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The High School Section
Session 4

Rules: Work the problems in any order. You may work alone or in groups. You may, of course, get up, walk about, use the
whiteboard; we provide markers.

Fun with numbers

1. Find all prime numbers p such that p2 + 2 is prime. 3 is one; are there any others?

2. True or false: There is a power of 17 that ends with the digits 000001? The pigeonhole principle may help.

3. Find the sum of all positive integers < 231 that are not divisible by 3, or 7, or 11.

Back to Viète

Find m and solve the following equation, knowing that the roots form a geometric sequence:

x4 − 15x3 + 70x2 + 120x + m = 0.

As a hint, if x1, x2, x3, x4 are the roots of the equation, introduce s = x1 +x2, s′ = x3 +x4, p = x1x2, p; = x3x4; then Viète’s
relations for the roots of x4 + a3x

3 + a2x
2 + a1x + a0 = 0 become

s + s′ = −a3
p + p′ + ss′ = a2

ps′ + p′s = −a1
pp′ = a0.

Order x1, x2, x3, x4 judiciously.
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The Geometry Section

We continue here with some topics started in previous sessions. First a definition: A cyclic polygon is a convex polygon that
can be inscribed in a circle. All triangles are cyclic. Not all quadrilaterals are cyclic. In a previous session we saw (or were
asked to see) that a quadrilateral ABCD is cyclic if and only if the angles at A and C added up to 180◦. Then, automatically,
so do the angles at B and D.

1. Show that a quadrilateral ABCD is cyclic if and only if ∠ACB = ∠ADB.

2. This is a nice Example from Evan Chen’s book on Euclidean Geometry. In fact, it is the first example. I already posed
it last year, with hints. This time, no hints.

In quadrilateral WXY Z with perpendicular diagonals, we are given that ∠WZX = 30◦, and ∠WY Z = 50◦.

(a) Compute ∠WZY .

(b) Compute ∠WXY .

3. An important result about cyclic quadrilaterals is Ptolemy’s Theorem: If ABCD is a cyclic quadrilateral then the sum
of the products of the opposing sides equals the product of the diagonals:

|AB| · |CD|+ |AD| · |BC| = |AC| · |BD|.

The proof is not too difficult if one uses trigonometry; for the time being let’s accept it. As an application prove:

Let ABC be an equilateral triangle inscribed in a circle and let P be a point on the arc of the circle from A to B that
does not contain C
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Show that |PC| = |PA|+ |PB|.

4. ABCDEFGH is a regular octagon inscribed in a circle of radius 1; P is a point on the circle.

Evaluate |PA|2 + |PB|2 + |PC|2 + |PD|2 + |PE|2 + |PF |2 + |PG|2 + |PH|2.


