5 we present the results of some numerical computations. The familiar
Lorenz system is considered in Section 5.1, while in Section 5.2 we give results for the
delayed Hénon map in a number of dimensions.

Section 6 is about bounding partial derivatives of the parameterization. In Sec-
tion 6.1 we derive the functional equation which describes the partial derivatives of
the parameterization, while in Section 6.2 we present the results of some numerical
example calculations. In Section 7 we review the main ideas behind a-posteriori proof
of the existence of connecting orbits based on the method of projected boundary con-
ditions. Finally in Section 8 we present the results of some computer assisted proofs
of connecting orbits for the delayed Hénon mapping in dimension up to twenty.

1.1. Related Work. The present work is by no means the first attempt to
consider mathematically rigorous computation of stable and unstable manifolds. By
now the topic has a long history as well as a substantial literature. We pause for a brief
overview but caution that the following discussion is by no means exhaustive. The
aim of the present section is to give only a rapid survey which directs the interested
reader to the appropriate literature.

The first mathematically rigorous computer assisted study of stable and unstable
manifolds which we are aware of is [56]. Here we find a method for rigorously en-
closing the stable and unstable manifolds of planar diffeomorphisms. This paper also
illustrates the close connection between connecting orbits and stable and unstable
manifolds. Indeed we find here an early example of computer assisted proof of chaos
based on studying intersection of the invariant manifolds. These results have been
extended and generalized by many authors.

General purpose tools for computer assisted study of invariant manifolds based on
topological expansion/contraction combined with some cone conditions are developed
in [75, 31, 5, 20, 21], and the references discussed therein. These tools are imple-
mented in the C++ library known as CAPD [8] In fact the second reference deals
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more generally with normally hyperbolic invariant sets, of which the stable/unstable
manifolds of fixed points are only an example. These computations are based on
studying expansion and contraction directly in the phase space and have a distinctly
topological flavor. Moreover they are combined with a topological form of shadowing
in order to study connecting orbits, as seen for example in the works [29, 6, 71, 19, 22].
We refer the reader directly to these papers for a more thorough discussion of the use
of topological methods for computer assisted proof in dynamical systems. See also
the work of [37, 38] for studies of symmetric connecting orbits of differential equations
based on a rigorous computer assisted Melnikov analysis.

Another collection of general methods for studying stable and unstable manifolds
based on the theory of Taylor Models are found in [9, 57, 72, 74], and the references
discussed therein. These tools are implemented in the high level language called
COSY Infinity [10]. With these methods the invariant manifolds are represented us-
ing high order polynomials. A somewhat subtle, but quite important remark is that
the coefficients of the polynomials are not required to be the Taylor coefficients of
a parameterization of the manifold, nor are they required to be interval enclosures
of these coefficients. (Note that in general it is unlikely that it is even possible to
represent the Taylor coefficients exactly as floating point numbers). The flexibility
gained by suppressing the requirement that the polynomial coefficients are the Taylor
coefficients has profound implication when iterates of the manifold are considered.
Numerical round off errors associated with the polynomial coefficients are reallocated
into the tail bounds by a process called shrink wrapping [40]. Shrink wrapping di-
minishes the “the wrapping effect” greatly, and the methods of the works just cited
are able to propagate the invariant manifold for impressively long times. It should be
noted that this flexibility is bought at the cost of loss of control of derivatives.

The rigorous validation of the error bounds for the Taylor Model approximations
of the invariant manifold developed in [72, 74] are based on topological arguments in
phase space. The approximate manifold is enclosed by a nonlinear polygon and the
expansion/contraction of the nonlinear polygon is studied (in conjunction with some
cone type conditions) in order to obtain tight C0 bounds on the approximation error.
In addition the Taylor Models of the invariant manifolds provide powerful tools for
studying connecting dynamics and topological entropy, as seen for example in [57, 72].
Again, some topological crossing conditions must be checked in phase space in order
to verify transversality of the connections.

Another vein of research which exploits high order polynomial approximation
of the invariant manifolds is found in [41, 3, 7, 54]. Here the coefficients of the
polynomial are typically required to be interval enclosures of the Taylor coefficients,
and some control of derivatives is maintained. Another trait of these methods is that
the error bounds are obtained through analytic and functional analytic methods in
a Banach space of error functions, rather than topological methods in phase space.
The methods just cited are most closely related to the present work and are discussed
more extensively in the introduction remarks of the previous section.

A set of methods for computer assisted study of connecting dynamics which bypass
direct study of the invariant manifolds are found in [70, 59, 23]. Here one studies the
connecting orbits by imposing boundary conditions “at infinity” which are controlled
using the theory of exponential dichotomies. Systems with exponential dichotomies
have excellent “shadowing” or a-posteriori properties and these are used in order to
validate the results of good numerics. The exponential dichotomies are also used to
verify transversality for the orbits, so that these techniques are also used to prove the
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existence of chaos. See also the work of [42] for a method which studies the infinite
time boundary value problem by projecting onto an appropriate Hermite spectral
basis.

Another family of methods which provide computer assisted verification of the
existence of connecting orbits without explicitly computing invariant manifolds are
those based on the Conley Index Theory. These methods are implemented on the
computer using methods of computational algebraic topology (cubical homology is
especially well suited for computer implementation). We suggest [2, 24] for fuller
discussion of these methods and the surrounding literature. The first reference treats
maps while the second treats the Swift-Hohenberg partial differential equation.

2. Background. Suppose that f : U ⊂ Rn → Rn is a Ck diffeomorphism. (Here
k =∞, ω are also allowed and Cω denotes analytic mappings). Let p ∈ Rn be a fixed
point of f so that f(p) = p. The fixed point p is called a hyperbolic fixed point if
Df(p) is invertible and its spectrum does not intersect the unit circle. The point sets

W s(p) := {x ∈ U : fn(x)→ p as n→∞},

Wu(p) := {x ∈ U : f−n(x)→ p as n→∞},

are called the stable and unstable sets of p respectively. The stable manifold theo-
rem (see for example [60, 62]) states that the stable and unstable sets are in fact Ck

manifolds tangent at p to the linearly stable (respectively linearly unstable) subspace
of Df(p). The dimension of these manifolds is equal to the number of stable (respec-
tively unstable) eigenvalues of Df(p). For this reason we call W s,u(p) the stable and
unstable manifolds of p.

The stable/unstable manifolds may be immersed in Rn in complicated ways.
Given an open neighborhood V of p the local stable set of p is

W s
loc(p, V ) = {x ∈ U : fn(x) ∈ V for all n ≥ 0},

and the local unstable set of p is

Wu
loc(p, V ) = {x ∈ U : f−n(x) ∈ V for all n ≥ 0}.

Another consequence of the stable manifold theorem is that there exists a V ⊂ U
so that W s,u

loc (p, V ) are Ck embedded disks, tangent at p to the stable/unstable lin-
ear subspace of Df(p). The neighborhood V is not unique, so in practice we write
W s,u

loc (p) to mean a local stable/unstable manifold for p relative to some neighborhood
V ⊂ U . The sequel is largely concerned with parametric representations of the local
stable/unstable manifolds. These definitions and theorems extend naturally to flows
generated by vector fields by considering time tau maps. The interested reader and
find precise definitions for example in [14, 16, 43]. In the sequel we employ these
notions with no further comment.

2.1. Overview of The Parameterization Method for (Un)Stable Man-
ifolds. The Parameterization Method, as introduced in [14, 15, 16], is a general
functional analytic framework for studying stable and unstable manifolds associated
with fixed points and equilibria of discrete and continuous time dynamical systems.
The basic idea is to try to find a normal form for the stable (or unstable) dynamics in
the chart space as well as a chart map for the invariant manifold (a parameterization)
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which conjugates the dynamics on the invariant manifold to the dynamics in the chart
space given by the normal form.

For example suppose that p ∈ Rn and f : Rn → Rn is a diffeomorphism with
f(p) = p. Assume p is a hyperbolic fixed point in the sense of diffeomorphisms, and
that Df(p) has k > 0 stable eigenvalues λ1, . . . , λn arranged by magnitude so that

0 < |λ1| ≤ |λ2| ≤ . . . ≤ |λk| < 1 < |λk+1| ≤ . . . ≤ |λn|.

Let

Λ =

 λ1 . . . 0
...

. . .
...

0 . . . λk

 ,

denote the k × k diagonal matrix of stable eigenvalues.
For θ ∈ Rk we define a normal form for the dynamics in parameter space by the

mapping θ → Λθ. In other words we hope to “model” the dynamics on the stable
manifold by the linear dynamics given by the diagonal matrix Λ. Then we seek a chart
map P : Rk → Rn which conjugates the dynamics on the local stable manifold to the
“model” or normal form dynamics given by the diagonal matrix Λ. More formally,
we look for a chart map P which satisfies the conjugacy equation

f [P (θ)] = P [Λθ], (2.1)

for all θ in some neighborhood U ⊂ Rk of the origin.
This gives a functional equation for the chart map P . In fact is is natural to

require that P (0) = p and DP (0) = A where A is an n×k matrix whose columns span
the stable eigenspace associated with λ1, . . . , λk, making Equation (2.1) a functional
equation with prescribed first order data. Observe that if x ∈ image(P ) then iterates
of x converge to p, as is seen by repeatedly applying the conjugacy given by Equation
(2.1). Then x is on the stable manifold by definition, and image(P ) is a local stable
manifold for p.

Similarly if f : Rn → Rn is a smooth vector field, p ∈ Rn is a hyperbolic equilib-
rium, and Λ and A are as before then we look for a parameterization satisfying the
equation

f [P (θ)] = DP (θ)Λθ, (2.2)

which says that the tangent space of P is everywhere tangent to the vector field.
Again it is natural to take P (0) = p and DP (0) = A. To see that this is the correct
conjugacy relation, suppose that φ is the flow generated by f . Equation (2.2) is
derived from

φ(P (θ), t) = P
(
eΛtθ

)
,

by differentiating with respect to t and then taking the limit as t → 0. But the
previous equation makes it clear that if x ∈ imag(P ) then φ(x, t) → p as t → ∞, so
that P is a parameterization of W s

loc(p).
In general we cannot solve the functional equation for P in closed form. Rather

we compute an approximation to P , and then try to bound the associated error. In
the present work we are interested in the linear approximation

P1(θ) = p+Aθ ≈ P (θ),
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for θ ∈ U ⊂ Rk. The question is, on a given fixed domain U , how good is the
approximation of P by P1? This question is studied in detail in the sequel, under
some additional (fairly weak) non-resonance assumptions on the eigenvalues.

We refer to [14, 15, 16] for a much more general treatment of the Parameteri-
zation Method, and remark that validation schemes for higher order approximations
to P are developed in [7, 54]. For numerical implementation of these higher order
approximation schemes we refer to [7].

2.2. Analytic Functions of Several Complex Variables: Definitions and
Properties. Throughout the sequel it is convenient to work with complex analytic
functions. Then we make some definitions. Let z = a + ib ∈ C and |z| :=

√
a2 + b2

denote the usual absolute value on C. We endow Cn the norm

‖z‖ := max
1≤i≤n

|zi|.

For z0 ∈ Cn, ρ > 0 this norm induces the polydisk of radius ρ centered at z0, i.e.

Dnz0(ρ) := {z ∈ Cn : ‖z − z0‖ < ρ} .

When n is understood from context we write Dnz0(ν) = Dz0(ν). When z0 = 0 we write
D0(ν) = D(ν).

An n× k matrix A of complex numbers induces a linear map A : Ck → Cn under
the usual matrix-vector product. We employ the matrix norm

‖A‖ := max
1≤m≤n

k∑
i=1

|ami|

and have that ‖Az‖ ≤ ‖A‖‖z‖ for any z ∈ Ck.
If U ⊂ Cn is an open set then the function f : U → C is analytic in U if

∂

∂zi
f(z1, . . . , zn) := lim

h→0

f(z1, . . . , zi + h, . . . , zn)− f(z1, . . . , zi, . . . , zn)

h
,

exists for each 1 ≤ i ≤ n and (z1, . . . , zn) ∈ U . If f : U → C is an analytic function
on the open set U and z0 ∈ U with Dz0(ρ) ⊂ U , then f has convergent power series
representation

f(z) =

∞∑
|β|=0

aβ(z − z0)β .

Here β := (β1, . . . , βn) ∈ Nn is an n-dimensional multi-index, |β| := β1 + . . . + βn,

aβ ∈ C, and zβ := zβ1

1 · . . . · zβnn . The series converges absolutely for each z ∈ Dz0(ρ)
and uniformly on compact subsets of Dz0(ρ). The elements of the sequence {aβ}β∈Nn
are called the Taylor coefficients of f . If f is analytic and |f(z)| ≤M for all z ∈ Dz0(ρ)
then the Taylor coefficients satisfy

|aβ | ≤
M

ρ|β|
. (2.3)

Equation (2.3) is referred to as the Cauchy estimate. See any standard text on complex
analysis (for example [1]) for the proof.
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If f and g are analytic on U and c ∈ C then f+g, cf , ∂f , and f ·g are all analytic
on U . It follows by induction that ∂|β|/∂zβf is analytic on U for every multi-index
β ∈ Nn. For f : Dz0(ν)→ C given by f(z) =

∑∞
|β|=0 aβ(z − z0)β we define the norm

‖f‖ν :=

∞∑
|β|=0

|aβ |ν|β|. (2.4)

‖f‖ν < ∞ implies that the power series converges absolutely for each ‖z − z0‖ ≤ ν,
and that f is analytic on Dz0(ν). In addition we have that

sup
‖z−z0‖≤ν

|f(z)| ≤ ‖f‖ν .

Remark 2.1 (Domain of analyticity versus domain of continuity). If ‖f‖ν <∞ it
follows from Abel’s Theorem that f extends to a continuous function on Dz0(ν). Then
we could in fact take the domain of f to be Dz0(ν). Nevertheless we will continue to
say that Dz0(ν) is the domain of f as this is the set on which f is an analytic function.
However it should be understood that when desirable we can always take advantage
of the fact that f is defined and continuous on the boundary of the polydisk.

The following estimate bounds the derivatives of an analytic function in terms
of a bound on the supremum of the function over a polydisk. The cost is that the
bound on the derivative holds only on a smaller polydisk. A proof which provides the
explicit constants given here can be found in [54].

Lemma 2.2 (Cauchy Bounds). Suppose that f : D0(ν) ⊂ Cm → Cn is bounded
and analytic. Then for any 0 < σ ≤ 1 we have that

sup
‖z‖≤νe−σ

‖∂if(z)‖ ≤ 2π

νσ
sup
‖z‖≤ν

‖f(z)‖ and sup
‖z‖≤νe−σ

‖Df(z)‖ ≤ 2πm

νσ
sup
‖z‖≤ν

‖f(z)‖,

(2.5)
as well as

sup
‖z‖≤νe−σ

‖∂i∂jf(z)‖ ≤ 4π2

ν2σ2
sup
‖z‖≤ν

‖f(z)‖ and sup
‖z‖≤νe−σ

‖D2f(z)‖ ≤ 4π2m2

ν2σ2
sup
‖z‖≤ν

‖f(z)‖.

(2.6)

Finally we consider two analytic functions which play an important role in the
discussion to follow. The first is the geometric series in several complex variables.
This is the function f : D0(1)→ C given by

f(z) = f(z1, . . . , zn) =

∞∑
|β|=0

zβ =

∞∑
β1=0

· · ·
∞∑

βn=0

zβ1

1 · . . . · zβnn ,

which is analytic on the open unit polydisk (but neither bounded nor continuous on
the boundary). We note that if 0 < s < 1 then

sup
‖z‖≤s

|f(z)| ≤ 1

(1− s)n
,

as is seen by summing each geometric series in turn.
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Next we consider the function g : D0(1)→ C given by

g(z) = ∇f(z) · z,

where f is the geometric series in n complex variables. We have that

g(z) = z1∂1f(z) + . . .+ zn∂nf(z) =

∞∑
|β|=1

(β1 + . . .+ βn)zβ1

1 · . . . · zβnn ,

and have that if 0 < s < 1 then

sup
‖z‖≤s

|g(z)| ≤
∞∑
|β|=1

|β|s|β| =
ns

(1− s)n+1
,

as

∂if(z) =
1

1− z1
· . . . · 1

(1− zi)2
· . . . · 1

1− zn
.

These remarks allow us to sum two infinite series which arise in the sequel when
we bound certain second order remainder terms and their derivatives. We define the
quantities

Cn(s) ≡
∞∑
|β|=2

s|β|−2, and Kn(s) ≡
∞∑
|β|=2

|β|s|β|−2. (2.7)

We note that β is an n-dimensional multi-index, so that Cn(s) and Kn(s) are dimen-
sion dependent constants. Indeed we have that

Cn(s) =
1

s2

 ∞∑
|β|=0

s|β| −
∑
|β|=1

s−
∑
|β|=0

1


=

1

s2

(
1

(1− s)n
− s

(
n

n− 1

)
− 1

)
=

1− (1− s)n − ns(1− s)n

s2(1− s)n
(2.8)

=

n2 − (1 + sn)
∑n
k=2(−1)k

(
n
k

)
sk−2

(1− s)n
.

Similarly

Kn(s) =
1

s2

 ∞∑
|β|=1

|β|s|β| −
∑
|β|=1

s


=

1

s2

(
ns

(1− s)n+1
− ns

)
=
n
(
1− (1− s)n+1

)
s(1− s)n+1

(2.9)

=

n

(
n− 1 + ns− (1− s)

∑n
k=2(−1)k

(
n
k

)
sk−1

)
(1− s)n+1

.
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Note that the last two lines in each computation make it clear that Cn(s),Kn(s) ap-
proach non-zero, dimension dependent constants as s→ 0, while Equations (2.8) and
(2.9) give explicit formulas which are especially convenient to work with in numerical
computations.

2.3. Some Banach Spaces and Banach Algebras. Define the function space

Wn
ν = {f : D0(ν) ⊂ Cn → C : ‖f‖ν <∞} ,

where ‖f‖ν is the norm defined in Equation (2.4). W is sometimes called the positive
Wiener algebra on D0(ν). Note that if f, g ∈ Wn

ν then f · g is analytic and bounded
on D0(ν), and extends to a continuous function on D0(ν). In fact Wn

ν is a Banach
Algebra as suggested by the name. To see this let

f(z) =

∞∑
|β|=0

aβz
β , and g(z) =

∞∑
|β|=0

bβz
β ,

and assume that ‖f‖ν , ‖g‖ν <∞. Then

‖f · g‖ν =

∞∑
|β|=0

∣∣∣∣∣∣
∑

β1+β2=β

aβ1
bβ2

∣∣∣∣∣∣ ν|β|
≤

∞∑
|β|=0

∑
β1+β2=β

|aβ1
||bβ2
|ν|β|

=

 ∞∑
|β1|=0

|aβ1 |ν|β1|

 ∞∑
|β2|=0

|bβ2 |ν|β2|


= ‖f‖ν‖g‖ν <∞.

Since f ∈ Wn
ν is continuous on the boundary of D0(ν) and ‖f‖ν bounds the sup norm

of f , we have the bounds on the decay rates of the power series coefficients of f

|aβ | ≤
‖f‖ν
ν|β|

,

by applying the Cauchy estimate of Equation 2.3.

Now we define the main function spaces needed in the remainder of the the present
work. We consider

Wk,n
ν =

f : Dk0(ν)→ Cn | f(θ) =

∞∑
|α|=0

aαθ
α and ‖f‖ν =

∞∑
|α|=0

‖aα‖ν|α| <∞

 ,

X k,nν =

f : Dk0(ν)→ Cn | f(θ) =

∞∑
|α|=1

aαθ
α and ‖f‖ν,1 =

∞∑
|α|=1

‖aα‖ν|α| <∞

 ,

and

Hk,nν =

f : Dk0(ν)→ Cn | f(θ) =

∞∑
|α|=2

aαθ
α and ‖f‖ν,2 =

∞∑
|α|=2

‖aα‖ν|α| <∞

 .
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Note that in all cases aα ∈ Cn.

Remarks 2.3.
• Wn

ν =Wn,1
ν is just another notation for the Wiener algebra defined above.

• X k,1ν and Hk,1ν are sub-Banach algebras of Wk,1
ν .

• X k,nν and Hk,nν are sub-Banach spaces ofWk,n
ν as the ‖·‖ν,1 and ‖·‖ν,2 norms

are just the norms induced by the ‖ · ‖ν norm. Nevertheless we sometimes
find it suggestive to employ the subscripts as a reminder of which terms are
present in the quantities being estimated. On the other hand we will suppress
the subscripts on the norms when convenient.

The following Lemma collects some useful facts about the spaces and algebras
defined above, and facilitates the nonlinear analysis of Section 2.4. The proof requires
only the elementary Banach Algebra properties and the Mean Value Theorem, and
is omitted for the sake of brevity. It is important to note that the functions f, g are
assumed to be zero only to first order, but that the operations result in functions
which are zero to at least second order.

Lemma 2.4. Let f, g ∈ X k,nν and β ∈ Nn be an n-dimensional multi-index with
|β| ≥ 2. Then,

(I) The function fβ : Dk0(ν)→ C defined by

fβ(θ) = fβ1

1 (θ) · . . . · fβnn (θ),

has fβ ∈ Hk,1ν and

‖fβ‖ν,2 ≤ ‖f‖|β|ν,1. (2.10)

(II) For δ > 0 suppose that ‖f‖ν,1, ‖g‖ν,1 ≤ δ. Then fβ − gβ ∈ Hk,1ν and

‖fβ − gβ‖ν,2 ≤ |β|δ|β|−1‖f − g‖ν,1.

If f and g are equal to first order (i.e. if Df(0) = Dg(0)) then f − g ∈ Hk,nν
and the above becomes

‖fβ − gβ‖ν,2 ≤ |β|δ|β|−1‖f − g‖ν,2.

2.4. A Little Nonlinear Analysis: Operator Equation On Hk,nν . The goal
of this section is to prove an abstract existence and uniqueness result for a certain
nonlinear operator equation onHk,nν which arises when we study linear approximations
of stable/unstable manifolds. The point is that exactly the same operator equation
comes up in the case of both diffeomorphisms and differential equations, modulo the
linear terms. Then it is reasonable to study the operator equation in the abstract, for
an arbitrary boundedly invertible linear operator.

Before turning to this equation we we first establish some basic estimates for the
composition of a function R ∈ Hn,nρ with functions f, g ∈ X k,nν under appropriate
hypotheses. These estimates are essential in the sequel when we consider the trunca-
tion error associated with the linear approximation of stable manifolds. In particular
it may help the reader to think of R as the second order Taylor remainder of the
map/vector field expanded at the fixed point/equilibria and f, g as candidates for the
parameterization of the stable manifold.
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Lemma 2.5 (Composition Lemma). Fix ρ > 0, suppose that R ∈ Hn,nρ , and

let M̂ ≥ 0 be such that

sup
‖z‖≤ρ

‖R(z)‖ ≤ M̂.

Let 0 < δ̂ < ρ and let Cn(δ̂/ρ),Kn(δ̂/ρ) be the dimension dependent sums defined in
Equation (2.7).

(1): Let f ∈ X k,nν with ‖f‖ν,1 ≤ δ̂ (so that the image of f is contained in the
interior of the domain of R). Then R ◦ f ∈ Hk,nν and

‖R[f ]‖ν,2 ≤
M̂Cn(δ̂/ρ)

ρ2
δ̂2. (2.11)

(2): Let f, g ∈ X k,nν , ‖f‖ν,1, ‖g‖ν,1 ≤ δ̂, and Df(0) = Dg(0). Then R[f ]−R[g] ∈
Hk,nν and

‖R[f ]−R[g]‖ν,2 ≤
M̂Kn(δ̂/ρ)

ρ2
δ̂‖f − g‖ν,2. (2.12)

Remark 2.6. Note that R ∈ Hn,nρ implies ‖R‖ρ,2 < ∞, and we could take

M̂ = ‖R‖ρ,2. On the other hand the bound on M̂ could be obtained in some other way,
for example using the Lagrange form of the Taylor remainder as in the applications
below.

Proof. We have that

R(z) =

∞∑
|β|=2

Rβ z
β ,

converges absolutely for all ‖z‖ ≤ ρ as R ∈ Hn,nρ . Moreover the Cauchy estimates of
equation (2.3) give that

‖Rβ‖ ≤
M̂

ρ|β|
,

as R is continuous on the boundary.

If f ∈ X k,nν and ‖f‖ν,1 ≤ δ̂ then the composition R[f ] is analytic on Dk0(ν) as the

image of f is contained in the domain of R (i.e. δ̂ < ρ). Moreover R[f ](0) = 0 and
DR[f ](0) = 0 as

R[f ](θ) =

∞∑
|β|=2

Rβf(θ)β ,

and fβ ∈ Hk,nν for all |β| ≥ 2 by part (I) of Lemma 2.4.
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To see that R[f ] ∈ Hk,nν we consider

‖R[f(θ)]‖ν,2 =

∥∥∥∥∥∥
∞∑
|β|=2

Rβ [f(θ)]β

∥∥∥∥∥∥
ν,2

≤
∞∑
|β|=2

‖Rβ‖‖[f(θ)]β‖ν,2

≤
∞∑
|β|=2

‖Rβ‖‖f‖|β|ν,1

≤
∞∑
|β|=2

M̂

ρ|β|
δ̂|β|

≤ M̂

ρ2
δ̂2

∞∑
|β|=2

(
δ̂

ρ

)|β|−2

≤ M̂Cn(δ̂/ρ)

ρ2
δ̂2,

where we use (I) of Lemma 2.4 to pass from the second to the third line. This proves
part (1).

Now take f, g ∈ X k,nν , with Df(0) = Dg(0), and ‖f‖ν,1, ‖g‖ν,1 ≤ δ̂. Again it is

clear that R[f ]−R[g] is analytic on Dk0(ν) as δ̂ < ρ. By writing

R[f ]−R[g] =

∞∑
|β|=2

Rβ
(
f(θ)β − g(θ)β

)
,

we see that (R[f ] − R[g])(0) = 0 and D(R[f ] − R[g])(0) = 0 as (III) of Lemma 2.4
gives that fβ − gβ ∈ Hk,nν for all |β| ≥ 2. That R[f ]− R[g] ∈ Hk,nν now follows from
part (1) of the present lemma and the fact that Hk,nν is a Banach space.

Finally to obtain the Lipschitz bound on R we consider that f − g ∈ Hk,nν (as the
linear terms cancel) and have

‖R[f ]−R[g]‖ν,2 =

∥∥∥∥∥∥
∞∑
|β|=2

Rβ
(
[f(θ)]β − [g(θ)]β

)∥∥∥∥∥∥
ν,2

≤
∞∑
|β|=2

‖Rβ‖
∥∥(fβ − gβ)

∥∥
ν,2

≤
∞∑
|β|=2

M̂

ρ|β|
|β|δ̂|β|−1‖f − g‖ν,2

≤ M̂

ρ2
δ̂

 ∞∑
|β|=2

|β|
ρ|β|−2

δ̂|β|−2

 ‖f − g‖ν,2
≤ M̂Kn(δ̂/ρ)

ρ2
δ̂‖f − g‖ν,2.
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Here we have passed from the second to the third line using (III) of Lemma 2.4.
Similarly, we are able to use the ‖ · ‖ν,2 norm throughout by (III) of Lemma 2.4 and
the assumption that Df(0) = Dg(0). This completes the proof of part (2).

Remark 2.7. The statement and proof of the theorem above goes through
without change if we let 0 < s < 1 be a positive number with δ̂/ρ < s and replace

Cn(δ̂/ρ), Kn(δ̂/ρ) with Cn(s) and Kn(s).

Remark 2.8 (Matrix norm inherited from X k,nν ). Note that an n × k complex
matrix A can be viewed as an element of Xn,kν in the usual way, i.e. letting A act on
θ ∈ Ck by matrix multiplication. In this setting we think of A as a power series with
only linear terms. Let aej denote the columns of A, so that A = [ae1 , . . . , aek ]. Then

‖A‖ν,1 =
∑
|α|=1

‖aα‖ν|α|

=

k∑
j=1

‖aej‖ν

=

k∑
j=1

max
1≤i≤n

|aij |ν

= ‖A‖ν,

where ‖A‖ is the matrix norm defined in Section 2.2. (This justifies the choice of
norm).

We now simplify our notation and let ‖ · ‖ν = ‖ · ‖ν,2 denote the norm on Hk,nν as
these are our primary spaces throughout the remainder of the discussion.

Theorem 2.9. Suppose that R ∈ Hn,nρ and that

sup
‖z‖≤ρ

‖R(z)‖ ≤ M̂.

Let A ∈ Matn×k(C) be an n × k complex matrix and let a > 0 be a constant with
‖A‖ ≤ a. Finally suppose that L is a boundedly invertible linear operator defined on

Hk,nν and that C̃ is a positive constant so that L−1 : Hk,nν → Hk,nν has

‖L−1‖Hk,nν ≤ C̃.

We assume that ν and δ are positive constants having aν + δ < ρ and that s is a
positive constant with

aν + δ

ρ
< s < 1. (2.13)

Now let Cn(s) and Kn(s) be constants defined in Equation (2.7), and assume that the
inequalities

C̃M̂Cn(s)

ρ2
(aν + δ)

2 − δ ≤ 0, (2.14)
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and

C̃M̂Kn(s)

ρ2
(aν + δ) < 1, (2.15)

are satisfied.
Then the functional equation

L[h](θ) = R[Aθ + h(θ)], (2.16)

has a unique solution h ∈ Hk,nν satisfying the bound

‖h‖ν ≤ δ.

Remark 2.10. Note that we make no assumption about the range of the linear
operator L. What is important is the the inverse of L is defined on and maps into
Hk,nν .

Proof. Let

Uδ = {h ∈ Hk,nν | ‖h‖ν ≤ δ},

and note that Uδ is closed in Hk,nν . Define the nonlinear operator Φ: Hk,nν → Hk,nν by

Φ[h](θ) = L−1R[Aθ + h(θ)] for any h ∈ Hk,nν , (2.17)

and observe that h is a solution of Equation (2.16) if and only if h is a fixed point of
Equation (2.17).

To see that Φ is well defined take any h ∈ Hk,nν and note that Aθ + h(θ) ∈ X k,nν .

Then R[Aθ + h(θ)] ∈ Hk,nν by Lemma 2.5 (with f(θ) = Aθ + h(θ) and aν + δ = δ̂).

Moreover (by taking again δ̂ = aν + δ) the estimate of Equation (2.11) in Lemma 2.5
gives

‖R[A+ h]‖ν ≤
M̂Cn(s)

ρ2
(aν + δ)2 <∞.

Then Φ[h] ∈ Hk,nν by the assumption that L : Hk,nν → Hk,nν is invertible, and combin-
ing the previous inequality with Equation (2.14) gives

‖Φ[h]‖ν ≤ ‖L−1‖‖R[A+ h]‖ν ≤
C̃M̂Cn(s)

ρ2
(aν + δ)2 ≤ δ.

This shows that Φ: Uδ → Uδ.
Now let h1, h2 ∈ Uδ. The Estimate given by Equation (2.12) of Lemma 2.5 (with

f = A+ h1, g = A+ h2, and aν + δ = δ̂) combined with Equation 2.14 gives

‖Φ[h1]− Φ[h2]‖ν = ‖L−1‖‖R[h1]−R[h2]‖ν (2.18)

≤ C̃ M̂Kn(s)

ρ2
(aν + δ)‖h1 − h2‖ν . (2.19)

≡ κ‖h1 − h2‖ν . (2.20)

16



Here κ < 1 follows from the assumption of Equation (2.15), and we conclude the
existence of a unique fixed point of Φ on Uδ by the Contraction Mapping Theorem.

The previous theorem requires a bound on the size of the function R on some disk
where R is analytic. The following standard estimate provides such a bound when R
is the second order Taylor remainder of an analytic function f expanded at z0. The
bound requires only knowledge of the size of the second partial derivatives of f in a
neighborhood of z0. We include the proof for the sake of completeness.

Lemma 2.11. Suppose that f : Dnz0(ρ)→ Cn is analytic on Dnz0(ρ) and that M > 0
provides a bound of the form

max
1≤j≤n

max
|β|=2

sup
z∈Dnz0 (ρ)

∥∥∥∥∂|β|∂zβ
fj(z)

∥∥∥∥ ≤M.

Suppose in addition that Nf ≤ n2 is the maximum over 1 ≤ j ≤ n of the number of
second partial derivatives of fj which are not identically zero on Dnz0(ρ), i.e.

Nf = max
1≤j≤n

card
({
β ∈ Nn||β| = 2 and ∂βfj 6≡ 0

})
. (2.21)

For any η ∈ Dn0 (ρ) denote the second order Taylor expansion of f at z0 by

f(z0 + η) = f(z0) +Df(z0)η +Rz0(η) η ∈ Dn0 (ρ).

Then the second order remainder function Rz0 : Dn0 (ρ)→ Cn is analytic in the variable
η, has R(0) = 0, DR(0) = 0, and satisfies the bound

sup
‖η‖≤ρ

‖Rz0(η)‖ ≤ NfMρ2. (2.22)

Proof. The Lagrange form of the Taylor remainder written out at second order
this gives

[Rz0 ]j (η) =
∑
|β|=2

2

β!
ηβ
∫ 1

0

(1− t)∂
|β|

∂zβ
fj(z0 + tη) dt.

Then clearly R is zero to second order at η = 0. An application of Morera’s theorem
shows that [Rz0 ]j is analytic for each 1 ≤ j ≤ n, due to the fact that all partial
derivatives of f are analytic.

Let σj(β) be the function which is zero if ∂βfj ≡ 0 and one otherwise. A simple
counting argument shows that

∑
|β|=2 2σj(β)/β! ≤ Nf . Then the bound claimed in

Equation (2.22) follows from

sup
‖η‖<ρ

‖Rz0(η)‖ = max
1≤j≤n

sup
‖η‖<ρ

‖[Rz0 ]j(η)‖

≤ max
1≤j≤n

∑
|β|=2

2σj(β)

β!
ρ|β|

∫ 1

0

|1− t|
∣∣∣∣∂|β|∂zβ

fj(z0 + tη)

∣∣∣∣ dt
≤ NfMρ2.
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2.5. A Little More Nonlinear Analysis: Newton-Like Operators on Rn.
In the present section we suppose that Rn is endowed with any norm whatsoever. Let
‖ · ‖ : Rn → R+ denote this norm. For r > 0 and x0 ∈ Rn let

Bx0
(r) := {x ∈ Rn : ‖x− x0‖ < r},

denote the ball of radius r about x0 induced by the norm. If A : Rn → Rn is a linear
operator then we let

‖A‖ := sup
η∈Rn,‖η‖=1

‖Aη‖,

be the operator norm induced by the given norm on Rn.
In the applications to computer assisted proof for higher dimensional connecting

orbits discussed in the sequel we exploit the following Newton-Kantorovich theorem.
For the sake of clarity we state the theorem only for the case of maps on Rn, as this is
the only case required in the sequel. However the proof goes through more generally
on a Banach space modulo the usual modifications.

Theorem 2.12 (Solution of a Newton-Like Equation with Approximate Inverse).
Suppose that x0 ∈ Rn, r > 0 and that F : Bx0(r) → Rn is a C1,κ mapping. More
explicitly we assume that F is differentiable on Bx0

(r) and that there is a κ > 0 so
that for all x, y ∈ Bx0

(r) we have the Lipschitz bound

‖DF (x)−DF (y)‖ ≤ κ‖x− y‖.

In addition, assume that A ∈ Matn×n(R) is a real n× n matrix with

‖I −ADF (x0)‖ ≤ δ < 1, (Approximate Inverse), (2.23)

and that

‖AF (x0)‖ ≤ ε. (Approximate Solution) (2.24)

If

‖A‖κr2 − r(1− δ) + ε ≤ 0, (2.25)

and

δ + ‖A‖κ r < 1, (2.26)

then there exists a unique x∗ ∈ Bx0(r) so that

F (x∗) = 0.

Remarks 2.13.
• In applications the hypotheses of the theorem are checked via rigorous interval

arithmetic. Since we will apply the theorem in a setting where n is quite
large, the fact that the theorem does not require an exact inverse for the
matrixDF (x0) is very useful. (Compare to the standard Newton-Kantorovich
Theorem, for example Theorem 2.7 in [54]).
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• We also note that it is rarely necessary to check explicitly that A is invertible.
For example if the condition given by Equation (2.23) holds, then it follows
by the Neumann theorem that ADF (x0), and hence A is invertible.

• The proof of the Theorem is standard and follows by showing that the
Newton-like operator T : Bx0(r)→ Rn defined by

T (x) = x−AF (x),

is a contraction mapping. We omit the details.

The following lemma allows us to conclude that the differential of F is nondegen-
erate at the zero of F given by Theorem 2.12. We include the elementary proof for
the sake of completeness.

Lemma 2.14 (Nondegeneracy of a Solution of the Newton-Like Equation). Sup-
pose that F , x0, A, and r satisfy the hypotheses of Theorem 2.12, and that x∗ is the
unique solution of F = 0 given by the theorem. Then DF (x∗) is invertible and

∥∥[DF (x∗)]−1
∥∥ ≤ ‖A‖

1− ‖A‖κr − δ
.

Proof. We have that

ADF (x∗) = ADF (x∗)−ADF (x0) +ADF (x0) + I − I
= I − [A(DF (x0)−DF (x∗)) + (I −ADF (x0))], (2.27)

which is invertible by the Neumann Theorem as

‖A(DF (x0)−DF (x∗)) + (I −ADF (x0))‖ ≤ ‖A‖κr + δ < 1,

by hypothesis. Indeed we have that∥∥∥[I − [A(DF (x0)−DF (x∗)) + (I −ADF (x0))]]
−1
∥∥∥ ≤ 1

1− ‖A‖κr − δ
.

Since the product of two square matrices is invertible if and only if the matrices
are invertible singly, we have that DF (x)∗ is invertible and that [ADF (x∗)]−1 =
DF (x∗)−1A−1. Combining the previous observation with Equation (2.27) gives

[DF (x∗)]−1 = [I − [A(DF (x0)−DF (x∗)) + (I −ADF (x0))]]
−1
A,

and

‖[DF (x∗)]−1‖ ≤ ‖A‖
1− ‖A‖κr − δ

,

as desired.

3. Rigorous Bounds on the Linear Approximation of W s(p) for Diffeo-
morphisms. Throughout this section we make the following assumptions.

M1: Let p ∈ Cn and suppose that f(p) = p. Let f : Dnp (ρ) → Cn be analytic
and suppose that f has bounded and continuous second partial derivatives
on Dnp (ρ).
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M2: Let Df(p) be diagonalizable over C and hyperbolic in the sense of diffeomor-
phisms.

Let λ1, . . . , λn denote the eigenvalues of Df(p). Since p is a hyperbolic fixed
point there is a 0 ≤ k ≤ n so that the eigenvalues λ1, . . . , λk are stable in the sense of
diffeomorphisms. Assuming that k ≥ 1 we have that

|λj | < 1, for 1 ≤ j ≤ k.

Let Λ and Σ denote respectively the k × k diagonal matrix of stable eigenvalues and
the n × n diagonal matrix of all the eigenvalues. Since Df(p) is diagonalizable we
choose eigenvectors ξ1, . . . , ξn ∈ Cn, and note that these vectors are unique up to
scaling. We let ξ1, . . . , ξk be the eigenvectors associated with the stable eigenvalues
(we call these the stable eigenvectors). Let

A = [ξ1| . . . |ξk], and Q = [ξ1| . . . |ξn],

denote respectively the n × k matrix whose columns are the stable eigenvectors and
the n× n matrix whose columns are the complete collection of eigenvectors.

Definition 3.1. Let α ∈ Nk be a multi-index with |α| ≥ 2. We say that the
collection of stable eigenvalues {λ1, . . . , λk} has a resonance at α (in the sense of
diffeomorphisms) if

λα1
1 · . . . · λ

αk
k − λj = 0,

for some 1 ≤ j ≤ k. If there are no resonances for any α ∈ Nk then we say that the
eigenvalues {λ1, . . . , λk} are non-resonant.

The next lemma shows that in order to establish the non-resonance of a collection
of stable eigenvalues we only have to check a finite number of conditions.

Lemma 3.2. Let µ∗, µ
∗ be positive constants with

0 < µ∗ ≤ min
1≤j≤k

|λj | ≤ max
1≤j≤k

|λj | ≤ µ∗ < 1,

and let N0 a positive integer with

µ∗ − (µ∗)N0 > 0.

If for each k-dimensional multi-index α with 2 ≤ |α| ≤ N0 and every 1 ≤ j ≤ k we
have

λα1
1 · . . . · λ

αk
k − λj 6= 0,

then the eigenvalues {λ1, . . . , λk} are non-resonant.

Proof. Since the eigenvalues are assumed to be non-resonant for |α| ≤ N0 we only
have to check the remaining cases. So assume that |α| > N0 and consider

|λα1
1 · . . . · λ

αk
k − λj | ≥ ||λ

α1
1 · . . . · λ

αk
k | − |λj ||

≥ µ∗ − (µ∗)N0 > 0,

as

|λα1
1 · . . . · λ

αk
k | = |λ1|α1 · . . . · |λk|αk ≤ (µ∗)|α| ≤ (µ∗)N0 < µ∗ ≤ |λj |.

Finally, in addition to M1-M2 we make the following assumption.
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M3: Assume that the set of stable eigenvalues are non-resonant in the sense of
diffeomorphisms.

We also define the constant Nf as in Equation (2.21).
Definition 3.1 (Validation Values for the Linear Approximation ofW s(p): Maps

Case). We call the collection of positive constants µ∗, µ
∗, N0, C̃, a, and M a collection

of validation values for the diffeomorphism f at the fixed point p if µ∗, µ
∗, and N0 are

as in Lemma 3.2 and

max
1≤j≤n

max
|β|=2

sup
z∈Dp(ρ)

∣∣∣∣∂|β|∂zβ
fj(z)

∣∣∣∣ ≤M <∞, (3.1)

‖A‖ ≤ a, (3.2)

and

‖Q‖‖Q−1‖ max

 1

µ∗ − (µ∗)N0
, max

1 ≤ j ≤ k
2 ≤ |α| ≤ N0

{
1

|λα1
1 · . . . · λ

αk
k − λj |

} ≤ C̃.
(3.3)

Theorem 3.2. Under assumptions M1-M3 suppose that µ∗, µ
∗, N0, C̃, a, and

M are a collection of validation values in the sense of Definition 3.1 and let ν, δ and
s be positive constants with

aν + δ

ρ
< 1, (3.4)

C̃NfMCn(s)(aν + δ)2 − δ ≤ 0, (3.5)

and

C̃NfMKn(s)(aν + δ) < 1. (3.6)

Then there is a unique analytic function h : Dk0(ν)→ Cn having that

P (θ) = p+Aθ + h(θ),

is an exact solution to Equation (2.1) and hence P [Dk0(ν)] = W s
loc(p). Moreover

sup
‖θ‖≤ν

|h(θ)| ≤ ‖h‖ν ≤ δ.

3.1. Proof of Theorem 3.2. Suppose that P (θ) = p + Aθ + h(θ) is an exact
solution of Equation (2.1) so that

f [p+Aθ + h(θ)] = p+AΛθ + h(Λθ).

Since f is analytic we Taylor expand the left hand side to second order and obtain

f [p+Aθ + h(θ)] = f(p) +Df(p)[Aθ + h(θ)] +Rp[Aθ + h(θ)]

= p+Df(p)Aθ +Df(p)h(θ) +Rp[Aθ + h(θ)].
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This gives

h(Λθ)−Df(p)h(θ) = Df(p)Aθ −AΛθ +Rp[Aθ + h(θ)].

However note that

Df(p)Aθ −AΛθ = (Df(p)θ1ξ1 + . . . Df(p)θkξk)− (λ1θ1ξ1 + . . .+ λkθkξk)

= 0, (3.7)

as for each 1 ≤ j ≤ k we have that θjξj is an eigenvector for Df(p) associated
associated with the eigenvalue λj . Then the truncation error function h solves the
equation

L[h](θ) = Rp[Aθ + h(θ)], (3.8)

where L is the linear operator defined by

L[h](θ) = h(Λθ)−Df(p)h(θ). (3.9)

Since this has the form given by Equation (2.16) the proof is complete as soon as
we show that L and Rp satisfy the hypotheses of Theorem 2.9. Using that NfMρ2

satisfies the condition given by Equation (3.1) in the definition of validation values we
have that Rp is bound by M̂ = NfMρ2 again by Lemma 2.11. Then Rp satisfies the
hypotheses of Theorem 2.9 (note that there is a cancelation of the ρ2 terms). What
remains is to show that L also satisfies the hypotheses of Theorem 2.9, and this is
established by the following Lemma, which completes the proof.

Lemma 3.3. Assume M1-M3 and let µ∗, µ
∗, N0, and C̃ be as in Definition

3.1. Then the expression given by Equation (3.9) defines a boundedly invertible linear
operator on Hk,nν . Moreover we have that

‖L−1‖Hk,nν ≤ C̃,

where C̃ is as in Equation (3.3) of Definition 3.1.

Proof. Let η ∈ Hk,nν and consider the equation

L[q](θ) = q(Λθ)−Df(p)q(θ) = η(θ) for θ ∈ Dk0(ν),

with q unknown. Making the substitution q = Qw gives that

Q [w(Λθ)− Σw(θ)] = η(θ),

or

w(Λθ)− Σw(θ) = Q−1η(θ),

with w unknown. Since η ∈ Hk,nν we have

η(θ) =

∞∑
|α|=2

ηαθ
α.
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We are seeking a solution w ∈ Hk,nν so let

w(θ) =

∞∑
|α|=2

wαθ
α.

Then

∞∑
|α|=2

(λα1
1 · . . . · λ

αk
k − Σ)wαθ

α =

∞∑
|α|=2

Q−1ηαθ
α.

Matching like powers gives and solving for the components of the wα coefficients gives

(wα)j =
1

λα1
1 · . . . · λ

αk
k − λj

(
Q−1ηα

)
j
. (3.10)

Note that these coefficients are well defined for all multi-indices |α| ≥ 2 by M3.
Taking Equation (3.10) as the definition of the components of w(θ) we see that

‖w‖ν =

∞∑
|α|=2

|wα|ν|α|

≤ max

 1

µ∗ − (µ∗)N0
, max

1 ≤ j ≤ k
2 ≤ |α| ≤ N0

{
1

|λα1
1 · . . . · λ

αk
k − λj |

} ‖Q−1‖‖η‖ν .

Defining v(θ) = Qw(θ) and working backwards we see that L[v](θ) = η(θ) and more-
over

‖q‖ν ≤ C̃‖η‖ν .

Defining L−1[η](θ) = q(θ) and taking the supremum over all η with norm one we have

‖L−1‖Hk,nν ≤ C̃,

as desired.

4. Rigorous Bounds on the Linear Approximation of W s(p) for Differ-
ential Equations. In this section we make the following assumptions.

F1: Let p ∈ Cn have f(p) = 0. Let f : Dnp (ρ)→ Cn be analytic with bounded and

continuous second partial derivatives on Dnp (ρ).
F2: Let Df(p) be diagonalizable over C and hyperbolic in the sense of differential

equations.

Let λ1, . . . , λn denote the eigenvalues of Df(p). Since p is a hyperbolic equilibria
there is a 0 ≤ k ≤ n so that the eigenvalues λ1, . . . , λk have

real(λk) ≤ . . . ≤ real(λ1) < 0.

Again we take Λ and Σ to be the k× k diagonal matrix of stable eigenvalues and the
n × n diagonal matrix of all the eigenvalues, choose eigenvectors ξ1, . . . , ξn ∈ Cn, let
ξ1, . . . , ξk be the eigenvectors associated with the stable eigenvalues, and define

A = [ξ1| . . . |ξk], and Q = [ξ1| . . . |ξn],
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to be respectively the n×k matrix whose columns are the stable eigenvectors and the
n× n matrix whose columns are the complete collection of eigenvectors.

Definition 4.1. Let α ∈ Nk be a multi-index with |α| ≥ 2. We say that the col-
lection of stable eigenvalues {λ1, . . . , λk} has a resonance (in the sense of differential
equations) at α if

α1λ1 + . . .+ αkλk − λj = 0,

for some 1 ≤ j ≤ k. If there are no resonances for any α ∈ Nk then we say that the
eigenvalues {λ1, . . . , λk} are non-resonant.

Again this is actually a finite set of conditions.

Lemma 4.2. Let µ∗, µ
∗ be positive constants with

0 < µ∗ ≤ min
1≤j≤k

|real(λj)| ≤ max
1≤j≤k

|real(λj)| ≤ µ∗,

and let N0 be a positive integer so that

N0µ∗ − µ∗ > 0.

If for each k-dimensional multi-index α with 2 ≤ |α| ≤ N0 and every 1 ≤ j ≤ k we
have

α1λ1 + . . . αkλk − λj 6= 0,

then the eigenvalues {λ1, . . . , λk} are non-resonant.

Proof. By hypothesis we have only to rule out resonances of order greater than
N0. Then let α ∈ Nk have |α| > N0 and define λj = aj + ibj for all 1 ≤ j ≤ k.
Recalling that aj < 0 for each 1 ≤ j ≤ k we have

|α1a1 + . . .+ αkak| = α1|a1|+ . . .+ αk|ak|
≥ α1µ∗ + . . .+ αkµ∗

≥ N0µ∗

≥ µ∗

≥ |aj |
≥ 0.

Then

|α1λ1 + . . . αkλk − λj | ≥ |α1a1 + . . . αkak − aj |
≥ ||α1a1 + . . . αkak| − |aj ||
≥ ||α|µ∗ − µ∗|
> N0µ∗ − µ∗

> 0,

giving that λ1, . . . , λk are non-resonant for all |α| > N0. Since we assumed that there
were no resonances for 2 ≤ |α| ≤ N0 we have that the eigenvalues are non-resonant.
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F3: Assume that the stable collection of eigenvalues are non-resonant in the sense
of differential equations.

Again we take Nf to be defined as in Equation (2.21).
Definition 4.1 (Validation Values for the Linear Approximation of W s(p):

Flows Case). We call the collection of positive constant µ∗, µ
∗, N0, C̃, a, and M a

set of validation values for f at p if µ∗, µ
∗, and N0 are as in Lemma 4.2 and

max
1≤j≤n

max
|β|=2

sup
z∈Dp(ρ)

∣∣∣∣∂|β|∂zβ
fj(z)

∣∣∣∣ ≤M <∞, (4.1)

‖A‖ ≤ a, (4.2)

and

‖Q‖‖Q−1‖ max

 1

N0µ∗ − µ∗
, max

1 ≤ j ≤ k
2 ≤ |α| ≤ N0

{
1

|α1λ1 + . . .+ αkλk − λj |

} ≤ C̃.
(4.3)

Theorem 4.2. Under assumptions F1-F3 suppose that µ∗, µ
∗, N0, C̃, a, and M

are a collection of validation values in the sense of Definition 4.1 and let ν, δ and s
be positive constants with

aν + δ

ρ
< s < 1, (4.4)

C̃NfMCn(s)(aν + δ)2 − δ ≤ 0, (4.5)

and

C̃NfMKn(s)(aν + δ) < 1. (4.6)

Then there is a unique analytic function h : Dk0(ν)→ Cn having that

P (θ) = p+Aθ + h(θ),

is an exact solution to the invariance Equation (2.2) and hence P [Dk0(ν)] = W s
loc(p).

Moreover

sup
‖θ‖≤ν

|h(θ)| ≤ ‖h‖ν ≤ δ.

4.1. Proof of Theorem 4.2. The proof is similar to before. Let P (θ) = p +
Aθ + h(θ) be an exact solution of the invariance Equation (2.2). Then

f [p+Aθ + h(θ)] = D[p+Aθ + h(θ)]Λθ.

We Taylor expand the left hand side to second order and obtain

f [p+Aθ + h(θ)] = f(p) +Df(p)[Aθ + h(θ)] +Rp[Aθ + h(θ)]

= Df(p)Aθ +Df(p)h(θ) +Rp[Aθ + h(θ)].
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This gives

Dh(θ)Λθ −Df(p)h(θ) = Df(p)Aθ −AΛθ +Rp[Aθ + h(θ)].

We exploit again the cancelations shown in Equation (3.7) and obtain

L[h](θ) = Rp[Aθ + h(θ)], (4.7)

where

L[h](θ) = Dh(θ)Λθ −Df(p)h(θ). (4.8)

This has the form given by Equation (2.16) and Rp satisfies the hypotheses of

Theorem 2.9 with M̂ = NfMρ2 through Lemma 2.11. The proof is completed by the
following Lemma.

Lemma 4.3. Assume F1-F3 and let µ∗, µ
∗, N0, and C̃ be as in Definition 4.1.

Then the expression given by Equation (4.8) defines a boundedly invertible linear
operator on Hk,nν with

‖L−1‖Hk,nν ≤ C̃,

and C̃ is as in Equation (4.3) of Definition 4.1.

Proof. We take η ∈ Hk,nν and consider

L[q](θ) = Dq(θ)Λθ −Df(p)q(θ) = η(θ) for θ ∈ Dk0(ν).

Let q = Qw so that

Dw(θ)Λθ − Σw(θ) = Q−1η(θ),

Formally then

η(θ) =

∞∑
|α|=2

ηαθ
α.

and

w(θ) =

∞∑
|α|=2

wαθ
α,

so that
∞∑
|α|=2

(α1λ1 + . . .+ αkλk − Σ)wαθ
α =

∞∑
|α|=2

Q−1ηαθ
α,

or

(wα)j =
1

α1λ1 + . . .+ αkλk − λj
(
Q−1ηα

)
j
. (4.9)

These coefficients are well defined by F3. Then defining w(θ) by Equation (4.9) and
q(θ) = Qw(θ) gives

‖q‖ν ≤ C̃‖η‖ν .

Since L−1[η](θ) = q(θ) taking the supremum over all η with norm one gives the desired
bound

‖L−1‖Hk,nν ≤ C̃.
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5. Example Computations. We now present some example computations which
illustrate the effectiveness of the machinery developed above. As a first example we
compute rigorous bounds for the two dimensional stable manifold of the Lorenz sys-
tem at the origin. We present a step by step breakdown of the computer assisted
proof as the necessary steps are completely representative of what is done in general.
Then we present the results of a number of validated computations for the delayed
Hénon mapping, in dimensions through one hundred.

5.1. Lorenz. Let f : R3 → R3 be the Lorenz Vector Field given by

f(x, y, z) =

 σ(y − x)
x(ρ− z)− y
xy − βz

 , (5.1)

with σ, β, ρ parameters. For all values of the parameters the system has an equilibria
at the origin. In this section we consider the validated computer assisted error bounds
for the linear approximation of the stable manifold given by Theorem 4.2.

First consider the classical parameter values σ = 10, β = 8/3, and ρ = 28. Of
course the eigenvalue and eigenvectors can be computed by hand for this system.
However we use the IntLab program “verrifyeig” as this illustrates the procedure we
must use in higher dimensions. For these parameters the eigenvalues associated with
the differential of the equilibrium at the origin have

λs1 ∈ B(−22.82772345116345, 7.12× 10−15),

λs2 ∈ B(−2.66666666666666, 4.45× 10−15),

λu ∈ B(11.82772345116346, 7.12× 10−15),

and we choose associated eigenvectors enclosed by

ξs1 ∈ B

 −0.61481678521647
0.78866996938902
−0.00000000000000

 , 2.23× 10−16

 ,

ξs2 ∈ B

 0.0
0.0
1.0

 , 1.21× 10−323

 ,

and

ξu ∈ B

 −0.41650417819290
−0.90913380178489
0.00000000000000

 , 1.67× 10−16

 .

We let Q = [ξs1|ξs2|ξu], A = [ξs1|ξs2], and use the IntLab function “inv(·)” to compute
an inclosure of Q−1. Set εtol = 2.25 × 10−16 to be the desired tolerance of the final
result. We present a step-by-step break down of the steps required in order to choose
validation values and check the hypotheses of Theorem 4.2 for this problem.

Validated Computation Steps:
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(1) First choose a radius R for the polydisk on which to bound the second partial
derivatives of the vector field. Since f is quadratic in this case the choice of R
is completely arbitrary. We take R = 1. (In the theorem we had the notation
R = ρ. But in this section we reserve ρ for the Lorenz parameter).

(2) We note that

Df(x, y, z) =

 −σ σ 0
ρ− z −1 −x
y x −β

 ,

and the only non-zero second partials are

∂2

∂x∂z
f2 =

∂2

∂z∂x
f2 = −1

(so this counts as two), and

∂2

∂y∂x
f3 =

∂2

∂x∂y
f3 = 1,

(two again). Then Nf = 2 as this is the componentwise max, and we define

max
1≤j≤3

max
|β|=2

sup
z∈Dp(ρ)

|∂βfj(z)| ≤ 1 = M.

(3) Using interval arithmetic we check that

‖Q‖ ≤ 1.698, ‖A‖ ≤ a = 1, and ‖Q−1‖ ≤ 1.59.

(4) We take µ∗ = 2.667 and µ∗ = 22.828. Note that

8µ∗ − µ∗ < −1.494, and 9µ∗ − µ∗ > 1.172.

Then it is sufficient to take N0 = 9. We check that

1

N0µ∗ − µ∗
≤ 0.854,

and

max
1≤j≤2

max
2≤|α|≤9

(
1

|α1λs1 + α2λs2 − λsj |

)
≤ 0.853.

(5) Then C̃ = ‖Q‖‖Q−1‖0.854 ≤ 2.291.
(6) We choose s = 10−6 and have n = 3 (the dimension of the phase space).

Then we compute C3(s) = 6.02 and K3(s) = 12.04.
(7) We seek a final truncation error on the order of machine epsilon. Then set√

εtol = 1.582× 10−8.
(8) Using interval arithmetic we compute

C̃NfMC3(s) ≤ 54.972 ≡ B.

We check that

2aBν ≤ 1.739× 10−6 < 1,
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and see that the discriminant has

(2aBν − 1)2 − 4B2a2ν2 ≥ 0.9999965 > 0.

Denote by [δ∗, δ
∗] the set of all δ satisfying Equation (4.5). Using interval

arithmetic we check that

[δ∗, δ
∗] ⊂

[
1.375× 10−14, 0.01819

]
.

Then we choose

δ = 1.4× 10−14.

(9) We check that

aν + δ

ρ
≤ 1.59× 10−8 < s = 10−6.

(10) Finally we check that

C̃MNfK3(s)(aν + δ) ≤ 1.74× 10−6 < 1,

and have that all the hypotheses of Theorem 4.2 are verified. The computa-
tion has succeeded.

Then the parameterization given by the linear approximation has

P1(θ1, θ2) = A

[
θ1

θ2

]
,

and we have that there is an analytic truncation error function

h : B(1.582× 10−8) ⊂ R2 → R3.

Then P (θ) = Aθ + h(θ) and

sup
|θ1|,|θ2|≤1.582×10−8

|h(θ1, θ2)| ≤ 1.4× 10−14.

Since the size of our domain is roughly 10−8 and the size of our error is roughly 10−14

this says that we have roughly six significant figures in the approximation. Another
way to think about it is that we asked for εtol = 2.5×10−16 accuracy. Then we picked
a disk of radius 10−8 and obtained a final accuracy of 10−14. Then the “constant” in
our expected quadratic bounds is on the order of 102.

Table 5.1 records the results of a number of other computations with various
validation domain radii-ν. We see that we can take the validation domain as large as
10−3, however we only obtain roughly one significant figure of accuracy.

5.2. The Delayed Hénon Map. The Delayed Hénon Map gives an example
dynamical system in any dimension n. This is a map f : Rn → Rn given by

f(x1, . . . , xn) =


1− ax2

1 + bxn
x1

...
xn−1

 , (5.2)
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Domain Size s Error δ
3.16× 10−8 10−3 5.51× 10−14

1× 10−7 10−3 5.51× 10−13

3.17× 10−7 10−3 5.51× 10−12

3.16× 10−6 10−3 5.51× 10−10

3.16× 10−4 10−3 5.71× 10−6

1× 10−3 10−2 9.5× 10−4

Table 5.1
Domain Size Versus Validated Error Bounds in Lorenz

Dim Domain Size ν s Error δ C̃ Cn(s) Kn(s) (sec)
3 3.162× 10−8 10−2 4.48× 10−18 59.14 6.11 9.28 0.31
6 3.162× 10−8 10−2 1.869× 10−16 159 21.58 37.68 0.51
12 3.162× 10−8 10−3 1.02× 10−14 792 81.79 156 1.66
25 7.07× 10−9 10−3 2.95× 10−14 4571 328 634 13.1
50 7.07× 10−9 10−3 1.15× 10−12 20, 296 1298 2568 108
100 7.07× 10−10 10−5 4.12× 10−13 87, 498 5052 10, 001 882

Table 5.2
Validated error bounds for the delayed Hénon map in various dimensions. Linear approximation

of the co-dimension one stable manifold (so if the dimension of the phase space is n then the

dimension of the stable manifold is n−1). We remark that the constant C̃ is problem dependent, so
that column 5 provides information relevant only to the delayed Hénon system. On the other hand
the constants Cn and Kn are dimension dependent.

with parameters a, b ∈ R. In [69] numerical evidence is provided for the conjecture
that the map exhibits chaotic behavior for dimensions n = 2, . . . , 100 when a = 1.6
and b = 0.1. We use these parameters throughout, and obtain validated bounds for
the linear approximation of the stable manifold in various dimensions.

The map has fixed points at p± = (x±, . . . , x±) ∈ Rn, where

x± =
b− 1±

√
(1− b)2 + 4a

2a
.

The fixed point p+ has one dimensional unstable manifold and co-dimension one
stable manifold for every dimension. We compute the validated bounds for the linear
approximation of the stable manifold in a number of dimensions. The results are
recorded in Table 5.2.

Remarks 5.1.
(I) (Eigenvector Rescaling) For the computations on the delayed Hénon map

we rescale the stable eigenvectors as

A = 0.001 [ξ2| . . . |ξn]

for the linear part of the parameterization, where ξj are the eigenvectors
scaled to length one. This has the effect of allowing a larger parameter radius
ν for a given error bound δ. Or, thinking of it another way, this rescales
the parameterization to have a smaller derivative. The rescaling is useful
when computing the connecting orbits in Section 7, as we are able to obtain
validated bounds on the derivative in a larger neighborhood. (More precisely,
in the terms of Theorem 7.2, this allows us to find a larger rκ, making the
condition given by Equation (7.5) easier to fulfill).
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(II) (Curse of Dimension) Note that in order to maintain an accurate approx-
imation as the dimension increases it is necessary to decrease the size of the
validated domain for the linear approximation. Decreasing s helps a little
as well. However the real problem is the growth of the constants Cn(0) and
Kn(0). In addition, for the delayed Hénon map the stable eigenvalues get
closer and closer to resonant as the dimension increases. This leads to poor
scaling of the constant C̃ as dimension increases.

(III) (Poor Cauchy Bounds) One way to obtain bounds on the derivative of the
truncation error is by applying the Cauchy Bounds of Lemma 2.2. Beginning
with the decomposition

P (θ) = p0 +Aθ + h(θ),

we utilize the fact that h(θ) is analytic with

sup
‖z‖≤ν

‖h(z)‖ ≤ δ.

However we note that in higher dimensions this often results in very poor
bounds on the derivative. For example if we consider the delayed Hénon
system in 25 dimensions and take a “loss of domain parameter” σ = 0.5 then,
after consulting Lemma 2.2, we have the bound

sup
‖z‖≤e−0.5ν

‖D2h(z)‖ ≤ 4π2k2

σ2ν2
δ =

4π2242

(0.5)2(7.07× 10−9)2
2.95×10−14 ≈ 5.36×107.

Here k = 24 is the dimension of the stable manifold and the rest of the
constants for the Cauchy Bound are simply read off of Table 5.2. Since
e−1/2ν = 4.28× 10−10, we have a bound on the second derivative for all z in
a polydisk of this radius. However the bound itself is quite poor.

(IV) (Even More on Poor Cauchy Bounds) The reason for generally poor
Cauchy Bounds when applied to the linear approximation can be seen in yet
another way. Note that the Cauchy Bounds give

‖D2h‖ ≈ C1

ν2
δ,

but δ ≈ C2ν
2 for the linear approximation (i.e. the truncation error associated

with the approximation of P by it’s tangent space has quadratic accuracy).
After the cancelation of δ with ν2 in the denominator we are left with a
bound on the second derivative which is like C1C2, the dimension dependent
constants. In higher dimensions we should expect that this leads to very poor
Cauchy bounds, more or less independent of the dynamical system under
consideration. This suggests the need for improved derivative bounds on P ,
which is the topic addressed in Section 6.

6. Linear Approximation of the Partial Derivatives of the Parameter-
ization and Computer Assisted Error Bounds. In this section we develop a
method which provides much better bounds on the first derivative of the parameteri-
zation, but which in turn requires more work than the classical Cauchy bounds. We
develop these improved bounds only for the case of maps (discrete time dynamical
systems) as this is what we require in the sequel. However one could establish similar
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results for differential equations. The idea behind the improved bounds is to com-
pute, using rigorous numerics, some information about the second order terms of the
power series of the parameterization. These second order terms need not be stored,
or manipulated. Instead they are used in order to study the functional equation for
the first partial derivatives of the parameterization. Again, we only approximate the
partial derivatives to first order, hence the need for information about the second
order coefficients of the parameterization itself.

We note that higher order derivatives could be estimated by similar methods.
However for the purposes of the present work it is enough that we obtain good bounds
only for the first derivatives. Second derivatives are then bound applying Cauchy
Bounds to the first derivatives, a strategy which provides enough control for the
applications considered in Section 7.

6.1. Functional Equation and Estimates. Suppose that P ∈ Wk,n
ν is a so-

lution of Equation (2.1) and let Ri : Dk0(ν)→ Cn be given by

∂

∂θi
P (θ) = Ri(θ) =

∞∑
|α|=0

rαθ
α,

where for the moment we consider rα unknown (of course the coefficients rα are
determined by the coefficients of P ). Taking the partial derivative of Equation (2.1)
with respect to θi for 1 ≤ i ≤ k gives that Ri is a solution of the functional equation

Df [P (θ)]Ri(θ)− λiRi[Λθ] = 0. (6.1)

We note that this is a linear operator equation for Ri, which is the i-th partial deriva-
tive of P .

Let P (θ) = p0 +Aθ + h(θ) where h ∈ Hk,nν with ‖h‖ν ≤ δ. We denote the power
series for P by

P (θ) =

∞∑
|α|=0

pαθ
α.

Our goal is to find an n× k matrix Bi, a function h̃i ∈ Hk,nν , and a number δi so that

Ri(θ) = ξi +Biθ + h̃i(θ)

and ‖h̃i‖ν ≤ δi <∞.
First we denote the columns of the unknown matrix by Bi = [b1| . . . |bk] and note

that

bj =
∂

∂θj
Ri(0) =

∂2

∂θj∂θi
P (0) =

{
pei+ej if i 6= j
2p2ei if i = j

(6.2)

as can be seen by differentiating the series expansion of P . Here ej = (0, . . . , 1, . . . , 0)
is the vector with one in the j-th component and zeros elsewhere.

Remark 6.1. The expression for bi given by Equation (6.2) is valuable as the
power series coefficients for P can be computed efficiently using the power matching
techniques for the formal series developed in [54]. For example when studying the
delayed Hénon system we have that the second order coefficients for P are given by

pei+ej = Q[Σ− λiλjId]−1Q−1sei+ej ,
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where

sei+ej =


aξ1
i ξ

1
j

0
...
0

 .

Then

Bi = 2[pei+e1 | . . . |pei+ek ]. (6.3)

Remark 6.2. While the explicit formula of the previous remark is useful for
numerical computations, it will benefit us in a moment to have a more general (albeit
implicit) expression for the matrix Bi. The computation is based on the observation
that

Bi = DθRi(0).

We begin by expanding

Df [P (θ)] = Df [p0 +Aθ + h(θ)] = Df [p0] +D2f(p0)[Aθ + h(θ)] + Ñ(Aθ + h(θ)),

where Ñ is the second order Taylor remainder for Df . Inserting this expression into
Equation (6.1) gives[

Df(p0) +D2f(p0)Aθ +D2f(p0)h(θ) + Ñ(Aθ + h(θ))
]
Ri(θ)− λjRi[Λθ] = 0.

Taking the total derivative of this expression with respect to θ and evaluating at θ = 0
gives that the matrix Bi is the solution of the matrix equation

Df(p0)Bi − λiBiΛ = −D2f(p0)Aξi. (6.4)

This expression provides useful cancelations in the argument to follow.

We now return to the linear approximation of Ri and see that Equation (6.1) is

Df [P (θ)]Ri(θ) =

[
Df(p0) +D2f(p0)Aθ +D2f(p0)h(θ) + Ñ(Aθ + h(θ))

] (
ξi +Biθ + h̃i(θ)

)
,

on the left and

λiRi[Λθ] = λiξi + λiBiΛθ + λi h̃i(Λθ),

on the right. Expanding the products and exploiting the cancelations given by the
eigenvalue/eigenvector relationship

Df(p0)ξi − λiξi = 0,

and the relationship

Df(p0)Biθ − λiBiΛθ +D2f(p0)(Aθ, ξi) = 0,

33



given by Equation (6.4), we collect terms in involving h̃i on the left and have

Df(p0)h̃i(θ)− λih̃i(Λθ) + N̄ [Aθ + h(θ)]h̃i(θ) = G(θ). (6.5)

Here

N̄ [Aθ + h(θ)] = D2f(p0)[Aθ + h(θ)] + Ñ [Aθ + h(θ)],

and

G(θ) = −D2f(p0)(h(θ), ξi)− N̄ [Aθ + h(θ)]Biθ − Ñ [Aθ + h(θ)]ξi. (6.6)

Proceeding as in the proof of Lemma 3.3 we define the linear operator

Li[q](θ) ≡ Df(p0)q(θ)− λiq[Λθ].

Assuming for the moment that Li is invertible, we define the linear operator

C[h̃i](θ) = L−1
i

[
N̄(Aθ + h(θ))h̃i(θ)

]
,

and rewrite Equation (6.5) as

Li

[
h̃i(θ)− C[h̃i](θ)

]
= G(θ).

We use the Neumann Theorem in order to solve and obtain the formula

h̃i(θ) = [Id− C]
−1

L−1
i [G](θ),

(where of course we must assume that ‖C‖Hk,nν < 1). The next lemma shows that Li
is invertible under the same non-resonance assumptions of Lemma 3.3

Lemma 6.3. If the stable eigenvalues λ1, . . . , λk for the differential Df(p0) are
non-resonant, then the linear operator defined by

Li[q](θ) = Df(p0)q(θ)− λiq[Λθ],

is boundedly invertible on Hk,nν . Moreover we have the bound∥∥L−1
i

∥∥
Hk,nν

≤ C̃,

where C̃ is the constant from Lemma 3.3.
Proof. As in the proof of Lemma 3.3 we let p ∈ Hk.nν be given by

p(θ) =

∞∑
|α|=2

pαθ
α,

and consider the equation

Li[q](θ) = Df(p0)q(θ)− λiq[Λθ] = p(θ).

Making the substitution q(θ) = Qw(θ) as in the proof of Lemma 3.3 and matching
like powers of θ gives that the power series coefficients of q(θ) are (at least formally)
given by

qα = Q
[
Σ− λα1

1 · . . . · λ
αi+1
i · . . . · λαkk Id

]−1
Q−1pα.

34



Since the stable eigenvalues are assumed to be non-resonant we have that these coef-
ficients are well defined to all orders. The desired bound on the inverse of the linear
operator is then obtained by observing that for each α ≥ 2 we have∥∥∥[Σ− λα1

1 · . . . · λ
αi+1
i · . . . · λαkk Id

]−1
∥∥∥ = max

1≤j≤n

1

|λj − λα1
1 · . . . · λ

αi+1
i · . . . · λαkk |

≤ sup
2≤|α|

max
1≤j≤n

1

|λj − λα1
1 · . . . · λ

αk
k |

≤ C̃.

The remainder of the discussion is simplified somewhat once we define the follow-
ing terms. Suppose that

Df(p0 + z) = Df(p0) +D2f(p0)z + Ñ(z),

where Ñ : Dn0 (ρ) → Cn is the second order bounded analytic Taylor remainder asso-
ciated with Df(p0 + z) on Dn0 (ρ). In order to simplify the statement of our results we
also let N̄(z) = D2f(p0)z + Ñ(z). Suppose that P ∈ Wk,n

ν is given by

P (θ) = p0 +Aθ + h(θ),

and that

f [P (θ)] = P [Λθ],

with h ∈ Hk,nν having

‖h‖ν ≤ δ.

The following definition collects the constants necessary in order to obtain validated
bounds on the partial derivatives of P .

Definition 6.4 (Validation Values for Partial Derivatives of the Truncation Er-
ror Function Associated with the Linear Approximation of a Stable Manifold). A
collection of positive constants ν, δ, ρ, C̃, CÑ , CG, and CN̄ are called validation values

for the partial derivative problem if C̃ is as in Definition 3.1,

Ñ(z) ≤ CÑ‖z‖
2, (6.7)

N̄(z) ≤ CN̄‖z‖, (6.8)

for all ‖z‖ < ρ, and

‖D2f(p0)‖‖ξi‖δ + CN̄ (‖A‖ν + δ)‖Bi‖ν + CÑ‖ξi‖(‖A‖ν + δ)2 ≤ CG. (6.9)

The proof of the following theorem is contained in the preceding discussion.

Theorem 6.5. Suppose that δ, ν, ρ, C̃, CÑ , CN̄ , and CG are validation values in
the sense of Definition 6.4. Suppose that

‖A‖ν + δ < ρ, (6.10)
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C̃CN̄ (‖A‖ν + δ) < 1, (6.11)

and assume that δi > 0 is a positive constant with

C̃

1− C̃CN̄ (‖A‖ν + δ)
CG ≤ δi. (6.12)

Then there exists a unique h̃i ∈ Hk,nν so that

∂

∂θi
P (θ) = ξi +Biθ + h̃i(θ).

Moreover ∥∥∥h̃i∥∥∥
ν
≤ δi.

Remark 6.6. Observe that the quantity on the left hand side of Equation (6.9) is
quadratic in ν, at least when we think of δ as being quadratic in ν. Then Theorem 6.5
provides bounds on the error associated with the linear approximation of the partial
derivatives of P which are (as one expects) quadratic in the domain size ν.

6.2. Numerical Examples of Derivative Bounds. Using Theorem 6.5 we
are able to obtain substantially improved bounds on the size of the first and sec-
ond derivatives of the truncation error h associated with the linear approximation of
the stable manifold. In order to illustrate the method we compute bounds for the
approximations discussed in Section 5.2 and tabulated in Table 5.2.

The computations using Theorem 6.5 applied to the delayed Hénon map are
reported in Table 6.2. We note that while the second derivative bounds do grow with
dimension, the loss of order is nowhere near as aggressive as discussed in Section 5.2.
Note for example that in dimension 25 we obtain bounds on the second derivative of
roughly size 6, as opposed to size roughly 107 as obtained when using Cauchy Bounds
alone.

Another advantage of this method is that the bounds on the first derivative are
valid on the same polydisk as the bounds on the size of the truncation error itself. We
only give up domain in order to bound the second derivatives, but even here we only
have to deal with a factor of ν rather than ν2 in the denominator of the estimates (i.e
we bound D2h by applying the first order Cauchy bounds to the Ri = ∂ih).

Note that by dimension 50 we are loosing control on the bounds on the second
derivative. Again we remark that if needed the second order bounds could be improved
by developing an analogue of Theorem 6.5 for second order mixed partials of P . This
is not a project we undertake here as in Section 7 we consider the delayed Hénon
system in dimension only up to 20.

7. Existence of Connecting Orbits by Method of Projected Boundary
Conditions. In order to formalize the discussion of connecting orbits we establish
the following notation.
P1 Assume f : Rn → Rn is real analytic with hyperbolic fixed points q, p ∈ Rn.

Assume that Df(q) and Df(p) are diagonalizable, and that nu + ns = n
where nu = nu(q) and ns = ns(p) are the number of stable and unstable
eigenvalues at q and p respectively.

P2 Assume Us ⊂ Rns is an open neighborhood of the origin and that P : Us → Rn is
a parameterization of W s

loc(p).

36



Dimension Domain Size ν Validated bound on ‖Dh‖ν ‖D2h‖e−σν (sec)
3 3.162× 10−8 1.44× 10−14 9.07× 10−7 0.09
6 3.162× 10−8 1.75× 10−13 3.2× 10−5 0.41
12 3.162× 10−8 6.25× 10−13 1.05× 10−2 1.73
25 7.07× 10−9 4.993× 10−12 5.86 10.4
50 7.07× 10−9 1.22× 10−9 6, 393 93.3

Table 6.1
Validated error bounds for the partial derivatives of the parameterization for the delayed Hénon

map in various dimensions. For all second derivative computations we take σ = 0.8 and apply the
Cauchy Bounds of Lemma 2.2. Then the second derivative bounds hold on a polydisk of radius
roughly 0.449ν in every case. The remaining parameters are set as in the computations reported in
Table 5.2

P3 Assume Uu ⊂ Rnu is an open neighborhood of the origin and that Q : Uu → Rn
is a parameterization of Wu

loc(q).
We define the connecting orbit operator to be the function F : Rn(k+1) → Rn(k+1)

given by

F (θ, x, φ) =



f−1(x1) − Q(θ)
f−1(x2) − x1

...
f−1(xj) − xj−1

f(xj) − xj+1

...
f(xk−1) − xk
f(xk) − P (φ)


(7.1)

where x = (x1, . . . , xk) ∈ Rnk, θ ∈ Rnu , and φ ∈ Rns . Observe that if (θ∗, x∗, φ∗) ∈
Rn(k+1) is a zero of F then for example the orbit of Q(θ∗) is a heteroclinic connection
for f from q to p.

Remark 7.1 (Formulation of the Connecting Orbit Equation). There are many
variations of the connecting orbit operator defined above. We chose to use f as well
as f−1 in the definition of the operator F because the inverse map has a stabilizing
effect on the numerics. In the applications to the delayed Hénon mapping considered
in the present paper one can work out the explicit formula for f−1 and its derivative,
so that the presence of the inverse presents no problem.

In other applications the inverse map may be inconvenient to work with and
instead we may consider the equivalent system

G(θ, x, φ) =


Q(θ) − x1

f(x1) − x2

...
f(xk) − P (φ)

 .
In fact the operator G can be studied via a Newton method even in the case that f
is not invertible, as long as Df(xj) is invertible for 1 ≤ j ≤ k, i.e. as long as the
connecting orbit does not intersect the singularity set of f . Additional constraints are
necessary if one wishes to study orbits which intersect the singularity set, or orbits
which arise as non-transverse intersections of the stable and unstable manifolds.
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The following theorem considers the map F (θ, x, φ) given by Equation (7.1) in a
neighborhood of an approximate solution (θ0, x0, φ0) ∈ Rn(k+1). Let ‖φ‖ns , ‖θ‖nu , ‖xi‖n
denote respectively the norms on Rns , Rnu , and Rn. For x = (x1, . . . , xk) ∈ Rnk let
‖x‖nk := max1≤i≤k ‖xi‖n. Then for any (θ, x, φ) ∈ Rn(k+1) we employ the norm

‖(θ, x, φ)‖ := max (‖θ‖nu , ‖φ‖ns , ‖x‖nk) .

For (θ0, x0, φ0) ∈ Rn(k+1) and r > 0 this norm induces the ball

B(θ0,x0,φ0)(r) := {(θ, x, φ) ∈ Rn(k+1) : ‖(θ0, x0, φ0)− (θ, x, φ)‖ < r}.

The following theorem is used to establish the existence of a zero of F near the
approximate solution (θ0, x0, φ0).

Theorem 7.2 (Existence of a Transverse Connecting Orbit). Let θ0 ∈ Rnu ,
(x1

0, . . . , x
k
0) = x0 ∈ Rnk, φ0 ∈ Rnu , and A be an invertible n(k+1)×n(k+1) matrix.

Suppose that ε̂, δ̂, rκ, and κ are positive constants with

‖AF (θ0, x0, φ0)‖ ≤ ε̂ (7.2)

‖Id−ADF (θ0, x0, φ0)‖ ≤ δ̂ (7.3)

sup
(θ,x,φ)∈B(θ0,x0,φ0)(r)

‖D2F (θ, x, φ)‖ ≤ κ. (7.4)

Then for any r > 0 with

r ≤ rκ, (7.5)

‖A‖κr2 − r
(

1− δ̂
)

+ ε̂ ≤ 0, (7.6)

and

δ̂ + ‖A‖κr < 1, (7.7)

there is a unique (θ̂, x̂, φ̂) ∈ B(θ0,x0,φ0)(r) so that F (θ̂, x̂, φ̂) = 0. The orbit under f

of any of the points P (θ̂), x̂1, . . . , x̂k, or Q(φ̂) is a transverse heteroclinic orbit from
p to q. (Each of these gives rise to the same connecting orbit. If p = q the orbit is a
transverse homoclinic).

For a more complete exposition of the theorem we refer to [54]. Here we make
the following remarks.

Remarks 7.3.
(I) The maps P and Q are rarely known explicitly. Instead we usually have poly-

nomials PNu , QNs and analytic tails hu : Dnu0 (νu) → Cn and hs : Dns0 (νs) →
Cn so that

P (θ) = PNu(θ) + hu(θ) for all θ ∈ Dnu0 (νu),

and

Q(φ) = QNs(φ) + hs(φ) for all φ ∈ Dns0 (νs).
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Moreover the functions hu, hs are not known explicitly, however there are
δu, δs > 0 (usually very small) so that

sup
‖θ‖≤νu

‖hu(θ)‖ ≤ δu and sup
‖φ‖≤νs

‖hs(φ)‖ ≤ δs.

The polynomials PNu and QNs and rigorous bounds δs, δu are computed using
the methods of [54] when high order approximations are desired, and with
the methods of the present work when the linear approximation is used.

(II) These unknown errors δu, δs must be propagated through the argument. In
other words F must be written as

F (θ, x, φ) = FNu,Ns(θ, x, φ) +H(θ, φ),

where FNu,Ns is the maps given by Equation (7.1) with P and Q replaced by
PNu and QNs and

H(θ, φ) =


hu(θ)

0
...
0

hs(φ)

 .

Then (θ0, x0, φ0) is obtained by numerically solving the equation FNu,Ns(θ, x, φ) ≈
0, usually with a numerical Newton scheme.

(III) The constants ε̂, δ̂ and κ̂ depend on the known bounds in the truncation
errors. For example ε̂ should be a bound on

‖AF (θ0, x0, φ0)‖ ≤ ‖AFNu,Ns(θ0, x0, φ0)‖+ ‖A‖δu + ‖A‖δs ≤ ε̂.

(IV) Similar considerations allow us to obtain appropriate constraints for δ̂ and κ,
however these require bounds on ‖Dhu‖, ‖Dhs‖, as well as on ‖D2hu‖ and
‖D2hs‖. When using the high order techniques of [54] we can bound both the
first and second derivatives of the truncation errors using the Cauchy bounds
of Lemma 2.2. When the stable or unstable manifolds are approximated using
the low order approximation of the present work it is highly advantageous to
use the methods of Section 6 in order to bound the derivative of the truncation
error, and then only apply the Cauchy bounds of Lemma 2.2 to the partial
derivative bounds in order to bound the second derivatives.

(V) It is shown in [54] that if (θ̂, x̂, φ̂) is a zero of Equation (7.1) for which

DF (θ̂, x̂, φ̂) is invertible then the resulting connecting orbit is transverse (see
Corollary 5.3 of that reference). In the present work since we are using The-
orem 2.12 in order to prove the existence of a zero, we use Lemma 2.14 in
order to get that the non-degeneracy of the zero and hence the transversality
of the connecting orbit. Then the whole argument of [54] goes through with
A only an approximate inverse of DF (θ0, x0, φ0).

(VI) Since A is only required to be an approximate inverse, the quantity ‖Id −
ADF (θ0, x0, φ0)‖ must be bound rigorously. This is done by considering

‖Id−ADF (θ0, x0, φ0)‖ ≤ ‖Id−ADFNs,Nu(θ0, x0, φ0)‖+ ‖A‖‖DH(θ0, φ0)‖,

where ‖DH(θ0, φ0)‖ ≤ max(‖Dhu‖νu , ‖Dhs‖νs), and the latter bounds are
obtained using the ideas from (IV ) of the present remark. We also note

39



that the computation of ‖Id − ADFNu,Ns(θ0, x0, φ0)‖ requires that the in-
terval matrix DFNu,Ns(θ0, x0, φ0) is multiplied by the floating point ma-
trix A giving an interval enclosure of ADFNu,Ns(θ0, x0, φ0). The subtrac-
tion Id−ADFNu,Ns(θ0, x0, φ0) is then performed in interval arithmetic, as is
the resulting matrix norm. When the dimension of the problem is high the
matrix-matrix multiplication is then the most expensive portion of the proof.
(Both of the matrices A and DFNu,Ns(θ0, x0, φ0) are n(k + 1) × n(k + 1)).
However this multiplication is still cheaper than the matrix inversion required
in [54].
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Fig. 8.1. Spectrum of Df(p0) for the delayed Hénon map: The figure illustrates the config-
uration of the spectrum of the map in dimension 10 (top left), 20 (top right), 50 (bottom left), and
100 (bottom right). The dominant feature is the accumulation of the spectrum on the unit circle as
the dimension of the system increases. This accounts for the slow approach of the connecting orbits
along the stable manifold when the systems dimension is large.

8. Computer Assisted Proof of Transverse Homoclinic Connecting Or-
bits/Topological Horseshoes in Higher Dimensions: a case study of the
delayed Hénon Mapping. We have implemented the algorithm suggested by The-
orem 7.2 in order to prove the existence of some connecting orbits for the delayed
Hénon system. Presently we report the results of a number validated computations in
dimensions three and 20. In both cases we use the methods of [54] in order to compute
the one dimensional unstable manifold (using a polynomial approximation of order
25) with validated error bounds. We apply the methods of the present work in order
to compute rigorous error bounds associated with the linear approximation of the
co-dimension one stable manifold. There are two difficulties which arise as we change
the dimension of the computation. The first difficulty, which is completely general,
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Fig. 8.2. Time Series Representation of the Connecting Orbits: The figure illustrates, in
dimension 3 and 20, the orbit segment which is used in the computer assisted proof of the existence
of the transverse connecting orbit. In both proofs the blue segment illustrates the first component
of x0, or the “flight” of the orbit from the local unstable manifold to the local stable. The black
dots in each frame illustrate the boundary conditions of the orbit. The red portion of the orbit is
on the local stable manifold, and is only included in the figure in order to illustrate that the orbit
is homoclinic. The “error bars” on the figures, i.e. the distance from the orbit shown to the actual
homoclinic orbit, have width less then 2.5 × 10−9 in both cases.

is the growth of the dimension dependent constants. This makes the conditions of
Theorem 7.2 harder and harder to meet as the dimension increases.

However there is an even greater, system dependent difficulty which arises for the
delayed Hénon map, and this is illustrated in Figure 8.1. The fact is that as dimension
is increased for the delayed Hénon map the stable spectrum of Df(p0) accumulates
on the unit circle. This means that the local dynamics get slower and slower, and that
it takes a larger and larger number of iterates in order to get an orbit segment into a
small enough neighborhood of the origin that our rigorous error bounds apply. This
is illustrated in Figure 8.2, which compares the connecting orbit segments used in the
computer assisted proofs in dimension 3 and 20. Figure 8.3 illustrates the “bursting”
dynamics of connecting orbits in dimension 10 and 20.
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Fig. 8.3. Effect of Dimension on Homoclinic Dynamics: The figure shows a closeup on
the first component of the homoclinic orbit in dimension ten and twenty (then the bottom figure is
a close up on the bottom frame of Figure 8.2. Observe that increasing the delay (which is actually
the same thing as increasing the dimension) introduces “bursting” in the asymptotic behavior of the
orbit. The calm periods between these bursts is longer and longer as dimension increases. (Compare
also with the upper graph in Figure 8.2 for the dynamics in three dimensions).

Remarks 8.1.
(I) A Few Comments About the Twenty Dimensional Proof : The largest

proof in the series is the proof of the transverse connecting orbit in 20 dimen-
sions. This orbit lies in the transverse intersection of the one dimensional un-
stable and nineteen dimensional stable manifold. We remark that the “time
of flight” for the numerical connection (i.e. the number of iterates required
for the orbit to transition from the image of the unstable parameterization
to the image of the stable parameterization) is 220. Since the dimension of
the phase space is 20 the result is that the connecting orbit operator F is a
map in 4560 dimensions. Interval arithmetic computations of the essential
parameters in the proof come out to be

ε̂ = 2.34× 10−9, δ̂ = 1.14× 10−10,

rκ = 7.36× 10−9, κ = 41.91,

and ‖A‖ = 8, 679. We find that

r = 2.355× 10−9,
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satisfies the hypotheses given by Equation (7.5), (7.6), and (7.5) of The-
orem 7.2. Then there exists a true transverse connecting orbit within an
r-neighborhood of the orbit shown in the lower frame of Figure 8.

(II) Possible Future Improvements on the Numerical Implementation:
As noted in Remark 7.3 (V II), the computation of

‖Id−ADF (θ0, x0, φ0)‖,

is the most expensive portion of the numerical computation. In fact even the
storage of 4560× 4560 interval matrices is substantial drain on the resources
of a standard laptop. However the current implementation does not take into
account the fact that DF is a structured/banded matrix (see [54] for the
explicit formula). In fact of the 45602 = 20, 793, 600 entries of DF (θ0, x0, φ0)
only 9699, or roughly five percent, of the entries are non-zero. The per-
formance of the computation would benefit substantially from storage and
multiplication algorithms which utilized this structure. However the compu-
tations discussed in this section are only meant to illustrate the fact that the
linear theory developed in the present work enables validated computation
of connecting orbits in higher dimensions. The implementation developed so
far is offered as a proof of concept.

(IV) Co-dimension one stable manifold: the proof does not exploit the fact
that the stable manifold is co-dimension one, and hence the stable manifold
could be represented as the graph of a real valued function over the stable
eigenspace. One reason for neglecting this fact is simply to illustrate the
procedure when one manifold is “high dimensional” and the other is “low-
dimensional”. The fact that the low-dimensional manifold is in this case one
dimensional is not essential. A second reason for employing the Parameter-
ization Method rather than exploiting methods based on a “graph transfor-
mation” is that the graph transform contains terms requiring the composition
of the unknown function with itself. The Parameterization Method on the
other hand requires only the composition of the unknown function with the
known dynamics f . The composition with f is sometimes easier to compute
with.
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[44] R. de la Llave, A. González, A. Jorba, and J. Villanueva. KAM theory without action-angle
variables, Nonlinearity, 18(2) pp. 855-895, (2005).

[45] R. de la Llave. A tutorial on KAM theory, Smooth ergodic theory and its applications (Seattle,
WA, 1999), Proc. Sympos. Pure Math., Vol 69, pp. 175-292, 2001.

[46] R. de la Llave, and J.D. Mireles James. Parameterization of Invariant Manifolds by Reducibility
for Volume Preserving and Symplectic Maps, Discrete and Continuous Dynamical Systems,
Vol. 32, No. 12, pp. 4321-4360, 2012

[47] J.P. Lessard, and C. Reinhardt. Rigorous numerics for nonlinear differential equations using
Chebyshev series. SIAM Journal on Numerical Analysis, 52(1): 1-22, 2014.

[48] J.P. Lessard, and M. Gameiro. Efficient rigorous numerics for higher dimensional PDEs via
one-dimensional estimates. SIAM Journal on Applied Dynamical Systems, 12(1): 204-245,
2013.

[49] J. B. van den Berg, J.P. Lessard, and K. Mischaikow. Global smooth solution curves using
rigorous branch following. Mathematics of Computation, 79 (271), 1565-1584, 2010.

[50] J.P. Lessard, J.D. Mireles James, and Christian Reinhardt. Computer assisted proof of trans-
verse saddle-to-saddle connecting orbits for first order vector fields, Journal of Dynamics
and Differential Equations, Vol. 26, Issue 2, pp. 267-313, 2014.

[51] J.D. Mireles James. Polynomial Approximation of One Parameter Families of (Un)Stable
Manifolds with Rigorous Computer Assisted Error Bounds. (Submitted).

[52] J.D. Mireles James. Quadratic Volume-Preserving Maps: (Un)stable Manifolds, Hyperbolic
Dynamics, and Vortex Bubble Bifurcations. Journal of Nonlinear Science, Vol. 23, No. 4,
pp. 585-615, 2013.
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