
MATH DAY 2016 at FAU

Competition A–Individual

NOTE:
1. Enter your name on the answer sheet. Detach the answer sheet from the rest of the test before handing it in. You may

keep the test as such.

2. Starred Problems Fifteen of the problems are multiple choice. For the other five problems (identified with a star
beside their number) the answer is in every case one or more integers and, except where mentioned, positive integers,
which you enter directly beside the problem number on the answer sheet. Be aware that these starred
problems are worth twice as much as the unstarred ones.

Integers MUST be entered in standard base 10 notation. For example, if the answer to a problem is 25, entering 52

as your answer will be considered wrong. Make sure you write clearly.

3. In the multiple choice questions, the option NA stands for “None of the previous answers is correct.”

4. The notation AB is used to indicate the line through the points A,B, or the segment from A to B; |AB| denotes the
length of the segment AB.

5. If ABC is a triangle, then [ABC] denotes the area of the triangle ABC; if ABCD is a quadrilateral, then [ABCD]
denotes the area of ABCD.

6. logb a denotes the logarithm in base b of a; logb a = c if and only if bc = a.

7. As a symbol, i denotes the imaginary unit; i2 = −1.

8. If n is a non-negative integer, then n! stands for the product of all positive integers in the range 1 to n if n ≥ 1, with
0! defined to be 1. That is:

0! = 1, 1! = 1, 2! = 2, 3! = 2 · 3 = 6, 4! = 2 · 3 · 4 = 24, 5! = 2 · 3 · 4 · 5 = 120, etc.

9. Do NOT assume that pictures are drawn to scale. They are merely intended as a guide.

10. The problems are not ordered by degree of difficulty. Problem n could be harder than problem n+ 1.

THE QUESTIONS

1. Artemio is taking a college course; his grade will be determined by 5 exams. If his average for the three first exams was
75 points and his average for all five exams is 71 points, what is his average for the last two exams?

(A) 63 (B) 65 (C) 68 (D) 70 (E) 73

2. The average of a set of five different positive integers is 25 and the median is 18. What is the minimum possible value
of the largest one?

(A) 35 (B) 36 (C) 37 (D) 38 (E) 39

3. Mr Cranky, the owner of Cranky’s Pizza and Flower Shop in downtown Noplacia offers six kinds of toppings for his
pizza: anchovies, garlic, ham, onions, mushrooms, and pepperoni. Mr Cranky will not serve any pizza that has both
garlic and onions on it and if you want to have ham on your pizza you must also have anchovies (but you can have
anchovies and no ham). How many different pizzas can you have at Mr. Cranky’s? (The order in which the toppings
are added does not matter, one possibility is to have no topping on your pizza).

(A) 24 (B) 30 (C) 36 (D) 42 (E) 48



4. How many positive divisors does 2016 have, including 1 and itself?

(A) 12 (B) 24 (C) 36 (D) 48 (E) 60

5. A nonzero sequence (an) satisfies the relation
an = an−1 − an−2

for n ≥ 2. It is a periodic sequence. Find the length of its period.

(A) 3 (B) 4 (C) 5 (D) 6 (E) 7

6. What are the two last digits of 32016?

(A) 21 (B) 27 (C) 69 (D) 81 (E) 83

7. Let f(x) be a polynomial such that f(x2 + 1) = x4 + 5x2 + 3. Find f(x2 − 1).

(A) x4 + x2 − 3 (B) x4 + x2 + 1 (C) x4 − x2 − 1 (D) x4 + 5x2 − 1 (E) x4 − x2

8. The length of the shorter side of a rectangle is 3 units. The length of each diagonal is 6 units. What is the acute angle
between the two diagonals?

(A) 15◦ (B) 30◦ (C) 45◦ (D) 60◦ (E) 75◦

9. Every weekday Esperanza leaves her house at exactly 7 AM to drive to school. When she averages 40 miles per hour
she is 5 minutes late. When she averages 60 miles per hour she is there 5 minutes early. At what average speed would
she be there precisely on time?

(A) 46 mph (B) 48 mph (C) 50 mph (D) 52 mph (E) 54 mph

10. Two equal 7× 11 rectangles and a square are inscribed in a semicircle as shown.

The length of a side of the square is

(A) 15 (B) 16 (C) 17 (D) 18 (E) NA

11. The sum of three real numbers is 21. The first is 6 times the sum of the other two. The second is 8 times the third.
What is the product of all three?

(A) 8 (B) 12 (C) 16 (D) 20 (E) 24

2



12. The equation
x4 + 3x3 − 7x2 − 5x+ 3 = 0

has 4 distinct real roots x < y < z < u. Find m2 + n2 if m,n are two positive integers with greatest common divisor
equal to 1 and

1

xy
+

1

xz
+

1

xu
+

1

yz
+

1

yu
+

1

zu
=
m

n
.

(A) 40 (B) 29 (C) 34 (D) 85 (E) NA

13. What is the value of the following product?(
1− 1

22

)(
1− 1

32

)(
1− 1

42

)
· · ·

(
1− 1

992

)(
1− 1

1002

)

(A)
101

100
(B)

101

1002
(C)

99

100
(D)

101

55
(E)

101

200

14. Let x and y be real numbers with x+ y = 1 and (x2 + y2)(x3 + y3) = 12. Find x2 + y2.

(A)
√

2 (B)
√

3 (C) 2 (D) 3 (E) 4

15. The system of equations
log2 x + log3 y = 4
logx 2 − logy 3 = 1

has two pairs of solutions; (x1, y1), (x2, y2). Find the product x1x2y1y2.

(A) 36 (B) 144 (C) 324 (D) 576 (E) NA

16.? Let a =
π

3516
. Find the smallest positive integer n such that the sum

S = 2
(
cos(a) sin(a) + cos(4a) sin(2a) + cos(9a) sin(3a) + · · ·+ cos(n2a) sin(na)

)
is an integer. Write your answer directly onto the answer sheet.

17.? The odd numbers are arranged consecutively in lines so that the n-th line contains exactly n odd numbers:

1;
3, 5;
7, 9, 11;
13, 15, 17, 19;
. . .

Find the sum of the numbers in the 75th line. Write your answer directly onto the answer sheet.

18.? What is the maximum possible area for a quadrilateral of sides of lengths 3, 5, 7, and 11? The answer can be expressed
in the form m

√
n where m,n are integers and n is square free (not divisible by the square of an integer). Write the

values of m,n directly onto the answer sheet.
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19.? Two grasshoppers jump the same lattice grid according to the following rules:

Grasshopper A starts at the origin O(0, 0), jumping k steps at the k-th jump, to the right or top according as k ≡ 1, 0
(mod 2). (So the sequence of jumps is 1R, 2U, 3R, 4U, 5R, 6U, etc.)

Grasshopper B also starts at the origin O(0, 0), jumping k steps at the k-th jump, to the right, top, left, or bottom
according as k ≡ 1, 2, 3, 0 (mod 4). (So the jump sequence is 1R, 2U, 3L,4D, 5R, 6U, 7L, 8D, etc.)

The distance d between the two grasshopper after 100 jumps can be expressed in the form a
√
b, where a, b are positive

integers and b is square free (not divisible by the square of any integer larger than 1). Find a, b; write your answer
directly onto the answer sheet.

20.? In triangle ABC, the distance of point D from A is one third of the distance from A to B; that is |AB|/|AD| = 3.
In addition, |CD| = |AD|. A perpendicular segment from D intersects side BC at E. If |AB| = 12 and |DE| = 3,

determine the area of the quadrilateral ADEC. This area can be expressed in the form
a+ b

√
c

d
where a, b, c, d, are

positive integers, a and b have no common factor with d, c and d are prime. Find a, b, c, d. Write your answer directly
onto the answer sheet.

Hint (Computational help): There are probably many ways to do this problem. Depending on how you do it, the
following computation could save you some time: 3842 − 4 · 73 · 432 = 21312, which is a multiple of 576 = 242.
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