COMPUTATION OF A ONE PARAMETER BRANCH OF
(UN)STBLE MANIFOLDS WITH RIGOROUS COMPUTER
ASSISTED A-POSTERIORI ERROR ANALYSIS

J. D. MIRELES-JAMES* AND KONSTANTIN MISCHAIKOW

Abstract. In this work we develop a calculus for computation of formal series representations of
parameter dependent branches, or sheafs, of stable and unstable manifolds in discrete and continuous
time dynamical systems. As an essential first step in this process we must develop formal parameter
dependent expansions of the fixed point or equilibria, as well as their associated eigenvalues and
eigenvectors. Then we use the fact that the family of invariant manifolds satisfies a functional
equation to compute formal expansions of some chart maps of the manifold to arbitrary finite order.
We also present a-posteriori theorems which allow the error in the finite approximations to be bound
rigorously using validated numerics. We present several example computations, as well applications
to manifold visualization and computer assisted proof of the existence of a tangency in a family of
diffeomorphisms.

1. Introduction.

2. Parameterization of Invariant Manifolds, Regularity With Respect
To Parameters, and one Parameter Branches of Invariant Manifolds.

2.1. Parameterization of (Un)stable Manifolds for a Map at a Fixed
Parameter Value. Let py € R? Suppose that f : R? — R? is real analytic in a
neighborhood of pg and that pg is a fixed point of f. If zero is not an eigenvalue of
Df(po) then the differential is invertible, and f is a local diffeomorphism about po.
If in addition D f(poy) has no eigenvalues on the unit circle, then there are local stable

and unstable manifolds Wﬁ;é (po) tangent at pp to the stable and unstable eigenspaces

of Df(po)-

Let ds and d, denote the number of stable and unstable eigenvalues respectively,
and note that since pg is hyperbolic we have that ds + d, = d. Then there v4, v, >0
and chart maps, or parameterizations, P : B(0,1,) C R% — R? and Q : B(0,v;) C
R?% — R? so that

P[By,] = W) .(po), Q[Bu,] = Wi .(po)-

[9, 10, 11] develop a general Parameterization Method for studying such chart
maps. The method is based on the fact that the chart maps solve certain functional
equations. More precisely we will assume that D f(pg) is diagonalizable and let As €
GL(R%) and A, € GL(R%) denote the diagonal matrices with respectively the stable
and unstable eigenvalues of D f(pp) on the diagonal entries and zeros in all other
entries. Further, let As and A, denote the d x ds and d x d, matrices having the
stable and unstable eigenvectors of D f(pg) as columns. Then the chart maps P and
@ are solutions of the following functional initial value problems
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71Q0)] = Q[As¢] forall ¢e€ B, (2.1)
and
P(0) = po

f[P(®)] = P[A,8] forall 6€B,,. (2.2)

Since f is analytic it can be shown that under generic non-resonance conditions
on the eigenvalues the parameterizations P and @ are analytic functions having power
series expansions

PO)= Y pat”, Q)= > qs¢”

l|>0 181=0

where o € N%_ 3 € N% ¢ € R%, § € R*, and 48;Pa € R?. For more detailed
discussion of the analyticity of P and @, see [11] (a non-constructive proof can be
given using the Implicit Function Theorem). For a particular map f linear recurrence
equations for the unknown power series coefficients can be developed by standard
power matching techniques.

Example: Consider the Hénon mapping

floy) = [ y+1b;a:cz }

with a = 1.4 and b = 0.3 fixed. For these parameters the map has exactly two distinct
hyperbolic fixed points, each with a one dimensional stable and unstable manifold.
Let pg, A and £ denote respectively a choice of fixed point, eigenvalue, and associated
eigenvector. Then the parameterization of the local invariant manifold has power
series expansion P(6) Y7 p, 0™ satisfying

Py(0) + 1 — a[P1(0)] } _ [ Pi(M) ]
bPi(0) Py(A0) |

(Here we are not specifying whether A is stable or unstable so we just mean use P
for parameterization). Of course the coefficient pg is equal the fixed point (making
Pn a notation consistent with the notation for both the parameterization and the
fixed point) and p; = £. To find the remaining coefficients we exploit the functional
equation. The right hand side is

200 |- 5]

2



while the left hand side is

o0 27na1 11 on
ﬁPwH:{1+§Lro%%{5iﬁnnlwge }

Matching like powers of # and solving for the highest order coefficient p, in terms of
lower order coefficients gives the linear system of equations

—2ap} — A" 1 pp | _ [ ShZi aph ok
< b _)\n > {pi - 0 ) (2'3)

for n > 2. Equation (2.3) is referred to as the homological equation. Note that the
homological equation has the form

[Df(po) — AN'Ilpn = sn

where s, depends only on terms of order less than n. Also note that the matrix is
the characteristic matrix of D f(po). Then since |A| # 1 we have A" # A for all n > 2
and matrix is always invertible. Then the coefficients p,, are formally well defined to
all orders.
REMARKS 2.1.

e Generalization

e Resonances

e Numerics/Radius of Convergence

2.2. Parameterization of (Un)stable Manifolds for a Differential Equa-
tion at a Fixed Parameter Value. The parameterization method can also be
applied to differential equations, as is also shown in [9, 10, 11]. If py € R? is an
equilibria of a vector field f : R? — R?, we suppose that f is real analytic near p,
that D f(pg) is diagonalizable, and that pg is a hyperbolic equilibria (all eigenvalues
have no-zero real part). Let A, , again denote the diagonal matrices of stable and
unstable eigenvalues and A, , the matrices whose columns are the associated stable
and unstable eigenvectors.

The the parameterizations of the local stable and unstable manifolds solve the
initial value functional (in this case partial differential) equations

Q(O) = Po
DQ(0) = A,
flRO) =DQ(¢)-As-¢ forall ¢eB,, (2.4)
and
P(0) = po
DP(0) = Ay
fIP(0)]=DP()-A, -0 for all 0eB,,. (2.5)

with some v,, v, > 0. Here the multiplications are matrix-matrix or matrix-vector as
appropriate.



Again, an application of the Implicit Function Theorem gives that there are an-
alytic P and @ solving (see for example [11]). Then P and @ have convergent power
series expansions and we can try to formally compute the coefficients by power match-
ing.

Example: Consider the differential equation & = f(x) given by the vector field

oy — =)
flayz)=| pr—zz—y |,
xy — Bz

with the tangency parameters o = 10, = 8/3, and p = 13.9265 (the Lorenz system
is known to exhibit a homoclinic tangency near this parameter of p. See [20]).

The map has three fixed points, each of which is hyperbolic at the specified
parameter values. Let py denote one of these fixed points, A\; and Ay denote two
eigenvalues of Df(po) with like stability (either both stable or both unstable), and
&1,& be two associated eigenvectors . We will illustrate the computations of a two
dimensional stable or unstable manifold of a fixed point of the Lorenz system (the
computation of a one dimensional manifold is similar and has already illustrated for
the Hénon map).

We will let P denote the parameterization of the invariant manifold (whether
stable or unstable) A denote the matrix with A; and A2 as diagonal entries. Then in
this case the power series is

P(9) = Z Pal® = Z Z p(nla"2)9?19;2’

‘alZO n1=0n9=0

with Py, n.) € R3 for each ny,ny > 0. The linear constraints give that P(0,0) = Po,
Po,1) = &1, and p(10) = 2. The coefficients for ny + ny > 2 are worked out by
considering the functional equation

O-(PQ(O) - P1(0)) 91)\1891]31(9) + 92)\28@2]31(9)
pPl(g) — Pl(g)Pg(g) - PQ(Q) = 01)\1891P2(9) + 02)\28@2P2(9)
Pl(H)PQ(H) — Bpg(e) 91)\18@1 Pg(@) + 92)\28@2P3(0)

The right hand side expands as

91)\1891]31(9) + 92)\2892]31(9) co oo p%TIl,nQ)
91)\1891]32(0) + 92)\2892132(0) = Z Z (nl)\l + ng)\g) pznhnz) 6‘?1932
91)\1391]33(9) + 92)\2892]33(9) n1=0n2=0 p(n17n2)

while the left hand side is

o(P2(0) — P1(0))
pPi(0) — P1(0)P3(0) — P2(0) | =
Pi(0)P2(0) — BP3(0)
4
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x> ‘7<p(n1,n2) _p<n1,n2>) .
1 2 n2 ni 1 3 1hn2
z_:o z_:o pp(nl,m);p(m,nz) _nzz’“:% : jfopml—j,nz—zk)p(xm 01"62°
e BV na) T 2620 22550 Pl —jins— ) Pik)

Matching like powers of 6 and solving for the highest order terms in terms of the lower
order terms gives the homological equation

g — (n1>\1 + TLQ)\Q) g 0 pi’”lv"@)
p —2p?070) -1 - (TL11>\1 + n2)\2) _p%070) p(nl,ng)
p(o’o) p(o’o) _B - (nl)\l + ’I’Lg)\g) pfnhnz)
no ni 1 0 3
D90 3] [
k=07=0 1 =P(n;—jna—k)P(j k)
where
o 0 ifeither i=35=0 or i=ny,j=ns
Pk = D) otherwise

The homological equation has the form

[Df(po) — (n1A1 + 12X2) I | D(ny ny) = S(n1na)s

with s depending only on lower order terms. Moreover the matrix is a characteristic
matrix for D f(po) and is invertible as long as noA; + nods # A for any ng + ng > 2
and either of ¢ = 1,2. Note that since A\; and A5 have the same stability, this leads
to a finite number of non-resonance conditions between the eigenvalues. Then the
coefficients are well defined to all orders as long as the eigenvalues are non-resonant.
REMARKS 2.2.

e Generalization

e Resonance

e Numerics/Radius of Convergence

2.3. Regularity with Respect to a Parameter and Analytic Branches
of Parameterizations. Now we consider that f : R? x R — R? is a one parameter
family of maps with pg € R¢ a hyperbolic fixed point of f(z,0), so that f(pg,w) = 0.
Moreover we suppose that f(z,w) is real analytic jointly in each variable in some
neighborhood of (pg,0). By the implicit function theorem there is a 7 > 0 and a real
analytic function p : (—7,7) C R — R? so that

flp(w),w) =p(w) forall |w|<T.

Suppose in addition that D f(po, 0) is diagonalizable and let A}, ..., Ad*, and £}, . . . , €0
denote the unstable eigenvalues and associated eigenvectors. Let Ay be the matrix
with the A} as diagonal entries and zeros on the off diagonal entries and AY be the
matrix with columns & (1 <i < d,).



Since the eigenvalues and eigenvectors solve analytic equations the implicit func-
tion theorem gives that there is a 7 > 0 and analytic functions A1, ..., g, : (—7,7) —
C, &1,...,&q, : (—7,7) — R? so that \;(w) is an eigenvalue of D f(p(w),w) with as-
sociated eigenvector &;(w) for each |w| < 7, and having \;(0) = A} and &(0) = &
for each 1 < i < d,. Moreover, if |¢}| = K then requiring that |£(w)| = K for each
|w| < 7 determines the branches uniquely. (Here 7 is taken to be the smallest number
so that all the implicit function arguments go through simultaneously).

Assume the eigenvalues A}, ..., )\g“ are non-resonant. Then there is a v, > 0
and a real analytic chart map P : B (0,v,) C R¥% — RY satisfying Equatoin (2.2)
parameterizing the local unstable manifold of py. Let

P(Q) = Z ﬁaea

la]>0

Then the power series coefficients satisfy the homological equation
[Df(po, O) - Ag]ﬁa = Sa, (2.6)

and, as per Remark (SOMETHING), the matrix is invertible fo all a by the non-
resonance assumption and for each a > 2, and the right hand side s, is an analytic
function of only the coefficients of order less than «. Moreover, since the eigenvalues
are non-resonant there is a 7 > 0 so that A;(w), ..., Ag, (w) are non-resonant for each
lw| < 7.

Let A(w) denote the non-constant matrix having [A(w)];; = Ai(w) for each 1 <
i < d, and [A(w);; = 0 if i # j, and A,(w) be the non-constant matrix having
columns &;(w) for each 1 <4 < d,,. It is shown in [10, 11], again using the analytic
Implicit Function Theorem, that there is a branch of real analytic functions P :
B(0,1,) X (—7,7) C R% x R — R? through P (in other words P(-,0) = P) solving
the functional initial value problems

P(0,w) = p(w) (2.7)
DP(0,w) = Ay (w) (2.8)
fIP(0,w),w] = P[A(w)f,w] forall 6#eB,, |w <7 (2.9)

Since P is analytic it has a convergent power series representation

PO,w) = Z Z P(m,ayw 0 Z PaW)0* 0€B,, |w<T, (2.10)

|| 20 m=0 |e|>0

where we have defined po(w) = > °_ P(m,a)w™. Note that p,(w) is analytic for each

o as the series given by Equation (2.10) converges. Because P(6,0) = P(f) we also
have that

Po,a) = pa(o) = Pa for all m, |Oz| > 0. (211)

We also have that each p,, solves the homological equation (Equation 2.6). Since
the homological equations are analytic, we apply the Implicit Function Theorem again
to obtain real analytic branch functions p, : (—7,7) — R? so that p(0) = p,, for each
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«. But then by the uniqueness of power series coefficients of an analytic function and
the uniqueness provided by the Implicit Function Theorem we have

Pa(w) =po(w)  forall  |a] >0.

In other words the coefficients of P solve homological equations

[Dfp(w),w] = AMw)* Ipa(w) = sa(w) (2.12)

for all |w| < 7, where the matrix is invertible for all |w| < 7 by the non-resonance
assumption.

Consider the 0 < |a| < 1 coefficients. We will denote these by letting ag =
(0,...,0) be the zero index, and e; = (0,...,1) be the index having a one in the i-th
component and zeros elsewhere. Let the parameterization of the analytic branch of
fixed points have power series expansion p(w) = Y °_, pY w™. Then by Equation
(2.7) we have that

Pao(W) =p(w) O Pimiag) = pd forall m>0. (2.13)

So the (m, ag) terms of P are given by the power series coefficients of the fixed point
branch p. Similarily let & (w) = >"°_ & w™. Then Equation (2.8) gives that

Pe;(W) =&i(w)  or  pue =&, m=>0. (2.14)

Of course Equaiton (2.11) gives that the m = 0 coefficients are determined by
the power series expansion of the parameterization P of the w = 0 manifold. The
computation of the m = 1 coefficients are somewhat more delicate. Considering
Equation (2.10) we see that just as the m = 0 coefficients are given by the coefficients
Pa(0), the m = 1 coefficients are given by the coefficients of a%pa(O). Explicitly we
have that

71390 = Zp(maaw‘ - W= prab®

|a|>0m=0 lal>0

On the other hand we have that the coefficients a, (w) solve the parameter depen-
dent homological equation (Equation 2.12). Now since py o = a%pa (0) we differentiate
both sides of Equatoin (2.12) with respect to w and evaluate at w = 0 in order to
obtain that p; . solves the linear equation

0

N 0
[Df(po,0) — AGI] p(1,a) = %SD‘(O) AW |uo

[Df(p(w),w) = A*(@)I]po,a) (2.15)

for |a| > 2. We make no attempt at present to simplify the expressions on the right

hand side of Equation (2.15). Rather we will work out the formulas only in the context

of specific examples, in which case the expressions may simplify dramatically. The

essential fact to note at present is that the matrix on the left hand side of of Equation
7



(2.15) is none other than the characteristic matrix of D f(po, 0), so that the coefficients
P(1,a) are well defined for all || > 2 due to the non-resonance assumption. In other
words, Equation (2.15) introduces no extra constraints.

Finally we must determine the coeflicients p,,, o when m + |«| > 2. This could be
done by repeatedly differentiating the w-dependent homological equation (Equatoin
2.12) and evaluation at w = 0 to obtain homological equations analogous to Equation
(2.15) for all m > 2. Such expressions become both analytically, and computationally
cumbersome. It is in fact preferable in the context of specific applications to substitute
the power series form of P directly into Equation (2.9) and match like powers in
order to develop the homological equations directly. We give examples in Section
SOMETHING.

Similar considerations in the context of differential equations lead us to the fact
that the parameterization must satisfy

P(0,w) = p(w) (2.16)
w ) (2.17)
f[P(0,w),w] = DyPlO,w] - A(w)-6 forall 6eB,, |w<7 (2.18)

The series for P will be given by Equation (2.10) just as before, however in this case
the w-dependent homological equation must be given by

[Dflp(w),w] = (Aw), @) Ipa(w) = sa(w) (2.19)

Proceeding as above we obtain that Equations (2.13, 2.14, and 2.11) hold exactly
as before. However the homological equation for the coefficients p; o of B%P(G, 0) are
given by the homological equation

0 0

[Df(po,0) = (Ao, @) I p(1,0) = 5-5a(0) = Bl [Df(p(w),w) = (Aw), @) I po,a)-

(2.20)
Again the matrix on the left is just the characteristic matrix of Df[pg,0] so that
the non-resonance assumptions yield that the coefficients are formally well defined.
Simplification of Equation (2.20) and the formal computation of p,, o for m > 2 is
carried out only in the context of specific applications, which we consider in Section
SOMETHING.
Also: note that all the comments made in this section apply equally well to stable
manifolds of maps and flows. We have focused on unstable manifolds in order to
minimize the proliferation of sub and superscripts.

ow

REMARK 2.1. [P(f,w)-Algorithm] The discussion above provides us with a
four step meta-algorithm for development of the formal series expansion of a branch
of invariant manifolds

Step 1: Compute the parameterization P(@) of the invariant manifold at w = 0. This
determines the coefficients pg, of P. This step was discussed in Section
SOMETHING for both the Hénon map and the Lorenz system.

Step 2: Compute the power series of the analytic branch functions p(w), A\;(w), and
&i(w), 1 < i < d,;s for the fixed point, eigenvalues, and eigenvectors. The
coeflicients of p(w) determine the coefficients py, o,, while the coefficients of

8



§i(w) determine the coefficients p(p, c,). These computations are the subject
of Section SOMETHING.

Step 3: Depending on whether f generates a discrete or continuous time dynamical
system (maps or differential equations) use either Equation (2.15) or Equation
(2.20) along with the specific form of the map f to compute the py o coeffi-
cients. Examples of this computation are given in Section SOMETHING.

Step 4: Plug the unknown power series given by Equation (2.10) into the either Equa-~
tion (2.9) if f is a map, or Equation (2.18) if f is a vector field. Expand both
sides as power seres, match like powers of w™6%, and isolate the highest order
coefficients from the lower order coefficients in order to obtain a homological
equation for the p,,  coefficients when m > 2. We illustrate this computation
for the Hénon and Lorenz systems in Section (SOMETHING).

3. One Parameter Families of Fixed Points, Equilibria, Eigenvalues,
and Eigenvectors. Let f: R™ x R — R” be a one parameter family of real analytic
vector fields denoted by f(z,w) with © € R™ and w € R. Suppose that o € R™ is
an equilibria for f at w =0, so that f(xg,0) = 0. Then if D, f(xo,0) is non-singular,
the implicit function theorem (in the analytic category) gives that the is an analytic
branch of equilibria through x.

More formally there exists a 7 > 0 real analytic function x : (—7,7) — R™ so that
2(0) = z¢ and

flz(w),w] =0 forall we (—7,7).

We say that x parameterizes the branch of equilibria through z(. Since z is analytic
it has a power series expansion z(w) = > -~ z,w" with z, € R™ convergent for
|w] < 7. In order to exploit this fact in a computational setting we must determine

(I) the coefficients x,, of the power series expansion for the branch of zeros,
(IT) the radius of convergence 7 of the power series.

Since x solves a (functional) equation, recurrence relations for the coefficients x,, can
be computed by the usual power matching schemes. The convergence of the series
could be treated in any of several ways. One could for a given problem prove the
convergence of the power series directly by the method of majorization. Since we are
using these series as inputs into further numerical computations, we pursue a numer-
ical alternative. In any given problem we will compute the coefficients z,, to some
finite order M € N, giving an approximate parameterization zps(w) = Zilw:o Tpw"
of the branch of equilibria. Then we use residual methods based on the Newton-
Kantorovich Theorem to prove that the series converge on some finite disk, and to
rigorously bound the truncation error of the finite series. The radius of convergence
is determined using numerical methods. We discuss the formal computations and the
a-posteriori numerical argument in the next two sections respectively.

Finally we note that the comments above apply equally well to parameterizations
of fixed points of diffeomorphisms, as well as to parameterizations of eigenvalues and
eigenvectors, as in each of these solve functional equations of their own.

3.1. Computation of Formal Series Expansions for Linear Data. We
consider the Hénon Family

(3.1)

Pl yyw) = [ y+1-ar? }

(b+w)x
9



where we think of @ and b as fixed. Let

o0
x(w) = Z Tpw"
n=0

parameterize an analytic branch of the first component of a fixed point of Equation
(3.1). Then z(w) solves the equaiton

alz()? +z(w)(1—b—w)—1=0. (3.2)
Then
b—1+/1-02+4a
o = )
2a
and
- d o i)
= @w(O) C 2axg—b+ 1’

(The expression for z; can be obtained by implicit differentiation of Equation 3.2).
Matching like powers of w in equation 3.2 gives that

1

n—1
Tp = G Tp_1 — ; atn_grr|. for n>2. (3.3)

We note that since the second component of the fixed point is given by y(w) =
(b+ w)x(w) we also have
Yo = bea Y1 = bxi + x¢ and Yn = bx, +Tn_1 n > 2.
Similarly, if Ag is an eigenvalue of D(, . f(x,y,0) then we let

AMw) = Z Apw"™

n=0

parameterize a branch of eigenvalues passing through Ag. Then A(w) satisfies the
equation

Aw)? +2az(w) AMw) —w—b=0, (3.4)

with A(0) = Ag. As above we compute that

1-2 A
Ao = axg £ \/aag + b2, A = 2)\4‘#
0 0

10



and

n—1 n—1
-1
Ap = — (j{:An_kAk4j£:2axn_kAk> with  n>2. (3.5)

o 20 + 2axg — —

Note that the A, are formally well defined as long as A\g # —axg, i.e. as long as \q is
not a repeated eigenvalue, and that the coefficient \,, depends on the coefficients of
z(w) recurssively to n-th order.

Now suppose that we choose an eigenvector & with ||€]|2 = K for some K > 0,
associated with the eigenvalue \g. Now denote by

§(w) = Z Enw™
n=0

a parameterizatoin of the branch of eigenvectors through &y, where the entire branch

is normalized to have length v/ K. Then & (w) satisfies the system of equations

() (2)
G(w) +&w)? =K

but since the rows of the matrix equation are linearly dependent, we have that &(w)
must simultaneously safisfy

(b+w)éi(w) = AMw)éa(w) =0  and & (w)? +&(w)? = K.

Matching like powers leads to the linear systems

o o | (80)- (%)

for the coefficient & and

{ b =X ] ( & (w) ) :< —Eh 1+ 2rsg Ak )
268 263 2(w) D R SN SR A 7

for &, when n > 2. The coefficient &, depends recursively on the coefficients of A(w)
to n-th order.
We consider also the Lorenz System, which is given by the flow of the vector field

oy — =)
xy — Bz

where we think of o, p, and f as fixed. When w = 0 the system has equilibria at
po = (0,0,0)T and
11



+VB(p—1)
P2=| £/B(p—1)
p—1

In fact py is fixed for all w. On the other hand, if we let p(w) = (z(w), y(w), 2(w))T be
a branch of either p; o, then we can work out that zo = yo = £+/8(p — 1), 20 = p—1,

_ N iﬁ o 23?0.1’1
=N = —F 21 = 3

2¢/B(p—1)

and

Tn = Yn = Tpn—kTk, Zn =

=

n
E Ty kT n > 2.
k=0

In the applications section we will be more interested in the fixed point at the
origin, so we develop the expansions for the eigenvalues and eigenvectors only at pg.
We note that at the origin —f is an eigenvalue for all w. The remaining two eigenvalues
do depend on w and solve the equation

Mwi+ (1 +o)AMw)—o(p+w—1)=0. (3.7)
Denote a parameterization of a branch of these by
Aw) = Z Aow™.
n=0

Then

1+0)=/(I+0)2—4(p—1) o

Ao = — 7 -7
0 2 TN to+1

and

n—1

-1
Ap = ————— A kA > 2.
2>\0+1+a; R T

An eigenvector associated with the eigenvalue —3 is ¢ = (0,0,1)7 for all w. The eigen-
vectors associated with the solutions of 3.7 lie in the zy-plane for all w. A computation
similar to as in the Hénon case shows that the coefficients of parameterizations of the
these planar eigenvectors are given by the solutions of the linear systems

T | (A) - ()

12



for the coefficient &; and

—(c+X) © ka(w))( o An_kEh )
268 26 |\ &(w) —yniel e e

for &, when n > 2. Moreover &3 = 0 for all n.

4. Formal Computation of P(0,w); Branch of Parameterized Manifolds.
In this section we illustrate steps 3-4 of the algorithm stated in Remark (2.1) of Section
(SOMETHING). We discuss separately the case of maps and flows.

4.1. Formal Expansion of P(6,w) for the Hénon Map. Consider again the
Hénon Family given by Equation (3.1). At w = 0 choose py one of the maps two fixed
points and Ag and &, an eigenvalue and associated eigenvector of D f(po,0). Using
the expansions developed in Section (SOMETHING) we have series

AMw) = i Amw™  and  {(w) = i Emw™,
m=0 m=0

where we can compute the coefficients A, and &, to any desired order using Equations
(SOMETHING) and (SOMETHING). Let P be the parameterization of the invariant
manifold at w = 0 associated with Ay and having DP(0) = &. Then the coefficients p,,
of P can be computed to any desired order using the homological equation (Equation
SOMETHING) given in Section (SOMETHING).

By the discussion in Section (SOMETHING) we know that there is a branch of
parameterizations given by

P(va) = Z Z p(mn)enwma

n=0m=0

satisfying the functional equation

fIP(0,w),w] = PA(w)0, w]. (4.1)

Then pmo = Pm, Pm1 = &n and po, = Pn, as discussed in Section SOMETHING. This
completes Steps 1 — 2 of the algorithm given in Remark (2.1). Now we turn to steps
3 —4.

Step 3: Now we compute the m = 1 coefficients for the case of the Hénon map.
Recall that the m = 1 coefficients solve the homological equation given by Equation
(2.15), and we want to simplify the right hand side into a computable form for the
specific case of the Hénon map. Then consider that

0 0

— o [Df[pw), ] = A (@)] pu () =



_ ( —24p" (W) — A (W) FEAW) 0 > [ Py (w) }
2 .
yo Pl
Evaluating at w = 0 gives

0 0 . Ph(0) ] _
5o50(0) = 5 (D7), 6]~ 8@ omo | 250 | =

o O

n—1
[ a (pél,nfk)p%o,k) +p%0,n7k)p%1,k)) ]

k=1 0

1 n—1 1
B Pomy | (4.2)
1 —TL)\O )\1 p

Taking Equation (4.2) as the right hand side of Equation (2.15) gives the homological
equation for the coefficients p(; ,,) in the case of the Hénon map.

Step 4: Finally we obtain the equations for the coefficients p(,,,) when m +n > 2.
First we define the coefficients A(,, ,,) be the series expansion of A(w)™. So

w)" = Z )\(mm)wm
m=0

We expand the right hand side of Equation (4.1) and obtain

= p(m,n)w (m,n)W
= i i i/\(m kn) l grom) ] W™, (4.3)

n=0m=0 k=0
Expanding the left hand side of Equation (4.1) as a power series gives
1+ P(0,w) — a[Py(0,w)]?
PO, w),w] = [ (b+w)Pa(8, w)

which we expand componentwise to obtain

fIPO,w),wl =1+ Z Z P2 0"w™

n=0m=0

14



n m

(o) o0 L
=D DD A PP O™ (4.4)

n=0m=0 k=0 j=0
and
FIPO.w), w2 =D D ™0 + > Y Pl1 ™" (4.5)
n=0m=0 n=0m=1

Now we equate the power series expressions for the left and right hand sides, match
like powers, and isolate the highest order terms to obtain the homological equation

1 n 1 1
{ Fe R } [pé’”’”) ] = l S 1 (4.6)
0 p(m,n) s(m,n)
where
m—1 n m
1 2 _1 )
Stmm) = D Am—im Py + D D@ Pl ijin-i Pl
Jj=0 k=0 j=0
and
m—1
2 1 2
Stmm) = “Pim-1,n) T Z A(m—gm)P(j,n)
=0

for n +m > 2. Again note that the matrix on the left hand side of the homological
equation is just the characteristic matrix of D f(pg, 0), so that no new constraints are
introduced for computing the branch expansions. The formal series is well defined to
all orders by the non-resonance assumption on the eigenvalues at w = 0.

4.2. Formal Expansion of P(f,w) for the Lorenz System. Let f be given
by Equation (3.6). We consider the equilibria py = (0,0,0) at the origin, and fix
o, p, and B. Let Ag denote the stable eigenvalue of Df(0,0) and &, be the associated
eigenvector. Then the branch of one dimensional manifolds through Pis given by

P(G,w) = Z Z p(mn)wman'

n=0m=0

In this case the computations are similar to the case of the Hénon map, except that
P satisfies the functional equation

fIP(O,w),w] = A(w)@%P(G,w) (4.7)

where

Aw) = i Amw™
m=0

15



parameterizes the branch of stable eigenvalues of D f(0,w) through Ag. Let
o0 . o0
¢(w) = Z Enw™ and  P(9) = Zﬁnen,
m=0 n=0

be the series expansions for the stable eigenvector and the parameterization of the
stable manifolds associated with \g. Explicit formulas for A, and¢,, are developed in
Section (SOMETHING). The homological equation for the p,, is Equation (SOME-
THING) developed in Section (SOMETHING).

The remaining computations for Steps 3 — 4 are similar to the one dimensional
case for maps already studied in detail in Section (SOMETHING). We simply report
that when m = 1 coefficients of P satisfy the homological equation given by

[Df(po,0) — nXo]p(1,n) = S(1,n)

where

nAlp%o,n)
2 1 n—1 3 3
Sty = | M0 ~ Plon) T 2k [p%l,n—k)pm,k) + p%o,n—mpa,k)} ;
n—1
n)‘lp?o,n) — 2k=1 [p%l,nfk)pﬁo,k) +p%0,nfk)p%1,k)

and for m > 2 we have the homological equation

—0 —nk o 0 Plmn) st
pP— p?oo) —1—nXo *p%oo) Dlmn) = s2. |, (4.8)
2 1
DP{oo) Poo) —B = nko Pln) S

for n +m > 2, where

and

We illustrate the computation for the branch of two dimensional stable manifolds
at the origin in detail. Let

oo o0 o0

P(0,w) = P(01,02,0) = > D> Pl g™ 07105

ni =0 na =0m=0

denote the parameterization of the one parameter branch of two dimensional stable
manifolds through the origin. Then P satisfies the functional equation

16



fIP(61,02,w),w] = [DgP(0,w)]A(w)b,

where we let A!(w), and A\?(w) denote the parameterizations of the stable eigenvalues
and define

R R B R

m=0

Since the origin is a fixed point for all w the series expansion of p(w) is trivial
to all orders. Moreover since we take 3 > 0, we have that \!(w) = —3 and ¢'(w) =
(0,0,1) are a stable eigenvalue/eigenvector pair for all w. The remaining unstable
eigenvalue/eigenvector pair A\?(w) and &;(w) do depend on w and are computed as in
Section (SOMETHING). In addition, let

P(01,02) = Z Z D(ny,na) 071052

no=0n,=0

be the parameterization of the two dimensional unstable w = 0 manifold through
the origin, where the coefficients p(,,, »,) solve the homological equation given by
Equation (SOMETHING). Then we have that po.n,,n,) = P(n,,ns) for all ny,na >0,
P(m,0,0) = 0 for all m > 0, p(y,.1,0) = &m for all m >0, poo,1 = (0,01), and pp 02 =0
for all m > 1, and can consider Steps 1 — 2 of the P-Algorithm complete (see Remark
SOMETHING).

Step 3: For the Lorenz equations we consider the right hand side of Equation (2.20),
first for w free, and see that this simplifies to

2] o)
—sa(w) — — [Df(p(w), w) = (A(w), a) I] pa(w) =
dw Ow
ny mnq o 0 o
Z > p(% k) () “’p(;n dimg—k) () F p(in g —k) () W’J(J k) ()
k=07=0 R COL LT SRR COS [P IR COL W/ S CO)
1
—(n10w A1 (w) + n2dw Az (w)) 0 0 Plny.ng) ()
- 1 —(n19wA1(w) + n2dwA2(w)) 0 Plny,mg) )
0 0 —(n10w A1 (W) + ngdwAa(w)) P (w)
(ny,n2)

Evaluating at w = 0 gives and setting equal to the left hand side of Equation
(SOMETHING) gives the homological equation

[Df(0,0) - (nl)‘% + HQA%)I]p(l,nhnﬁ = S$(1,n1,n2)

(where of course A\? = 0) and

(T!M}L— W2*2)p(0 ny.mg)

_ — 2 vl

S(inying) = | “Ploingng) T (M1M "2*2“’(0 nina) = 121 =0P(1,ny —jina k)P 50,5,k) + P(0,mq — ding—k)P 51,5,k)
(170 = 1232)P{0 11 iny) T Zk0 220 P(1,mq —img —k)P(0,3,k) T P(0,m1 —imy —K)P(L,3,k)
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Step 4: Since

Then we can work out that for n; + no +m > 2 the coefficients of P are solutions of
the homological equation

—0 — (A} + n2)d) o 0 P%mmhm)
oty e -al, .
2 1 1 2 :
a(00) @(00) =B = (n1Ag + n2Ap) Plm,ny i)
(4.9)
1
S(m,nl,ng)
= 8(m,n1,n2) )
S(m,nl,ng)
where
m—1
1 1 2 1
S(m,n1,m2) = Z (1A g, + 120, ] P(k,n1,ns)
k=0
m—1
2 1 2 2
S(m,ni,ne) — ~P(m—1,n1,m2) + [nlAmfk + n2)‘mfk] Pk ny,no)
k=0
ny ms m
—1 =3
DD D Pl ki —ina ) Plkis)
=0 j=0 k=0
and
m—1 ny m2 m
3 1 2 3 1 )
S(m,ni,ng) — Z [nlAm—k’ + n2)\m—k] Pk,ny,na) — ZZ Zp(m—k,nl—i,ng—j)p(kij)'
k=0 i=0 j=0 k=0

4.3. A-Posteriori Validation for Formal Expansions Linear Data.

5. A-Posteriori Validation for the Formal Expansion of a Branch of
Invariant Manifolds.

5.1. Validation Theorem for the Case of Diffeomorphisms.
5.2. Validation Theorem for the Case of Vector Fields.
6. Applications.

6.1. Visualization of Validated Sheafs of Invariant Manifolds.
18



6.2. Computer Assisted Proof of the Existence of Tangencies for Fam-

ilies of Diffeomorphisms.
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