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Abstract

Fluctuation and Correlation Effects in Electrostatics of Highly-Charged

Surfaces
by

Andy Wing-Chi Lau

This work explores the statistical mechanics of counterions associated with
their oppositely charged surfaces, which is relevant to many systems in soft con-
densed matter physics: charged colloids, membranes, and polyelectrolytes immersed
in solutions containing mobile neutralizing counterions. The mean-field treatment
for these systems is the Poisson-Boltzmann (PB) theory, or its linearized version, the
Debye-Hiickel theory. Among other results, the mean-field theory predicts repulsion
between two like-charged plates. However, recent experimental and numerical works
suggest that two like-charged objects may attract! After reviewing the main features
of PB theory, we describe an approach which takes charge fluctuations explicitly into
account to improve the mean-field picture and demonstrate that charge-fluctuations
can induce a long-ranged attraction, similar to the van der Waals interaction. We
also analyze the effects of charge fluctuations on the bending properties of a charged
membrane. Furthermore, we argue that fluctuations may induce a novel condensa-
tion phenomenon in an overall neutral system, consisting a single charged plate and
its oppositely charged counterions. Finally, we study the interactions between two
2-dimensional Wigner crystals, which may be the ground state of the counterions
condensed onto charged surfaces. In particular, we show that at low temperatures,
quantum zero-point fluctuations of the plasmon modes (charge-fluctuations) of two

mutually coupled 2D Wigner crystals give rise to a novel long-range attractive force.
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Chapter 1

Introduction

This thesis focuses on the role of the electrostatic interaction in soft con-
densed matter physics. Soft materials are characterized by their ease of response to
external forces and thermal fluctuations[1]. A convenient way to understand this is

to consider an elastic modulus for these systems of building blocks of size L:
(1.1)

where kpT is a typical energy scale. Thus, “softness” means that G is small and
the building blocks are huge compared to atomic dimensions a: L > a. Thus, in
these systems, quantum effects may often be neglected but thermal fluctuations play
an important role. An especially exciting area of current research is the overlap of
soft matter physics with biology. Indeed, the fundamental building blocks of life —
the plasma membrane, the cytoskeleton, microtubule, DNA, actin molecules — are
all soft materials.

To understand the essential properties of any system, we have to study the
interactions of its constituents. Of all interactions, electrostatics is arguably the most
fundamental for soft systems, and is ubiquitous in biological materials. For example,
DNA is a highly negatively charged polymer in solutions with one electronic charge e

per 1.7A, and consequently the rich phase behavior of DNA in solutions is governed
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by the competition between electrostatic interaction and entropy.

Usually, the charging of a surface can come about by ionization of sur-
face groups. Recall that the energy it takes to break an ionic bond in vacuum is
about 100 kgT. However, in aqueous solutions, the dielectric constant ¢ ~ 80 is
sufficiently high that the surface groups are ionized by the thermal fluctuations. For
example, some charged membranes made out of polar surfactants carry carboxylic
groups COOH. At room temperature, they dissociate protons (COOH — COO™+
H*) and leave behind a negatively charged surface which is balanced by oppositely
charged mobile counterions, (H' in this example). In some situations, there may be
additional salt present, e.g. NaCl, KCl, and CaCly; in practice, even pure water at
room temperature is an ionic solution of 10=7 M of H3O1 and OH™ ions, which is
not always negligible. The physical situation that will be considered in this thesis is
the following: Mobile point-like charges (the counterions) in the presence of charged
surfaces, in an overall neutral system, interact with each other via the long-ranged
Coulomb potential

€;€;

Vij(r) (1.2)

- €|Xi — Xj’ '
To better appreciate its range, let us try to evaluate the free energy density using
the virial expansion for the electrostatic interaction:

1 1
f:f0+§Bgn2+§Bgn3—|—"'. (13)

We find that the second virial coefficient
By = kBT/ d3r [1 — e PVi(r) (1.4)

diverges for both small and large . Thus, this naive treatment does not work for
electrostatics, and a special treatment has to be employed to deal with electrostatics,
namely the Poisson-Boltzmann theory.

In chapter 2, we formulate the standard mean-field approach, i.e. the

Poisson-Boltzmann (PB) theory. It provides an adequate description for weakly



charged membranes and charged polymers. Using the PB theory, we analyze the
electrostatic interaction between two charged plates. At higher charge densities,
however, the PB theory is no longer valid, because it neglects correlation effects.
Indeed, there is experimental[2] and numerical[3] evidence that two highly charged
macroions may attract each other in solutions, while the mean-field theory predicts
that they should never attract!

In Chapter 3, we present an approach to improve on the mean field picture.
Essentially, for a highly charged plate, the counterions become condensed onto the
surface[4], forming a quasi-two-dimensional gas interacting with a 1/r potential — a
“salty” surface. By incorporating the in-plane fluctuations of the “condensed” coun-
terions, we show that this leads to a long-ranged attractive force which scales as d—>
for large distances d between two planar surfaces[5]. Using similar ideas, we compute
the renormalization of the bending constants of a charge-fluctuating membrane. The
result helps to explain the spontaneous formation of vesicles composed of anionic and
cationic surfactants, observed in experiments. Furthermore, in Chapter 4, we argue
that the mean-field (PB) solution for a single charged plate is unstable against the
condensation of counterions driven by fluctuations. Using a “two-fluid” model, in
which the counterions are divided into a “free” and a “condensed” fraction, we show
a finite fraction of counterions is “condensed” onto the charged plate via a variational
approach.

At sufficiently low temperatures, the “condensed” counterions crystallize to
form a 2-D hexagonal lattice (a Wigner crystal). The classical force per unit area
between two staggered planar Wigner crystals at distance d apart can be computed to
give a short-range attraction. These correlation effects have been studied by Rouzina
and Bloomfield[6]. However, their treatment does not include fluctuations, which
are expected to give rise to yet stronger correlation effects at low temperatures. In
Chapter 5, we include the zero-point fluctuations of the counterions to this problem
and find a long-ranged attractive interaction. Surprisingly, rather than a force with

the usual Casimir-like distance dependence (d~*), this attractive interaction, which
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owes its existence to the plasmons on two correlated planar Wigner crystals, scales as
d=7/2 for large separations. Furthermore, we analyze the temperature dependence of
this fluctuation-induced force and of the short-ranged force, arising from structural
correlations. These results provide insight to the nature of counterion-mediated
attractions between like-charged macroions, which are believed to play a major role

in DNA condensation.
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Chapter 2

The Poisson-Boltzmann Theory

2.1 Introduction

The standard Poisson-Boltzmann equation encapsulates a mean-field ap-
proach to the many-body problem of mobile ions in aqueous solutions containing
charged surfaces[1, 2]. It may be derived heuristically as follows. Suppose that the
charged system generates a local electric field E(x) = —V¢(x), which causes the
mobile ions of species i of charge Z;e to move, and thus gives rise to a current J%. In
a linear response theory, J° must be proportional to the “external” force

J=— ZCS ci Ve, (2.1)
where ¢;(x) is the mobile ion density and ( is the friction coefficient; this is just
Ohm’s law. In addition, the diffusion of the charged particle in the presence of a
concentration gradient is described by Fick’s law:

_ kT

i — & Ve, (2.2)

where the diffusion constant D = kpT/( is the Einstein relation. Thus, the total
current of the charged particles of species ¢ is

1
<

Ji (kT Vei + Ziec; Vo)
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= — % \V4 [k'BT hl(Cz'/COi) + ZiESO] . (2'3)

Since the total current must be zero at thermal equilibrium, we have the standard

result that the density of charged particles must be Boltzmann weighted:
ci(x) = coie” Ziep(x)/kpT (2.4)

Note that the constant cp; can be defined through the zero of the potential p(x).
Now we need another equation to relate the total charge density in the solutions
p(x) and the electric potential p(x) self-consistently. This is provided by the Poisson

equation:

V() = p(x). (2.5)

The total charge density is comprised of the mobile ions and external fixed charges:
p(X) = Z Zi€Ci<X) + pemt(x)- (26)
i

Combining Equations (2.5) and (2.4), we obtain a self-consistent equation for the

potential ¢:

AmZiecoi _ 7 en(x 4m
V2p(x) + Z % e~ Ziew(¥)/kBT — - Pext(X). (2.7)

This is known as the Poisson-Boltzmann (PB) equation. Its solutions describe the
electrostatic potential and counterion density in space, where the boundary condi-

tions are determined by the external charges or alternatively, by the charge neutrality

condition
/ & p(x) = 0. (2.8)

We note that the PB equation is a nonlinear equation, and thus it is difficult to solve
in general. In fact, exact solutions are known only in special cases, e.g. with planar

and cylindrical symmetries.
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2.1.1 Relevant Scales and Dimensionless Parameters

Before solving the mean-field PB equation for different geometries, we dis-
cuss various dimensionless parameters and physical scales in the theory. Multiplying

the PB equation by e/kpT and rescaling the potential ¢ — ep/kpT, we obtain

V2p(x) + Z47rlBZiCOi e 29X — _4nlp [pest(x) /€] (2.9)
The length defined by
2
e
lp = 2.10
B ekpT ( )

is the Bjerrum length, at which the electrostatic potential energy of a pair of charges
equals their thermal energies. In other words, if two oppositely charged particles
with magnitude e are separated by a distance r, they are “bound” if r < I and
ionized if r > I (by thermal fluctuations). In a solution of dielectric constant € = 80
(H,0) at room temperature, Ig ~ 7 A.

In an electrolyte solution in which there is an equal number of positively
and negatively charged particles of valence Z in the absence of any external fixed

charges, the PB equation reduces to
—V2p(x) + 8nlp Zcs sinh Zp(x) = 0, (2.11)

where ¢ is the bulk ion density. The solution to this equation is trivial: ¢(x) = 0,
since the mean electric field vanishes in an overall neutral system of two uniform and
independent charge distributions of opposite sign. To capture correlations, we single
out a positive charged particle fixed at x’ and consider the electrostatic potential at

x by linearizing Eq. (2.11)
[~ V24 k2] Gx,x) = 4 220 (x — X)), (2.12)

where k2 = 8mlpZ?cs. This is the Debye-Hiickel equation. It is important to note
that although we have derived Eq. (2.12) from linearizing the PB equation, G(x,x’)
should be regarded as a fluctuating potential at point x generated by the test charge
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in the presence of fluctuating charges around it. Therefore, G(x,x’) is actually the
Green’s function which contains information about the correlations of the system. It
can also be interpreted as the electrostatic interaction between two Ze test charges
located at x and x’ in the presence of the fluctuating ions in the bulk. (Note that in
the limit ¢ — 0, G(x,x’) reduces to the usual Coulomb’s interaction.) The solution
to Eq. (2.12), which decays to zero as r — oo, is given by the Yukawa potential

B ArZ%lp
- x—x]

G(x,x) e re X=Xl (2.13)

1

with decay length k. Hence, this test charge is screened by the induced charges

which surround it. The screening length r; ! associated with this property is

N

fg = (SWZBZQCS)_ ) (2.14)

which plays an important role in the classic work of Debye and Hiickel[3]. Physically,
due to accumulation of oppositely charged particles (an ion cloud) near the test
charge, the magnitude of its charge is screened and the potential decays exponentially
with distance. For 1 mM of monovalent salt ;' ~ 100 A.

The modification of the self-energy (correlation energy) of a particle of
charge e, when it is brought into an electrolyte solution (assuming monovalent, for
simplicity), is given by half the difference between the Yukawa potential and Coulomb
potential in the limit of zero separation:

g .. e st ] ks
ﬁ%:2}%[ , —T]:—BQ . (215)

Each particle in an electrolyte contributes this correction to the thermodynamic

internal energy, and thus the change in the internal energy density is

Bk K3
Ay = —2¢q == 2.16
fhu = —2¢, 20 = 5 (216)
Using the standard thermodynamic identity
0
Au= < [3Af] (2.17)

o8
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with the condition that Af, — 0 as T' — 0o, we obtain the electrostatic contribution

to the free energy:

A u

s = — kT —> 2.1

f kel 15 (2.18)

This is the well-known result obtained by Debye and Hiickel[3, 4]. Note that its
3/

dependence on density is f ~ cg 2, which differs from the ¢? dependence in the usual
virial expansion for short-ranged interactions.

Similar to the virial expansion, the Debye-Hiickel theory is valid as long
as the kinetic energy is much greater than the interaction energy among particles.

Defining a dimensionless parameter by the ratio of the potential to kinetic energy:

r= lﬁ:chi/i‘, (2.19)
ag

1/3

where ag = ¢s /° is the mean inter-particle separation, we expect that Debye-Hiickel

theory is valid if I" < 1. Alternatively, we note that the parameter defined by
g=rslp ~ T3/ (2.20)

is inversely proportional to the number of particles N, contained within the “Debye”

sphere, i.e. whose radius equals the screening length:

1
Ny, ~ K35 ~ —. (2.21)
g

Hence the weak coupling condition g < 1 is equivalent to the requirement that
the number of charges within the screening volume be large, although I' < 1 indi-
cates that charges must be dilute. In this case, the Debye-Hiickel theory captures
correlation effects to the leading order and perturbation theory is a controlled ap-
proximation.

In the vicinity of a charged surface with charge density o, a neutralizing
counterion (assuming monovalent) in the solution experiences an (unscreened) elec-
trostatic attractive force of magnitude 27nig(o/e) kpT. The Gouy-Chapman length
at which the thermal energy balances the electrostatic energy is given by|[5]

P

. (2.22)
wlgo



12 CHAPTER 2. THE POISSON-BOLTZMANN THEORY

It defines a layer within which most of the counterions are confined. For a moderate
charge density of o /e ~ 1/100 A=2, Xis of the order of a few angstroms. To estimate
the validity of PB theory for charged surfaces, we note the counterions may be
considered as an ideal gas with density n ~ o/(e)). This implies that k2 ~ nig ~
1/A2, and so g ~ lg/). Thus, we expect that the PB theory is good when Ig/\ < 1.
Note that this condition is not satisfied for highly charged surfaces.

2.2 Derivation of the Poisson-Boltzmann Equation

In this section, we derive a functional integral representation of the grand
canonical partition function for a system of interacting mobile charges in the pres-
ence of an external charged surface. To understand what “mean-field” means, we
rigorously derive the Poisson-Boltzmann equation as a saddle-point equation to an
exact field theory. For simplicity, we only consider a system of N point-like particles
of charge —Ze and a fixed external charge density o(x) = en(x) at surfaces. The
energy for this system is
1 N

= o(x)), (2.23)

J=1

N
BEN = Z%1g )

j>k|xj_xk|

where ¢(x) = Zlp [ d3x’ % is the “external” field. The partition function for this

system is

N 3
Zn[d] = % 11 /da’;’“ exp (—BEN), (2.24)
t k=1

where a is the molecular size of the counterions. To map the partition function
Eq. (2.24) into a field theory, we perform the well-known Hubbard-Stratonovich
transformation[6], which is just a Gaussian identity for N variables:

_1 CAL i Cas
5 2 Vi AL NS drje? 2k ¥ Ak okt Y w5y
e 2 gk YIS Yo _ 220 oS

= 00 e 225
§V 1 f x] % ik jAjk Tk ( )
II = (i E : x
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First noting that
3
1 :/ d’q ge—iq(xrxw (2.26)
| %) — % | (2m)% ¢? ’
the first term in Eq. (2.23) can be written as
3 2
>k | Xj— Xk ‘ i>k
_ /dgq“ZQZB Ly iaty ) N
(2m)3 @2 2 2
1 d3q
= —N - v — 2.27
Vot 5 [ gy @V ae(—a). (2.27)

where e(q) = SN 9%, V() = #4ln, and Vy = [ &8 Lt

CERR Using the
Hubbard-Stratonovich transformation Eq. (2.25) to obtain

1 [ E% @ V@ e-a)

No H /dzb(q) { =/ (2@3 Y@V~ ()¢ (~a)
q

% +Z f (27\')3 q)}’ (2.28)

where Ny = [det(V~1)]~'/2, and noting that the second term in the exponential is
d*q P9 i -
./ (277) Z / (= Zjl Y(xs),
ji
the partition function Eq. (2.24) can be cast into
3x
ZN[(Z5 :NON'H/ ]H/dw

2 f(zﬁ)i‘s ¥(a )P(—a) +1 Zk:l (xk +Zk 1 P(xk)+NVo

1 \a 1
= N N H /dd)(q) { 3/ (2,r>3¢ QV~H@)¥(—a)
q

PX i)+ Vo6 "
X / 3 . (2.30)

(2.29)




14 CHAPTER 2. THE POISSON-BOLTZMANN THEORY

In the grand canonical ensemble, a chemical potential p is introduced:

e}

Zulol = 1" Znl9) (2.31)

N=0

= M]] /dw(q -4 [ v
q

“Hq)y(—q +f x i (x)+o(x)+Vo+n

The first term in the exponential can be further simplified by noting that

2

3
;/(;l;;g,lﬁ(q)v—l(q)w(—q) = 47r;2z3 b(—q)
- 8wz2zB/d3X¢(X) [~V 4(x). (2.32)

Therefore, we obtain a functional representation [7] for the grand partition function

with the action S[y, ¢:

Zule] = Mo /791/, ¢—Stwdl, (2.33)
slidl = - [ {3060 -vIu00 - e b )
where (g = dnlpZ?, k* = colp, and ¢y = eu;VO

Now, we show that the saddle-point for the action S, i.e. % = 0, cor-
responds to the mean-field Poisson-Boltzmann equation. Using the Euler-Lagrange
equation, we have

V2 (x) + irZePo)+ex) — g, (2.35)

Defining p(x) = —itho(x) — ¢(x), Eq. (2.35) becomes

V2p(x) + rPe #X) = —V2¢(x)
= —n(x). (2.36)

This is the Poisson-Boltzmann equation, which has been obtained in Sec. 2.1, based

on physical arguments. It is also interesting to note that the Poisson equation

V{(i(x)) = g {c(x)) (2.37)
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with the (mean) counterion distribution

(e(x)) = 229 W — cp (€000, (2.38)
follows exactly from the fact that the functional integral of a total derivative must
vanish, <%‘(Sx)> =0:

V2 (itp(x)) = 2 (W 0O+00 ) (2.39)

2.3 Electrostatics of Charged Surfaces

In this section, we solve the PB equation for planar geometries — systems
of charged planes with their neutralizing counterions — to illustrate some physical
aspects of the many-body problem of charged particles within a mean-field approach.

Consider an infinite array of parallel uniformly charged planes immersed
in an aqueous solution containing only counterions. Due to in-plane translational
invariance, the PB equation for these problems is essentially one dimensional and
thus the normalized electrostatic potential ¢(x) and counterion density c¢(x) depend
only on the axis perpendicular to the charged planes — say z. With this in mind, the

PB equation can be written as

d®p(2) 2 —p(z) _ B
== : 2.4
1.2 + k%€ 7 n(z) (2.40)
In the region where the external charge density n(z) is zero, the homogeneous PB
equation
d290(z) 2 _—p(z
T e #(2) = 0 (2.41)

can be solved exactly by the “energy” method. Multiplying both sides by ?Tf and

integrating, we obtain a constant of “motion”

2
E = % <Zf) — k¥, (2.42)

The solution to the PB equation can now be obtained by solving the following integral

(2.43)

®
z2—2 =4 / do .
@’ \/2(E+ HQC_SD)
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Figure 2.1: A schematic picture of a single charged plane immersed in an aqueous
solution containing counterions. The Gouy-Chapman length X is defined in Eq.
(2.50)

It turns out that depending on whether £ > 0, E =0, or E < 0, the solutions given
by
In [’j; sinh? \/g(z - z’)] it £ >0,
p(z) =4 In5 (2 —2) if E=0, (2.44)
2

In |f cos? |E(z—z’)] if £ <0.

correspond to different boundary conditions as imposed by the external charge den-
sity n(z). In addition, using Eq. (2.38), the counterions distribute in space according

to

o(z) = cge ?), (2.45)

at the mean-field level. In the following subsections, we will discuss a few specific

physical situations to which these solutions apply.
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2.3.1 A Single Charged Plate

For a single charged plane located at z = 0, i.e. n(z) = nyd(z) = (c/e) i(2),
immersed in an aqueous solution containing only counterions (see Fig. 2.1), the
boundary condition is obtained by integrating the PB equation (2.40) over z in the
range —e < z < € and taking the limit ¢ — 0:

dp(2)
dz

olp
= 7B, (2.46)
2=0 27e

Since the counterion density must vanish at infinity, i.e. p(z) — 0 as |z] — oo, we
must choose the E' = 0 solution given in Eq. (2.44). When normalized, i.e. ©(0) =0,

the electrostatic potential can be written as

K|2]

o(z) =21In (1 + \/§> . (2.47)

Matching the derivative of this solution at the boundary, Eq. (2.46) leads to

olp

K= )
22 Ze

With this constant determined, the solution to this problem is uniquely specified by o.

(2.48)

Note that due to the screening of the counterions, the potential p(z) is logarithmically
divergent as |z| — oo, in contrast to the linear divergence for a single charged plane

without counterions. Furthermore, the counterion distribution

c(z)= —2 = 2 (2.49)

(1 " mf (5 (2| + N)?

V2
decays to zero algebraically, instead of the exponential decay naively expected for an
ideal gas in an external field. As noted in Sec. 2.1.1, there is a characteristic length

given by
V2 _4Ze e

A _ 22t
K bpo wlpZo’

(2.50)

in the counterion distribution. This Gouy-Chapman length defines a sheath near the

charged surface within which most of the counterions are confined. Typically, it is
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on the order of a few angstroms for a moderate charge density of o ~ e/100 A2
and monovalent counterions. Note that since A scales inversely with ¢ and linearly
with T, at sufficiently high densities or low temperature, the counterion distribution
is essentially 2-dimensional.

The (mean-field) free energy per unit area of this counterion gas may be
estimated by noting that they form an ideal gas with a 3D density ¢ ~ ng/(Z\),

which is confined to a slab of thickness \

Bfo~clnfca®] X = % In (ngi:s) . (2.51)

To compute the free energy rigorously, we return to the field theory formulation of
this problem presented in Sec. 2.2. Let us start with the zero-loop effective action,

which is the action S[¢, ¢] in Eq. (2.34) evaluated at the saddle point solution ) (x)
1 L. : 11)p (x X
0 =~ [ @ {Givnt 7200 + et k(252

where i10(x) is related to the PB solution by ¢(x) = —itpp(x) — ¢(x). Note that
although Sy[¢] expressed in terms of i1)y(x), Sp[¢] is actually independent of i1 (x)
because it satisfies the saddle point equation (2.35). In terms of ¢(x) and the mean
field counterion distribution ¢(x) in Eq. (2.49) for the one plate problem, Sy[¢] can

be rewritten as
_ /di”m . /d3 x)+2ex)].  (2.53)
Using the Legendre transformation:
le(x)] = Sold] + [ d*x6(x) elx), (2:54)
we obtain the Grand potential for the counterions
/ d3x ¢(x) — = / d>x ) + 2¢(x)], (2.55)

and the Helmholtz free energy is related to the Grand potential Q[c(x)] by another

Legendre transformation involving the chemical potential:

BEFy = Qole(x)] + u/d3x c(x). (2.56)
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Using the fact that

0 2
/ dz p(2)e(z) = 220, (2.57)
oo Z
and the chemical potential p can be solved from its definition
ehtVo 2 noa®
= = Vy+1 2.58
ad KB - M o+1n < YAUE ( )

where 1} is the (infinite) self-energy, the free energy per unit area is

noVo a*\ 2n9 1
ﬁfo——7+f1 <2Z/\> — +§ /dqu(z)c(z). (2.59)
Now solving for the external field ¢(x)
V2= "CE5() — o) =Up~ "2 E|2 (2.60)
Z 07 oz P ‘

where Up is an arbitrary constant and evaluating

2n0 2n0 o0 2
/ dz9(z) po(z) = 7 Uo = /d T Z+Z[U°_/1 d%]v

we note that the second term in the parentheses is logarithmic divergent, which can
be canceled by the arbitrary constant Up. Putting these results together, the free

energy per unit area is

3
__M 704, (oA ) _ o
Bfo= ZVO+ZIH<QZ)\> 7 (2.61)

Apart from the infinite self-energy term, which will be canceled below in Chapter 4,
when we consider fluctuation corrections to the PB solution, Eq. (2.61) agrees with
Eq. (2.51) above and indeed has the form of the free energy of an ideal gas. Note

that A in the logarithm indicates the effect of mutual interaction of the counterions.

2.3.2 Electrostatic Interaction between Two Charged Plates

In this section, we shall use the PB equation to derive the electrostatic

potential, counterion distribution and the pressure between two charged plates as
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Figure 2.2: A schematic picture of neutralizing counterions confined between two
charged plates.

illustrated in Fig. 2.2. We treat both cases of similarly charged and oppositely
charged plates[8].

Following Ref. [2], we derive a general expression for the pressure associated
with counterions confined between two charged plates. The pressure is defined by
the variation of the free energy with respect to the inter-layer distance d:

1 OF

P(d) = “ 4 9d’ (2.62)

where Ag is the area of the plane and F' is the Helmholtz free energy given by

1
BF = / d*xe(x) [Ine(x)a® = 1] + - / Px [V ()], (2.63)
B
where a is the ionic size of the charges, the first term is the entropy of the counterions,
and the second is the electrostatic energy of the system. Defining a normalized
electric field

do
=t 2.64
& 7 (2.64)
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and using Eq. (2.40), the counterions density ¢(z) can be rewritten as

1 d€

=— — 2.
o) = 1 5 (2.65)
in the region where n(z) = 0. Note that the boundary conditions for £ are inde-
pendent of d. Therefore, rescaling £ = z/d, the free energy can be re-expressed

as

1/t & dé a? &2
BF/A0 = ;- /0 dé { P [m <d€ M) 1)+ Qd} . (2.66)
Using Eqs. (2.62) and (2.42), we find
kT [t (€2 1dE\  keT
P(d) _EB/O d5<2—dd£> -k (2.67)

We arrive at a simple result that the pressure is proportional to —FE; hence, the
solutions obtained in Eqs. (2.44) for E > 0 and F < 0 describe, respectively, two

plates attracting and repelling each other. We may have anticipated this result since

E in Eq. (2.42),
2
gt <d90> _ k2o,
2 \dz

can be interpreted physically as the difference of the electrostatic stress and the
thermal pressure of the counterions (~ ¢(z) kpT'), and hence the resulting pressure
between two plates.

The boundary conditions for two charged planes with surface charge densi-

ties 04 at z =0 and op at z = d as shown in Fig. 2.2 are

de(2) dp(z)

dz

oalp d
=—— an
=0 Ze dz

oplp
—- BB (2.68)
2=d Ze

First, we consider the case E > 0; using Eq. (2.44) and the boundary conditions, we

E E , oalp
\/§C0thU§Z =57 (2.69)
FE FE oplp
\/ = coth /= (d— ) = — : 9.
2(:ot 5 (d—2") 57 (2.70)

obtain
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Figure 2.3: The phase diagram of two charged plates. The solid line represents d* in
Eq. (2.73). y=0B/0A.

Using a standard identity to expand the left-hand side of the latter equation, we find

that F satisfies a transcendental equation:

1 B 2 lp(ca+o0B) |E )

Similarly, for £ < 0 we find

1 (g\? Ilp(os+op) [|E| |E|
E| =~ s RE=ASEL TN VA bl TR R 2.72
Bl = 30405 (Ze) + Ze 2 "\ 2 (2.72)

Interestingly, the E = 0 solution, in which the pressure between plates is zero, can

be achieved at the equilibrium distance d* as determined by the £ — 0 limit of Eq.

(2.71):
27 1 1
A ( + ) . (2.73)
fp \os OB
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The phase diagram depicted in Fig. 2.3 summarizes the physical picture
of the PB theory for the two plates problem. For large separations, d > d*, the
counterions is dilute and the electrostatic attraction dominates'. On the other hand,
when the separation is small d < d*, the counterions are dense and thermal pressure
dominates. When d = d*, electrostatic and thermal pressure balance out, leaving
Zero net pressure.

It is clear from Eq. (2.73) or from Fig. 2.3 that zero pressure can be achieved
only when op/o4 < 0, i.e. two plates are oppositely charged. As a corollary of this
observation, PB theory predicts that two similarly charged plates never attract! This
conclusion is general and has been proven within PB theory rather rigorously for
other geometries as well[9]. To obtain quantitatively the repulsive pressure between
similarly charged plates, we restrict ourselves to the case of 04 = op = ¢. In this

limit, Eq. (2.72) simplifies to

[|E|d [E| d d

Let us first consider the large distance limit, d > A, and note that @ g approaches

to a limiting value of § or F' = —2dl22. Using Eq. (2.67), we obtain P(d) = 575 f;;;'

In the opposite short distance limit, d < A, we expand the tangent to obtain £ =

—8/(A\d); Hence, P(d) = # l];B/\Z' Therefore, we obtain the following regimes for

the mean-field repulsion between two similarly charged plates:

kgT/lgd?, for d > ),
P(d N{ BT/ls o (2.75)

k‘BT/(lB)\ d), for d < .

In Fig. 2.4, we plot the pressure as a function of d by solving Eq. (2.74) numerically.
To understand the results from PB theory physically, we first note that the pressure
is independent of the electrostatic field in between the two charged surfaces, as a

consequence of the fact that there would be no electric field in this region if there

'Note that in this regime, the two plates are oppositely charged since op/04 < 0 in order to
satisfy Eq. (2.71).
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Figure 2.4: The mean-field repulsive pressure as a function of d; Py = 2"Zk£\T. Inset:

a plot of the counterion distribution for d/\ = 2.5, where ¢, = 20/(Ze)).

were no counterions between them — the field emanating from one surface is canceled
exactly by the other. The spatial non-uniformity in the counterion distribution
(see the inset in Fig. 2.4) stems from their mutual repulsion and their entropy of
mixing. Furthermore, the surface charge density ¢ only determines the total number
of counterions in the gap by charge neutrality. Thus, the pressure is simply the ideal
gas pressure of the counterions. Indeed, since the symmetry of the problem dictates
that the electric field must be zero at the mid-plane, the pressure is proportional to

the counterion density at z = d/2:
P(d) = kT c(d/2). (2.76)

This observation helps to understand physically the distance dependence of the

mean-field pressure in Eq. (2.75). For small distance d < A, the counterions dis-
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tribute uniformly in the gap; thus, c¢(d/2) ~ o/(Zed), implying P(d) ~ d~!. For
large distance d > A, the counterion concentration at midplane can be viewed as a
single plate density with z replaced by d in Eq. (2.49): ¢(d/2) ~ o\/(Zed?), imply-
ing P(d) ~ d~2. Finally, we remark that since P ~ 1/Z, the mean-field repulsions
for higher valence Z are reduced in magnitude, due to the collective behavior of the

counterions.

2.3.3 Manning Condensation

In this section, we solve the PB equation with cylindrical symmetry. As it
turns out, this symmetry gives rise to an interesting phenomenon, namely, Manning
condensation. It is associated with the counterion distribution of a highly charged
rigid polyelectrolyte[10]. Intuitively, it can be essentially understood as follows. Con-
sider an infinite charged rod with a radius R and counterions distributed outside the
rod, r > R (r is the radial distance), which is depicted in Fig. 2.5. The electrostatic

potential arising from the charged rod with a linear charge density of 1/b is

6(r) = 22 n(r/R), (2.77)

and the counterion density can be estimated by using the Boltzmann distribution:
n(r) ~ e ), (2.78)

Now, consider the number of counterions contained in a cylindrical shell of radius

Ro .
Ro Ro

R
Q(Rp) = 27r/ rdrn(r) ~ /R ’ drrt=%m  p2(1=Em) = (2.79)

R

where we have defined &,,, = I5/b, the Manning parameter. There are two distinct
asymptotic behaviors of Q(Rp) in the limit Ry — oo. If &, < 1, Q(Rp) grows
with Ry and counterions escape to infinity. On the other hand, if §,, > 1, Q(Ry) is
independent of Ry in the limit Ry — oo, and therefore, counterions are bound. This

phenomenon is called Manning condensation.
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Figure 2.5: A schematic picture of a single infinite charged rod with a surface charged
density ¢ immersed in an aqueous solution containing counterions. Its radius is R

To obtain the behavior of the electrostatic potential and counterion density,

we need to solve PB equation in cylindrical coordinates,

d2(p(74) 1 ng(?”) 2 —p(r) _ {po
e . + ke 7o d(r — R). (2.80)

This equation belongs to a general class of solvable partial differential equations
known as Liouville’s equation. In connection to the present problem, its solution was

first obtained by Fuoss et al.[11]. Making a change of variable
z = Rln(r/R), (2.81)
for r > R, Eq. (2.80) can be written as

2
d CZ(;) 4 k2e—e@)+20/R _ g (2.82)

It can be seen that the shifted potential ¢(x) = ¢(x) — 22/ R satisfies the planar PB
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equation in Eq. (2.40), but with a slightly different boundary condition

deo(x)
dx

fpo 2
= — — —. 2.83
=0 Ze R ( )

Since the counterion density must vanishes at r — oo, we choose the E = 0 solution,

just as in the case of a single charged plane:

#(z) = 2In (1 + 'j/‘;i) . (2.84)
Matching the boundary condition yields
“::;2(%2'_;>’ (2.85)
which is, however, fundamentally different from the planar case. If the charge density
o is sufficiently low, in other words
{gRo
Ze

<2, (2.86)

so that x < 0, the solution (2.84) clearly makes no sense.
In this case, we have to make a new assumption that £ = 0 in the cylindrical
PB equation (2.80), as if there were no counterions, to obtain the bare logarithmic
potential
o(r) =2&y, In(r/R), (2.87)
where we have defined the Manning parameter

¢ _lsRo _Zlp
™ 9Ze b

(2.88)

and b is the average distance between charges (or inverse of the linear charge density).

Therefore, the full solution for the charged rod problem is

= { 2&, In(r/R), for &, <1, (2.89)
2In(r/R) +2In{l + (&, — 1) In(r/R)} for &, > 1.

We note that when &, > 1, the electrostatic potential for r > R behaves like

o(r) ~ 2In(r/R), (2.90)
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Figure 2.6: Counterion distribution for a single charged rod. Inset: Effective Man-
ning parameter &qg.

which is essentially independent of the charge density. Thus, in this case, some of
the counterions are loosely “bound” to the rod, partially neutralizing its charge, so
that the effective distance between charges b* is of the order of the Bjerrum length

lp, independent of the bare value of b. Defining the effective Manning parameter by

Em for &m < 1
Eeft = (2.91)
1 for &, > 1,

as plotted in the inset of Fig. 2.6, the large distance behavior of the electrostatic

potential can be conveniently expressed by

o(r) ~ 2&gn(r/R). (2.92)

Finally, The counterion distribution for &, > 1 can be obtained by applying Eq.
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(2.45). This result is

2 (6m — 1)?
T [t G - DI(/R)

(2.93)

e(r)

as shown in Fig. 2.6 for &,, = 2. We note that ¢(r) is independent of &, for large r.
In contrast, for &, < 1 all the counterions are at infinity since ¢y = 0, as assumed

earlier.

2.4 Electrostatic Contribution to Bending Rigidity

As a final application of PB theory, we shall briefly discuss the electrostatic
contribution to the elastic constants of a stack of charged membranes[12]. This sit-
uation arises from charged surfactants dissolved in water. Under suitable conditions
they form lamellar phases, consisting of a stack of alternating amphiphilic bilayers
and water regions|1, 2]. The curvature elasticity of these flexible membranes are well

described by the Helfrich free energy|[13]
_he 2
fcur—?(H_ HO) +HGK7

where H and K are the mean and Gaussian curvature, respectively, x; is the bending
modulus, k¢ is the Gaussian bending modulus, and Hj is the spontaneous curvature.
As summarized in the Appendix, the electrostatic contribution to the bending moduli
kp and kg can be identified by expanding the electrostatic free energy up to the
second order in curvatures H and K and comparing with the Helfrich free energy
of the same geometry. In order to calculate the changes in the free energy of these
charged layers, the PB equation for curved geometry must be solved for a unit cell
of the repeating array of membranes. Thus, we consider counterions confined in
between two concentric charged cylindrical shells of radius R, and Ry(> R,), as
shown in Fig. 2.7. Note that by restricting to the cylindrical geometry, we can only
obtain the bending rigidity xj, since the solution to the PB equation for spherical

geometries is needed to extract kg, which is not analytically known. The PB equation



30 CHAPTER 2. THE POISSON-BOLTZMANN THEORY

Figure 2.7: Two concentric charged cylindrical shells with counterions in between.
This geometry is used to determine the bending rigidity k.

in cylindrical geometry reads

Po(r)  Lde(r) | 5 _up) _ IBo
dr? r dr the - Ze

{0(r = Ry) +6(r —Ry) }. (2.94)

Using the same transformation as in Sec. 2.3.3:

{ x = Rln(r/R); (2.95)

p(x) = p(x) — 2z/R,

the transformed potential ¢(z) satisfies the planar PB equation Eq. (2.41) with the

boundary conditions

d@(ZE) . d ) fBO' 2 .
dr |-, N (1 2R) Ze R’ (2.96)
dp(z) ( d > lpo 2
= —(1+ )2 = 9.
A p— + 2R) Ze R’ (2.97)
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where R = (R, + Rp) /2 and d = R, — R,. From the general solution obtained in Eq.
(2.44), we must choose the E < 0 solution

E
o(x) =1n lcos2 \/ ‘2’($ - x')] , (2.98)
from which the constant |E| can easily be obtained using the boundary conditions:

E
|2’ 2R tanh™!(d/2R)

Ze 2

2

|E| (830)2 1 < eBad)2 (go ||E|
L D o oni I— | =
2z¢) "R\ T aze cot

(2.99)
We can now use Eq. (2.63)

1

BF = /dgx c(x) [ln c(x)a® — 1} + 2%,

[ dx (900l

to calculate the free energy per unit area:

Bfa = (Bl /t5) ~ 2] + jf (]E\ + ;2) tanh~(d/2R)
- Zie [p(Rp) + ©(Ra)] — ij (1 - %) [©(Rp) — @(R,)]. (2.100)

To deduce k., the electrostatic contribution to the bending rigidity, we expand the
electrostatic free energy in powers of the inverse of the mean radius R up to second
order, while keeping d fixed. Substituting the expansion

E e e
’2’260+1%+R22+'” (2.101)

into Eq. (2.99) and expanding it in powers of 1/ R, we obtain the following coefficients

up to second order in 1/R by equating terms of the same order:

ep = a% + 2ap+/eq cot \/eod; (2.102)
e;. = 0; (2.103)
2a9a? + d3(a + eg)?/12
(a% + eo)[2a0 + d (a3 + eo)]’

€y = —260 (2.104)
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where ag = lpo/(2Ze) =2/X\, a1 = 1+{lpod/(4Ze) = 1+d/\, and A =4Ze/({po) is
the Gouy-Chapman length. We note that e satisfies the same planar transcendental
equation in Eq. (2.74) and the first correction to |E| is of the order of 1/R?. Fur-
thermore, the potential at the charged surfaces at R, and Ry, ¢(R;) can be written

as

R)? d
4 (@0 Fai/R) +2ln(12|2>. (2.105)
2R
The free energy Eq. (2.100) can be systematically expanded
fi  fa

= LA 2.1
fao=fo+ T+ psto, (2.106)
with
20 2epd
= =2 Im[2a34 2 2)] — 2 0. 2.1
B = o {24+ eoV)/(EsX)] = 2} + 5 (2.107)
Bfi = 0; (2.108)
1 4&062 €0d3 < 4&0&1 )
= — 2d(1 —2ay (2d—
/BfZ EB [ €o + 6 + ( +62) ag eo—l—a%
d2 2 2(,2 _ 9 2
2 <_ a= ai (ag 6;0) + apc2 . )] . (2.109)
2 (ad + €o) eo(eo + agj)

The first term fy is the electrostatic free energy for two interacting charged plates.
The term of order 1/R vanishes, due to a cancellation of the contributions from the
two charged surfaces. The bending modulus is then given simply by k¢ = 2fo and

after some algebra, the final result reads[14]

d 2d eqd?
a [$0+3 ) - <e°d2 +1>] (2.110)

Kel = 4 kpT —
15

Grvef D

We first note that this contribution is positive; hence electrostatics make a charged

membrane harder to bend. Although Eq. (2.110) is valid for all densities, the most

2

interesting case is the strong coupling limit in which d > X, egd? ~ 72, and ke is

kgT d /1 T
~EBL 42 T 2.111
el = " (7r 12) (2.111)

given by
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The bending rigidity in this case is proportional to kg7 with an additional factor
of l;l, which indicates the role of entropy in determining the spatial distribution of
the counterions; if T — 0, there would be no resulting contribution to the bending

energy, since all the counterions collapse onto the charged surfaces.

2.5 Conclusion

In this chapter, we have studied the mean-field Poisson-Boltzmann theory
to understand the interaction of charged surfaces. An interesting aspect is that
the counterions may or may not be confined near the charged surface, depending
on geometry of the problem. For a charged plane, counterions are always confined,
while for an infinite charged rod, condensation depends on the linear charged density.
Moreover, PB theory always predicts repulsion between like-charged objects, which
may not be the case for highly charged surfaces as recent experiments suggest. This
may be attributed to the fact the PB theory neglects correlations among counterions.
Indeed, for highly charged surfaces, we have A < [ which, as we have argued, signals
the breakdown of PB theory. In this limit, fluctuations and correlations about the
mean field potential become so large that the solution to the PB equation no longer
provides a reasonable approximation. The next two chapters describe how to go

beyond PB theory by incorporating fluctuations.
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Chapter 3

Effects of Charge Fluctuations

3.1 Introduction

As we saw in the last chapter, PB theory provides a mean-field description
for charged systems. Among other things, it predicts that for a single charged surface,
the counterions are essentially confined to a thin layer defined by the Gouy-Chapman
length A. Note that A\ scales inversely with surface charge density o. At sufficiently
high charge densities, A\ < L, where L is some characteristic length scale of the plate,
the “condensed” counterions can be considered as a quasi-two-dimensional ideal gas
(see Fig. 3.1). On physical grounds, we expect that at sufficiently low temperature
the fluctuations of these condensed counterions about a uniform density give rise to
new phenomena. Indeed, simulations [1] show that the effective force between two
like-charged rods and planar surfaces actually becomes attractive at short distances.
These surprising results shed new light on the understanding of the electrostatic
adhesion between cells [2] and the puzzling problem of DNA condensation [3]. In
this chapter, we model the condensed counterions and charges on the charged surfaces
effectively as a 2D Coulomb gas interacting with a r~! potential and examine the

effect of their in-plane fluctuations.
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Figure 3.1: For highly charged surfaces, counterions are mostly confined within a
layer so thin that they might be considered “condensed”. Charge-fluctuations of
these counterions can be described by the 2D Debye-Hiickel theory.

3.2 Debye-Hickel Theory in 2D

Consider an equal mixture of oppositely charged point-like particles with
number density ng confined to move on a 2D surface. This “salty” surface model re-
sembles a mixed charged lipid membrane or a highly charged plane whose counterions
are restricted to a nearby layer so thin that their fluctuations may be considered as
two-dimensional. The effective Hamiltonian for the system is the sum of the entropy

of the charges and the electrostatic interaction energy among them:
fHe = Z/d2r n;(r ln[nl( ) _1 lB Z/dQ /d2 s 1 (1) ( )
r — r|
_ lB/d2 /d2 /”-i-( )n—(r') (3.1)

v — |

where r is the in-plane position vector, a is the molecular size of the charges, Ip =
% is the Bjerrum length, € is the dielectric constant, f~! = kpT, kg is the
Boltzmann constant, 7" is the temperature, and n;(r) is the coarse-grained two-
dimensional density of the charges of species ¢. The domain of the integral in Eq.

(3.1) spans the entire surface. In order to calculate the change in the free energy due
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to fluctuations, we assume that n;(r) = ng+ dn;(r) and expand the electrostatic free
energy to second order in dn;[4]:

d(r — 1)

s | 000030, (3.2)

1
BSHo = = / d%d%’{ b
2 — 1/

lr
where 00 = dny — dn_. The first term in the bracket is the Coulomb interaction
of the charges. The second term comes from the second variation of the ideal gas

entropy of the charges. The change in the free energy is obtained by summing all

fluctuations weighted by the Boltzmann factor:

AF = —kgT In {/Da(r) exp [—ﬁd?’lel]} . (3.3)

It should be mentioned that Eq. (3.3) contains a divergent self-energy term which
has to be subtracted out. This means that we have to discard the first two terms in
the expansion for [ — 0, as can be seen easily by considering the zero-temperature
limit. As T — 0, the free energy is reduced to the electrostatic energy which is first
order in [g. Since the self-energy is just a constant independent of temperature, it
must be linear in [p. In the following, we use this formalism to study effects of charge

fluctuations.

3.2.1 Charges in a Plane

For the case of charges confined to a plane 0H,; in Eq. (3.2) can be di-
agonalized by Fourier transform and is quadratic in do. Performing the Gaussian
integrals in Eq. (3.3) and subtracting out the self-energy term, we obtain the free

energy per unit area due to fluctuations [4, 5]

kgT [ d?q 1 1
Afog = —— Infl+ —| —— 3.4
fa =75 (2m)? { ! { " q)\D] g D }7 (3:4)
where 1/Ap = 4mnylp, which scales like the Gouy-Chapman length, is a length scale
analogous to the Debye screening length in 3-D. Note that Eq. (3.4) is ultravio-

letly divergent because of the infinite energy associated with the collapse of opposite
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charges. Thus a microscopic cut-off is necessary. In Ref.[6], the author shows by
partial summation of the Mayer series that the resulting free energy is convergent
and indeed equivalent to a microscopic cut-off. Eq. (3.4) can be evaluated to yield
the electrostatic correction to the the free energy per unit area[7]:

_ kT
SWA%

Afoq = In(Ap/a) +---. (3.5)

Note that this correction contains a logarithmic term, in contrast to the DH theory
in 3-D, where the change in the free energy per unit volume obtained in Eq. (2.18)
is
Afg~—kpT A2+,
where \s = k5 ! is the 3D screening length.
It is interesting to consider the charge correlation function (do(q)do(k)),
which can be deduced from 0H, in Eq. (3.2) with the help of the equipartition

theorem:
210 qAp

1+q\p
In real space, (do(0)do(r)) can be interpreted as the 2-D charge distribution given

(50(q) o (k) = (27)%6(q + k) (3.6)

that a point-charge is located at the origin. Fourier transforming Eq. (3.6), we have

0(r/AD)
<50’(0) (50(r) > = 2n05(r) — m, (37)
where the function 79(x) defined by
> yJo(y)
A : 3.8
n@) = [ ay i (3
where Jy(x) is the Bessel function, has the following asymptotics
l+x(InZ+C)—22+0(?), forz<l,
() =1 g 2 )6 (3.9)
P—F—FO(CU_ ), fOI'.fL'>> 1,

where C' is the Euler’s constant. The charge distribution decays algebraically for

large distances away from the test charge, in contrast with the DH in 3D, where
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screening charges decay exponentially with distance from the test charge. Thus,
physically, the second term in Eq. (3.7) represents a cloud of induced charges, whose
charge distribution consists of a multipolar expansion. This point will become clear
when we consider the 2D Debye-Hiickel equation.

Closely related to the charge correlation function is the Green’s function
Ga4(x,x’) of the 2-D Debye-Hiickel equation

924 25(2) | Gualox) = Arlablx - ). (3.10)
D

This equation may be derived from the same argument leading to Eq. (2.12), and the
second term in the bracket takes into account of the fact that charges are confined
on a plane. We note that due to in-plane translation invariance, the Green’s function

Go4(x,x’) can be Fourier transformed in the directions parallel to the plane:

2

2, 2
—@-I-q —1—55(2) Gaa(z,72'5q) = dnlpd(z — 2'), (3.11)

where ¢® = ¢2 + qg . A physically transparent way to solve this equation is to split

Ga4(z,2'; q) into two parts:

Gaa(2,2'50) = Go(z — 2'50) + Gaa(2, 25 ), (3.12)
where
2 /
Go(z —2'5q) = ZZB Pl (3.13)

is the potential for a point charge, which satisfies

d2

12 Go(z — 2'5q) = 4nlgd(z — ). (3.14)

Substituting the decomposition into Eq. (3.10) and rearranging, we obtain

B 1
2wlgAp

Gad(2,2'1q) = Go(z — 25q) / dz" Gaa(z,2";q) 6(2") Go(2' — 273 q),

(3.15)
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which can be solved algebraically for Gog4(z,0;q):

2wl ; 2wl
Gaals,050) = o a0 ColE ) _ B

_ - —alzl, 3.16
QWZB)\D—FG()(O;C]) 1+qXp ‘ ( )

Physically, G24(z, 0; q) is the electrostatic potential at a distance z above or below the
plane due to a point charge located at origin. The in-plane potential is the Fourier
transform of Go4(z,0;q) at z =0,

2q o l
Ga4(r, 0) :/ (27:;2 e "M Gog(0,0;q) = 7BTO(7“//\D), (3.17)

where in the last line, we have made use of the function defined in Eq. (3.8). From
this result, we see that the screening is weak in 2D: the potential decays algebraically
as ~ 3 to the lowest order, similar to that of a dipolar field where Ap plays the role
of the dipole moment. Using Eq. (3.10) and Poisson’s equation Eq. (2.5), we can
calculate the probability of finding a charged particle at x given that a test charge
is fixed at the origin:

g(x,0) = _47rlzB V2G94(x,0) = §(x) — AQD 5(2) Gaq(x,0). (3.18)

In Fourier space, g(z,0;¢q) can be easily shown to be

6(z) 5 qAp

9(2,0;q) = 6(2) T o Do

(3.19)

which is indeed proportional to the charge correlation function (do(q)do(—q)), as
it should be. Finally, Ga4(z,0;¢q) can be substituted back into Eq. (3.15) to obtain

the full Green’s function

only (o e—aCEIHID)
Gonlz. '+ q) — ae=z| _ € 7T 3.20
2d(2,7'54) q {6 1+qlp (3.20)

The physical meaning of the Green’s function

d? - /
Gaa(x,X') = / (27:)12 e ) Qoy(z, 7' q), (3.21)
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is identical to the Coulomb potential — the electrostatic interaction between two unit
charges located at x and x’ in the presence of a “salty” surface. In particular, the
self-energy of a charged particle on the plane is related to the Green’s function by

1

d2
V=5 [ fgyz 90.0:0) (3:22)

from which the correlation energy for the “salty” surface follows:

2n d’*q
BE. = =2 G24(0,0;q) 2/ (3.23)

2 J (2m)? 2 gAp(1+ qAD)
Alternatively, this result can be derived from Eq. (3.4) using a standard thermody-

namic identity
0
B (8 fadl; (3.24)

therefore, the two formulations — charge-fluctuations and the DH equation — are
completely equivalent, as it should be. In the next two subsections, we compute the
fluctuation free energy for charges confined on the surface a sphere and a cylinder,

respectively.

3.2.2 Charges on a Sphere

For the case of charges confined on a sphere of radius R, after following a
similar procedure leading to Eq. (3.4), we obtain the free energy

kgT & R/)\D] R/AD}
fs (20+1) — ) 3.25
P~ 8rR2 Z + { [ 20+ 1 2041 (3.25)

It is easy to show that by setting k = [/R and taking the limit R — oo, we recover
the planar result. Equivalently we may write Eq. (3.4) as

kT [ R/Ap R/)\D}
— dl(20+1)4In |1 - :
87TR2/—1/2 (2 ){n[ +2l+1] 20+ 1

The difference fg, — faq, can be evaluated as an asymptotic expansion in 1/R using

foa =

(3.26)

the Euler-MacLaurin summation formula [8]

= [7 i@+ 5 GO+ SN+ 35 PO+ SN+, 320

12
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with f(I) = (20 + 1) In(2l + 1 + R/Ap). The result is:

B 11 kT
967 R?

In deriving the result above, we have regularized the integral in Eq. (3.26) and the

fsp - f2d =

In(R/Ap)+--. (3.28)

sum in Eq. (3.25) by an ultraviolet cut-off A. However, the leading term in Eq.
(3.28) is cut-off independent and those higher order cut-off dependent terms tend to

zero as A — oo.

3.2.3 Charges on a Cylinder

For the case of a cylinder, we obtain the free energy:

kT © 2 R R
= B dg = i |1+ 22 1, (qR)Km(qR) | — == Iy (qR) K ’
o= = [ o {14 5 R am)| = R |

(3.29)
where I,,, and K,, are modified Bessel functions of order m. The evaluation of
the integrals here is relatively difficult. However, we argue that f.,; — foq has the

following asymptotic expansion:

kT
487 R?

for R — oo. First, we note that the only relevant contributions to the g-integral in

Eq. (3.29) are sharply peaked at ¢ =~ 0 with width A ¢ ~ m/R. Hence, the Bessel

fcyl_ f2d: ID(R/AD)+a (330)

functions can be approximated by Ip,(¢R)Kn(gR) ~ 1/2m, yielding

. kBT R/)\D . R/AD 3
fcyl—wgom[ln <1+ o ) om :| +O(1/R ) (331)

Equation (3.30) can now be obtained by using the Euler-MacLaurin summation for-
mula with f(m) =mlIn(2m + R/\p).
3.3 Renormalization of Bending Rigidity

The problem of the electrostatic contribution to the bending constants of

charged membranes within the PB mean field approach has been briefly discussed
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in Section 2.4. The electrostatic renormalization of the bending rigidity turns out to
be positive; hence electrostatics augments the rigidity of a charged membrane. Here
we go beyond these PB approaches by assuming that the surface charge density ng
of the membrane is sufficiently high that the condensed counterions are confined to
a layer of thickness A < L, where A is the Gouy-Chapman length and L is the linear
size of the charged membrane.

As mentioned in Section 2.4, the electrostatic contribution to the bending
moduli k; and kg can be identified by expanding the electrostatic free energy up to
second order in curvatures H and K and comparing with the Helfrich free energy

Kb

5 (H — Ho)? + kg K

f

of the same geometry. Using the results from previous section, the renormalization

of the bending constants can be deduced from Egs. (3.28) and (3.30) to yield[9]

kpT
kgT

We thus find that the contribution to the membrane elastic constants due to charge
fluctuations is non-analytic. This kind of non-analyticity in the bending constants
exists in the literature in other situations, for example in a system consisting of a
membrane and rod-like cosurfactants[10]. In the present case, this non-analyticity
can be considered a signature of 2-D charged systems. Recall that the free energy
contains a logarithmic term as in Eq. (3.5). Therefore, it is not surprising to find
logarithmic corrections to the bending constants. Typically, for R/Ap ~ 10* — 106
the factor In(R/Ap) is of order 10 and thus Ax and Ak are of the order of kpT.
Secondly, we remark that both Ak, and Ak are negative, in contrast to
the mean-field PB contributions, where the renormalization of the bending moduli
are always positive and the Gaussian moduli may be negative in some cases. In a sys-

tem in which R/Ap > 1, Ak is large compared to the mean-field contribution and
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the membrane becomes more flexible. Therefore, charge fluctuations induce bending
of a charged membrane. The negative contribution of Axg from charge fluctuations
has interesting experimental consequences since strongly negative values of kg fa-
vor the formation of many disconnected pieces with no rims, like spherical vesicles.
Therefore, when the surface charge density is made sufficiently large, the membrane
might spontaneously form vesicles, due to fluctuations of condensed counterions.
Experiments [11] on charged surfactant systems support this conclusion.

The results presented in this section are particularly relevant to recent ex-
periments [12] where the authors find the formation of vesicles by mixing anionic
and cationic surfactants. In the regions of the phase diagram where vesicles form
spontaneously, the composition of each vesicle in oppositely charged species is almost
equimolar [13]. Two aspects of their experiment can be qualitatively accounted for
by the present model. They find, in equilibrium, large vesicles with R ~ 1000 Aand
substantial size polydispersity. Indeed, the vesicle free energy per unit area given by

11k T

0 2
ves — R —
Joes =m0/ 967 2

In(R/\p), (3.34)

where /12 is the bare value of the bending rigidity, including possibly the mean field
contribution due to the small excess charges on the vesicle, has an equilibrium value
R* ~ Ap exp(kY/kpT), which can be large even for a moderate value of k) of the order
of 5-7 kgT. Furthermore, the second derivative of the free energy f”(R*) ~ e~ro/kBT
is exponentially small. Hence the variance or fluctuations in R, ((AR)?) ~ 1/f"(R*)

is large, implying size polydispersity.

3.3.1 An Undulating “Salty” Membrane

In this subsection, we evaluate the charge fluctuation contribution to the
bending rigidity from a different geometry, namely an undulating 2D membrane em-
bedded in 3D space. In the Monge gauge (see Appendix), the shape of the membrane
is described by a height field A(r). Confined on the membrane are equal numbers

of positive and negative mobile charges, interacting via the Coulomb’s law. In the
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continuum limit, the Hamiltonian for an undulating “salty” membrane is

BH = % / & [ro(Vh)* + ry(V21)’] (3.35)

r —r) lp
+ f/erer’ + do(r) o (r’),
2 2ng V(@ — )2+ [h(r) — h(')]? (r) 9o (x’)
where rq is the surface tension of the membrane. The first term is the Helfrich free
energy and the second term is the charge-fluctuation free energy Eq.(3.2), modi-
fied by the out-of-plane displacement h(r) of the membrane. Now, we rewrite the
electrostatic contribution 5H,; as

BHy = /d2rd2 ' l | O - r/)] §o(r) S (r')

—I“ 2n0

- 4lB/d2rd2r'/ ;LO[KO(OM“)Sin2 (OKQNL) do(r)do(r’), (3.36)
0

s

where Ko(z) is the modified Bessel function, r = r — r/, and Ah = h(r) — h(r'); we

treat the last term as a perturbation:

BHr = —4lB/d2rd2r’ /OOO;ZO‘KO(M) sin2( 2Ah> So(r)do(r’), (3.37)

™

and expand Hj in the cumulant expansion:

BOMINE)] = B0} — 5 67 [(45) — (Hr)?] + -, (3.38)

where the average is only taken with respect to charge fluctuations do(r). To calcu-
late the renormalization of bending rigidity, we make use of a gradient expansion of

Ah=h(R+1/2) — h(R —1/2):

Ah = Zma h + —=— 23 2 z};mﬂjrka ,0;0Kh + - (3.39)
)

where R = (r 4+ r’) /2. To second order in Ah, H; is given by

(BHL) = 1 / &r &> / OozﬂKo(ar) 02 (AR)? (0 (x) 6o (t'). (3.40)

s



48 CHAPTER 3. EFFECTS OF CHARGE FLUCTUATIONS

Expanding out (Ah)?:

(AR)? =" rirj0:hd;h + —234 3 > rirjrridh0;0,0h + O(r°), (3.41)
i gkl

shifting the spatial integrals in Eq. (3.40) from [ d?r d*r’ — [ d*R d°r, and evaluat-

ing the angular integrals of the form:
/d2rm7"jI(r) = 7T/d7’7“31.<7") dijs (3.42)
/dzr rirgrr I(r) = Z/dr % T(r) [0450k1 + Oibj1 + Sudjn], (3.43)
where Z(r) is defined by
I(r)= é—i /OOO dao® Ko(ar) (6o(r) do(r')), (3.44)
we finally obtain

(BHr) :—w/d2R(Vh)2-/drr3I(r)+1 d2R(v2h)2./drr5I(r)+~--

16
(3.45)
Clearly, the second term renormalizes the bending rigidity:
BAKy = g/dr o I(r). (3.46)

Now, using the asymptotics of the correlation function (0o (0)do(r)) calculated in

Eq. (3.8), we have

kT [P0 kT L
Akp = —%/1 dx x1o(x) = ~To8n In(L/Ap) + O(L™%), (3.47)

which agrees with the logarithmic correction to the bending rigidity obtained previ-
ously, but the overall numerical prefactor is quite different, a factor of 5-10 smaller.
3.4 Attraction Arising from Charge Fluctuations

As mentioned in the Introduction to this chapter, experiments and simu-

lations suggest that there could be attraction between highly like-charged surfaces.
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Figure 3.2: Density fluctuations of “condensed” counterions lead to an attractive
force between two plates.

This attraction cannot be accounted for by PB theory, since it only predicts repul-
sion. To go beyond mean-field theory, we consider the in-plane fluctuations of the
“condensed” counterions, shown in Fig. 3.2, and show that attraction between two
plates is possible.

The effective Hamiltonian for this system is

H= Y Hy+Hin, (3.48)
i=A,B

where H!, is the intralayer electrostatic energy as in Eq. (3.2):

i _ 1 2. 72 lp *(r — 1) /
=5 i 7 ) A4
oMy = 5 [ de s lr_r,|+ | 0o do(r'), (349)

and H;,; is the interlayer electrostatic interaction:

doa(r) dop(r)
r—1r)2+d?

BHint = %B / d’r d*r’' (3.50)
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A convenient way of calculating the pressure is to use the expression

T1(d) = —jo <‘978{;”t>7{. (3.51)

Using the Fourier transform of Eq. (3.50), the pressure can be expressed in terms of

the interlayer density correlation function (do4(q)dop(—q)) as

2mlp / d2q
A() (27T)

To calculate the correlation function, we note that H can be diagonalized by intro-

BII(d) = e 1 (6o4(q) bop(—q)). (3.52)

ducing o4 (r) = +- {60A(r) + dop(r)}; in Fourier space, we have

Z/ )2 {2710 2733 (1ie qd)

Using the equipartition theorem, it follows that
1 q 2

6o+(q) do+(—q). (3.53)

AO <5U:t( )5U:t(_ q)> = 2rlp (1+q)\D) 4 e—aqd’ (354)
and thus
Tl ira(-a) = gi {(Grna)doi(-a) - (5r-(@)dr-(~q)))
_q e _ (3.55)

2nlp (1 + q)\D)2 — e—2qd
Substituting this result into Eq. (3.52), we obtain the pressure[4]
2

q
= — kT .
B / 27T qud 1 + q)\D) (3 56)

Thus, charge-fluctuations indeed give rise to an attraction between charged planes.

To evaluate the integral, we consider two limiting cases: (i)d > Ap and

(1i)d < Ap. In the large distance limit, d > Ap, the integral may be expanded

in powers of gA\p in the denominator, and the leading term is independent of Ap

and scales like d=3. For small distances, we expand 1/(gAp) to obtain IT ~ d~!.
Therefore, we have the following regimes:

() = { Céﬂ) kng, for d > Ap,

_ kpT
IALd’ for d < Ap.

(3.57)
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Note that this attraction is long-ranged and the prefactor % ~ (0.048 is universal
for this interaction, induced by the long wavelength fluctuations. Furthermore, this
charge-fluctuation-induced force is similar to the van der Waals interaction, and
indeed formally identical to the Casimir force between two partially transmitting
mirrors at high temperature. Also, we note that II(d) — 0 as T'— 0, as it should be
since charge fluctuations are entirely controlled by thermal energy.

It is interesting to compare the magnitude of this attraction to the mean-
field PB repulsion. For large distances, the mean-field repulsion which scales as P ~
d~? always dominates the fluctuation-induced attraction. Note that this conclusion
is independent of the charge density of the surfaces. In the opposite limit, d < A, the
attraction can overcome the mean-field repulsion provided that I3/\ > 8272, which
is the case for sufficiently low temperature or high valence. It is important to note
that the charge-fluctuation picture as described by the Debye-Hiickel theory may
break down at such temperature. Nevertheless, this picture provides some insight

into the correlation effects for charged surfaces beyond PB theory.

3.5 Conclusion

In this chapter, we have formulated the “salty” surface model to describe the
fluctuations of the “condensed” counterions near a highly charged plate. We argue
that their fluctuations neglected in PB theory are well captured by the 2D Debye-
Hiickel theory. First, we learn that charge-fluctuations may reduce the bending
constants of a “salty” membrane to the extent that they may spontaneously form
large vesicles. More interestingly, we have shown that the charge fluctuations are
correlated between two “salty” planes in such a way that there is a long-ranged
attractive force, scaled as d—3, for large distances d. This attractive force may explain

the attractions observed in experiments and simulations.
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Chapter 4

Fluctuation-Driven Counterion

Condensation

4.1 Introduction

In this chapter, we continue to illustrate the importance of fluctuations by
presenting a novel condensation phenomenon in an overall neutral system, consisting
a single charged plate and its oppositely charged counterions. We saw in Chapter 2,
that at the mean-field level, the counterion distribution as described by PB theory is
valid only for sufficiently high temperature, where fluctuation and correlation effects
are negligible. Here, we propose a “two-fluid” model for the low temperature regime,
in which the counterions are divided into a “free” and a “condensed” part. Using a
variational approach, we show that for sufficiently low temperatures, a finite fraction

of counterions is “condensed” onto the charged plate.
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4.2 Fluctuation Corrections to Possion-Boltzmann The-

ory

In this section, we discuss fluctuation corrections to the mean-field PB free
energy. This will establish the technical tools we need to tackle the interesting
problem of counterion condensation. First, we expand the action S[¢,] in Eq.

(2.34) about the saddle point 1), which satisfies Eq. (2.35), in the second order in
Arp(x) = ¥(x) — Yo(x):

5
Stovl = St + [a'x 57 \M Av(x)
L[ [ 0*H
+ g [dx [y s |, AYOAE) ()
Defining the operator
52H
K - 7
oY) = St |,
= L[V 20| g(x —y), (4.2)
lp

and performing the Gaussian integrals in the function integral, we obtain a formal
expression for the change in the free energy due to fluctuations of the counterions:

1 L1 2
OBAF = —Indet K — — Indet l—v] , (4.3)
2 2 lp

where the second term comes from the normalization constant Ny in Eq. (2.34). To
evaluate SAF explicitly for the case of a single charged plate, we first differentiate
it with respect to £p by making use of the identity  In det X = Tr X1 §X to obtain

OBAF 2 0\ 3 Gpp(x, %)
= = 4.4
ol 5 9lp /d S EESNE (44)
where we use the fact that
iho(x) + p(x) = — (z)——21n<1+ﬂ‘z|> (4.5)
0 = —¢ - \/§ .
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for the saddle point solution for a single charged plate, and G(x,x’) is the Green’s

function defined by
/ Py K(%,¥) Gy, x') = 6(x — x'), (4.6)

i.e. Gpy(x,x’) is the inverse of K. Using the definition of K (x,y) above, we find that

Gpb(x, x') satisfies the following differential equation
2

—_ 2 -
[ Vet ey

where A is the Gouy-Chapman length. Since the second term in the bracket only

Gpp(x,x') = lpd(x — x'), (4.7)

depends on z, we Fourier transform Gp(x,x’) to obtain

2

d 2 2 /. _ - /
Tt (!2\+A)21 Gpy(2,2'1q) = lpd(z — 2), (4.8)

where ¢% = ¢2 + qg, and A is the Gouy-Chapman length.
Clearly, to obtain fluctuation energy in Eq. (4.4) explicitly, we must solve

for Gpy(2, 25 q). First, consider the homogeneous equation of Eq.(4.8)

2

For |z| > 0, this equation can be reduced to the Wittaker’s equation, which has two

linearly independent solutions:

o — el 1
hy(z;q) {1 + e )\J , (4.10)

gy — et [ ] _
h-(zq) TEEsy (4.11)

To solve for the Green’s function, we need only to consider the case 2z’ > 0 since
G(z,7') = G(—z,—2") by symmetry. We split space into 3 regions:
Go(s,75q) = A()hi(50), for 2> . (4.12)
G(2,25q) = B()hi(z9) +C(Z)h_(z;q), for 0 <z <2, (4.13)
G_(2,25q) = D(Z)hs(z;9), for z <0, (4.14)
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and impose the following boundary conditions:

1) G<(0,2"5q) = G_(0,;q), (4.15)
dG<(Z7 Z/; q) dG—(Zv Z/; q)
5 _ sz 4.1
) dz z=0 dz z=0 ’ ( 6)
3) G(2,75q) = G- (2, 75q), (4.17)
dG<(Z,Z/;Q) dG>(Z,Z,;Q) _
4) e e M2 (4.18)

to determine the coefficients A(z"), B(z'), C(z'), and D(z"). After some algebra, the

Green’s function follows, and Gp(z2, 2; q) is given by

lp 1
utesa) = B {1 et

e 24l 1 1 ’ 4.19
+(1+qA)[1+qA+(qA)Q]{ +€I(|Z|+/\)] } o)

Note that the first term is just the usual Coulomb self-energy, which upon substi-
tuting into Eq. (4.4) exactly cancels the self-energy in the mean-field free energy
Eq. (2.61). Subtracting out this self-energy, i.e. replacing Gpy(x,x) by Gpp(x,%x) =
Gpp(x,x) — Go(x,x) in Eq. (4.4), and using the following integrals

/oo P S
o Clrap T
0o 7292 1 2 14 2g\
d 1+ ] = ¢’ ,
/0 MEESE { =+ N ERTONE

Eq. (4.4) can be evaluated to be

laﬂAF_la/\/ d’q q 2+ g\ 1 7 o
A() 863 N 2 (%B (27T)2 (q/\)2 (1 + q)\) [1 + q/\ + (q)\)Q] N 4 \3 \/§ ({'MB
(4.20)

This can be integrated back to obtain the fluctuation correction to the mean-field

free energy for a single charged plate:

~ ksT
Af = NG (4.21)
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Note that fluctuations lower the mean-field free energy. The result in Eq. (4.21) may
be understood physically as follows. According to PB theory, the counterions are
confined to a slab of thickness A, and thus may be considered as an ideal gas with a
3D concentration of ¢ ~ ng/A. This implies that the inverse of the 3D “screening”
length is ks ~ v/clp ~ 1/\. Using the 3D Debye-Hiickel free energy (per unit volume)
BAfs ~ — K3, the correction to the mean-field PB free energy (per unit area) scales
like BAf ~ —X-A73 ~ —\72, as obtained above. Note also that Eq. (4.21) is not
logarithmic divergent in contrast to the 2D Debye-Hiickel theory. Combining with
the mean-field free energy, the total free energy for the one plate system is

3
_no, [ma’) mno 1
ﬂf_Zln<22)\> ARENEIYE (4.22)

4.3 Counterion Condensation

Recall that for a single plate of charge density o(x) = engd(z) immersed
in an aqueous solution of dielectric constant €, containing point-like counterions of
charge —Ze on both sides of the plate, PB theory predicts that the counterion dis-

tribution in Eq. (2.49)
1

T 2 2% (|2 + VY
decays to zero algebraically with a characteristic length A = 1/(nlgZng). This Gouy-

c(z)

Chapman length A\ defines a sheath near the charged surface within which most of
the counterions are confined. Typically, it is on the order of few angstroms for a
moderate charge density of ng ~ 1/100 A~2. Note that since A scales inversely with
no and linearly with 7', at sufficiently high density or low temperature, the counterion

distribution is essentially two-dimensional:

: ¢ : no ¢ no
%lin)g » c(z)dz = r}lin)() 2. 57 N+ Z° (4.23)

where ( is an arbitrarily small but fixed positive value of z, i.e. the counterion

concentration c(z) reduces to a surface density coating the charged plane with a
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density of ng/Z as T'— 0. Therefore, according to PB theory, all of the counterions

collapse onto the charged plane at zero temperature.

However, at low temperatures Z2lp > A, the fluctuation corrections be-
come so large that the solution to the PB equation no longer provides a reasonable
approximation[l, 2]. Therefore, we might expect a quantitative deviation from the
conclusion above. Indeed, as pointed out by Netz et al.[1], when the temperature
is sufficiently low, a perturbative expansion about the PB solution breaks down, as
indicated by an unphysical (negative) counterion density in the one-loop approxima-
tion. This suggests that a simple perturbation theory may not capture the additional
binding, which may lead to condensation of the counterions. To capture this, we pro-
pose here a “two-fluid” model in which the counterions are divided into a “free” and
a condensate fraction. The “free” counterions have the usual 3D spatial distribution,
while the “condensed” counterions are confined to move only on the charged plane.
By minimizing the total free energy, which includes fluctuations of the whole system,
we show that a finite fraction of the counterions is “condensed” onto the charged
surface if g = Ig/\ exceeds some critical value g > g. (see Fig. 4.2). We emphasize
that our approach, in which fluctuation and correlation effects play a crucial role,
differs from the more familiar theory of counterion condensation, e.g. Manning con-
densation, which considers only the competition between electrostatics and entropy

in a mean field framework.

In our picture, the 2D density of “condensed” counterions has a spatially
dependent fluctuation about a uniform mean: n.(r) = n. + on.(r)[3]. Thus, the
presence of the condensate modifies the electrostatics of the “free” counterions in
two ways. First, the condensate partially neutralizes the charged plane, effectively
reducing its surface charge density from eng to enp = e(ng — Zn.). Second, their
fluctuations renormalize the electrostatic interaction of the system; thus, instead of
the usual Coulomb potential, the “free” counterions and the charged plane interact

via the interaction Go4(x,x’), which is the inverse (the Green’s function) of the 2D
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Figure 4.1: A schematic picture of the system considered.

Debye-Hiickel operator in Eq. (3.10)
2
AD
where ¢p = 4wl Z?, A\p = 2/({n.) is the Debye screening length in 2-D, and the

—V2 4 Z5(2)| Gaa(x,x') = €pd(x — X'), (4.24)

second term in the bracket takes into account of the fluctuating “condensate”. Hence,
in the limit n, — 0 or Ap — 00, Ga4(x,x’) reduces to the usual Coulomb interaction
Go(x,x') =tlp/|x — X/|.

In order to obtain the condensate density n. consistently, the “order” pa-
rameter 7 = Zn./ng must minimize the free energy per unit area of the system:
f(1) = faa(T) + f34(7). The free energy for the “condensed” counterions faq(n.) is
given by Eq. (3.4)

Bfaa(ne) = ne {ln[nc a?] - 1} + ;/ (Czi(; {m [1 + qup] - q;D} . (4.25)

where 37! = kpT and a is the molecular size of the counterions. The first term in Eq.

(4.25) is their entropy and the second term arises from the 2D charge-fluctuation of
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the “condensed” counterions, which lowers the 2D ideal gas entropy (see Eq. (3.4)).
The task now is to determine f3q(7).
As argued above, the electrostatic energy of the “free” counterions, in the

presence of the fluctuating “condensate” on the the charged plane, is

BEN = —NV; +/d3 /d3x p(x)Gaa(x,x) /d3x¢ ),  (4.26)

where V = ZB [ om) 9 ¢~ 2 is the self-energy of the free counterions, p(x) = SN | §(x—
x;) is their number density, Ga4(x,x’) is the interaction among them taking into ac-
count the fluctuating “condensate”, and ¢(x) = [ d3x’ Z7! Gog(x,x') nr(x’) is the
external field arising from the charged plate. After a Hubbard-Stratonovich trans-
formation similar to what is done in Sec. 2.2, the grand canonical partition function
for the “free” counterions, characterized by the interaction energy in Eq. (4.26), can
be mapped into a functional integral representation: Z,[¢] = Ny [Dipe™ Sl9] with

an action

— o [ { S0V ) + 8 e - wtee |,
(4.27)
where 1)(x) is the fluctuating field, {5 = 4wl Z?, k? = e#*tV0lp/a®, p is the chem-
ical potential, and Nj is the normalization factor. The minimum of the action

e 12*&) e 0, defines the saddle-point equation for 1y(x), which reads
=0

V2p(x) + r2e~ ) — ZB;R 5(2) + AD 5(2) p(x) (4.28)

in terms of the mean-field potential p(x) = —it)(x) — ¢(x). It has the solution
p(x) = 2In (1 + %), which satisfies the boundary conditions: i) ¢(0) = 0 and
i) 42 = n85 with k = nplp/(2v2Z). Thus, at the mean-field level, the
distribution of the “free” counterions po(x) = r2e ¥/l = 2/[l5(|z| + Ar)?]

has the standard form as in Eq. (2.49) with a renormalized Gouy-Chapman length
Ar = V2/k =4Z/(fpng), in terms of the “reduced” surface charge density ng.
To obtain the mean-field free energy of the “free” counterions Fy(ng), we

note that it is related to the Gibbs potential T'y[¢] = S[thg, @] by two Legendre
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transformations: Fy(ng) = o] + [ d>x ¢(x) po(x) + o [ d3x po(x). Solving for the

chemical potential p from its definition: = —Vy + In (ggf\l;) and using the mean-
field solution ¢(x), we find
3
ng ngr nra ngr
F Ay =—— —1 - — 4.2
PEo(np)/ Ao = =7 Vot 7 n<2Z/\R> 7 (4.29)

where Ay is the area of the charged plane. Apart from the infinite self-energy term
Vo to be canceled below, Fy(ng) has the form of an ideal gas entropy with a 3D
concentration of a gas confined to a slab of thickness Ar. To capture correlation
effects, we must also include fluctuations of the “free” counterions, thereby treating
the “free” and “condensed” counterions on the same level. Expanding the action
S[Y, ¢] about the saddle-point ¥p(x) to second order in Ay(x) = ¥(x) — 1o(x)
and performing the Gaussian integrals in the functional integral, we obtain a for-
mal expression for the change in the free energy due to fluctuations of the “free”
counterions: (AF3; = %ln det Kgd — %ln det Kgd, where the differential operator
Ksq(x,y) = [—V,Q( + % i(z) + W} d(x —y) comes from the second variation
of the action S[i), ¢] and Kog(x,y) = {—Vi + % 5(2)] d(x —y) is the 2D Debye-
Hiickel operator, coming from the normalization factor Nj.

To evaluate BAF34 explicitly, we first differentiate it with respect to £p by
making use of the identity §Indet X = Tr X~ § X to obtain

M _ _i a)\R/ 3 Gsg(x,x)
oty g oty ) " (E+ Ar)?
1 9p 3. 0(2)

@ 863 /d X )\% [ng(X, X) GQd(X’X)]a (430)

where

2 —2q|2|
@q s [1 ¢ (4.31)

Gaq(x,x) = / 22 | 1+ ow

is the diagonal part of the 2D Green’s function and Gs4(x, x’) is the Green’s function

for the 3D “free” counterions. It satisfies

2 2
—Vi4+-6(2)+

D 3 } Gsa(x,x') =l d(x — X'), (4.32)

(2] + Ar)
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which can be solved in a similar fashion in Sec. 4.2 to yield an expression for

Gsq(x,%):

2 e—24l2| [1+ ;}2
Gsq(x,x) = / d°q s 1 — 1 + q([z[+Ar)
’ (2m)? 2¢ (2l +Ar)? (14 aAr)[1+aAr + (¢Ar)?]

7<qAR)3€_2mZ‘P’+’qu|+ARJ2
L+ r+ (@RI + AR+ + (Ar)?] [

(4.33)

where v = Ar/Ap = 27/(1 — 7). Note that the first term in Gs4(x,x) is just the

Coulomb self-energy Go(0) = [ (‘2127‘)12 %

exactly cancels the self-energy term in the mean-field free energy Eq. (4.29). Insert-

which, upon substituting into Eq. (4.30),

ing Eq. (4.33) with the self-energy term subtracted and the expression for Gogq(x, x)

into Eq. (4.30), we obtain Al 8%%5“ = i(;g,) g?g + 47(“\)3/ . 8)‘D + (self-energy), where
R

the functions 7 o(7y) are given by

1 /14 1 [3-
Il(’y) = 5 ln(l + "Y) + 3‘ ﬁ tan 1 ﬁ y

Y 1+ 3—7
Io(y) = §1n1+7+(2—7) mt 15|

Because 7; 2(y) are independent of {5, we can integrate Eq. (4.30) back to obtain

AFj34; thus, the total free energy per unit area for the “free” counterions is
gy

Bhsalr) = "2 (;;;Z) L L) D) (434)

Z 871')\%3L 8TADAR
Incidentally, in the limit n. — 0 (or Ag — \), Z1(0) = % Eq. (4.34) reduces to the

fluctuation correction to the mean-field PB free energy: Afy = —kgT/(8v3)?),

obtained in the previous section. Note that Eq. (4.34) also contains additional
couplings among the fluctuations of the “condensed” and “free” counterions.

The result of the minimization of the total free energy f(7) = foq(7)+ f3a(T)
with respect to the order parameter 7 is summarized by its behavior as a function

of the bare coupling constant g = I/, as shown in Fig. 4.2 (at a fixed temperature
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Figure 4.2: The fraction of “condensed” counterions 7 = Zn./ng as a function of
g = Ilp/A\. Tt is obtained through the minimization of the total free energy for
Ig/a = 10, where a ~ 1A is the size of the counterions. At low surface charge
g < 1, there is no “condensate” and the counterion distribution is described by PB
theory. However, at high surface charge, correlation effects leads to a finite fraction
of condensate.

Ig = 10 A) [4]. At weak coupling g < 1 (low surface charge density), where fluctua-
tion corrections are negligibly small, the counterions prefer to be “free”, i.e. n. — 0,
in order to gain entropy. This is because f3q(ng) in Eq. (4.34) is lower than the
2D ideal gas entropy by a term ~ In( Ar/a) which is large when Ar/a > 1. This
is not surprising since PB theory is a weak-coupling theory which becomes exact
in the limit 7' — oco. However, for higher surface charge density, where correlation
effects become more important, the order parameter 7 (the fraction of counterions
“condensed”) makes a finite jump at g. ~ 1.42 for monovalent counterions (Z = 1).
Thus, the system appears to exhibit a first order phase transition[5]. The physical
mechanism leading to this counterion “condensation” is the additional binding aris-

ing from 2D charge-fluctuations, which dominate the system at lower temperatures.
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For divalent counterions (Z = 2), the correlation effects are even more pronounced
(as expected): the jump occurs at g. ~ 0.42 with a magnitude ~ 0.9. Thus, in this
case the charged plate is almost neutralized by the “condensed” counterions. For
Ip = 10A, the “bare” surface charge density at the condensation threshold is one
unit charge per ¥, ~ 2nm? for monovalent counterions and . ~ 15 nm? for divalent
counterions. Furthermore, we find that ¥, decreases with increasing temperature,
e.g., at room temperature g ~ 7A, ¥, ~ 1nm?, 7nm? for Z = 1 and Z = 2, respec-
tively. These estimates suggest that our results are within the reach of experiments

on charged membranes.

4.4 Conclusion

In summary, using a “two-fluid” model and a variational approach, we have
demonstrated that correlation and fluctuation effects may lead to a “condensation”
transition of the counterions onto their oppositely charged plate. This results, which
may be tested experimentally, provide new insights into the counterion distribution
for highly charged macroions. In particular, this condensation picture may be crucial
to understanding the attraction between two similarly charged plates, separated by
a distance d. Recall that the total pressure of this system is comprised of the mean-
field repulsion and the correlated fluctuation attraction. The repulsion comes solely
from the ideal gas entropy and it is proportional to the concentration at the mid-
plane: Io(d) = kT po(d/2) = 8kpT/({pArd) for d < Ar. The fluctuation-induced
attraction is 11(d) = — a kpT/d? for d > A\p, where a ~ 0.048. Clearly, when a large
fraction of the counterions is “condensed”, the mean-field repulsion is greatly reduced.
Therefore, the attraction arising from correlated fluctuations of the “condensed”
counterions can overcome the mean-field repulsion. This is achieved if d> < a{pAr /8
and d > Ap. Using the estimates in the last paragraph above, these conditions are
met only for divalent counterions at g = g. (corresponding to one unit charge per

Y. ~ Tnm? at room temperature). This is in accord with the simulation performed
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by Guldbrand et al.[6], where the attraction is observed only for divalent counterions
for surface charge densities greater than one unit charge per ¥ ~ 2nm?. However,
our estimates should be supplemented by a more precise calculation for the system

of two charged plates.
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Chapter 5

The Wigner Crystal Picture

5.1 Introduction

Recent interest in understanding the attraction arising from correlations
between highly-charged macroions focus on formulating theories that go beyond the
PB treatment. For an idealized system of two highly charged planar surfaces, with
counterions distributed between them, PB theory as demonstrated in Sec. 2.3.2
always predicts repulsions. To account for the attraction arising from correlations,
two distinct approaches have been proposed. The first approach as discussed in Sec.
3.4, based on charge fluctuations, treats the “condensed” counterion fluctuations in
the Gaussian approximation. This theory predicts a long-ranged attraction which
vanishes as T — 0[1]. In the other approach based on “structural” correlations
first proposed by Rouzina and Bloomfield [2], the attraction comes from the ground
state configuration of the “condensed” counterions. Indeed, at low temperature, the
“condensed” counterions crystallize on the charged surface to form a 2D Wigner
crystal. When brought together, the counterions of two Wigner crystals correlate

themselves to minimize the electrostatic energy (see Fig. 5.1). The pressure between
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Figure 5.1: A schematic picture of two staggered Wigner crystals formed by the
“condensed” counterions at very low temperatures.

them can easily be calculated at zero temperature[2, 4]

o [e*n 1 (en)? d’r 2m(en)? o4
m —_gpen - ~ ~Go
sa(d) od { € Zz: IR; + c|? + d? € / V12 4 d? e ¢
(5.1)

for large d, where R; are the lattice sites, c is the relative displacement vector between

two lattices of the different plane, Gy = 47/(v/3a) is the magnitude of the first

reciprocal lattice vector, and a = (2 /(V3 n)) 2 is the lattice constant. Hence, these
staggered Wigner crystals attract each other via a short-range force which decays
exponentially with the lattice constant as the characteristic length scale. Clearly,
this short-ranged force is strongest at zero temperature and thermal fluctuations
diminish this attraction.

Although the physical origin of the attraction is clear in each approach,
the relationship between them remains somewhat obscure, and this has generated a
debate in the literature[5]. Therefore, it is desirable to formulate a unified approach
which captures the physics of both mechanisms and addresses some important issues,
for example, the temperature dependence of the short-ranged force, computed only
at zero-temperature in Eq. (5.1). It is the goal of this chapter to formulate such an
approach. Since at low temperature the counterion distribution is essentially two-
dimensional, we consider a model system composed of two uniformly charged planes

a distance d apart, each having a charge density en. Confined on the surfaces are
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negative point-like mobile charges of magnitude e. In order to understand correlation
effects that are not captured by PB theory, we assume that the charges form a
system of interacting Wigner crystals and develop a detailed physical picture of the
electrostatic interaction between them at finite temperatures but below their melting
temperature|[6].

In particular, we compute the electrostatic attraction between the two layers
by explicitly taking into account both correlated fluctuations and “structural” cor-
relations. (By “structural” correlations, we mean the residual ground state spatial
correlations which remain at finite temperature.) By adopting an elasticity theory,
the total force of the system can be decomposed (approximately) into a short-ranged
component arising from “structural” correlations and a long-ranged component from
correlated fluctuations. They are calculated in Sec. 5.2 within the harmonic ap-
proximation using Boltzmann statistics (classical), which is valid below the melting
temperature of the Wigner crystals. We show that the short-ranged force persists at
finite temperature, and obtain a simple expression — see Eq. (5.24) below — which re-
duces to the zero-temperature result in Eq. (5.1) above[2, 4]. The interesting effect of
thermal fluctuations is to reduce the range of this force and thus the effect is not negli-
gible even below the melting temperature of the Wigner crystals. For the long-ranged
force, this “elastic” calculation — see Eq. (5.20) below — finds exactly the same re-
sult, even including the prefactor, as the Debye-Hiickel (Gaussian) approximation[1].
This is to be expected since the long-wavelength density fluctuations, which gives
rise to the long-ranged force, are independent of the local Wigner-crystal-like order-
ing. Thus, an important insight gained here is that what is previously thought of
as disparate mechanisms for the attractions — the short-ranged attraction (ground
state) for low-temperature and the long-ranged attraction (charge-fluctuation) for
high-temperature — are both captured within a single framework.

In addition, at zero temperature there must also be a long-ranged attraction
derived from the gquantum fluctuations of the plasmons[4]. This is the low temper-

ature counterpart of the long-ranged force arising from charge-fluctuation at finite
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temperature. While this low-temperature result only bears a conceptual interest for
macroions, it may have real relevance in the larger context of fluctuation-induced
interactions in general, and in semiconductor bilayers in particular[7]. Interestingly,
although similar to the Casimir effect, arising from zero-point fluctuations at T' = 0,
the fluctuation-induced force associated with two coupled Wigner crystals is funda-
mentally different. The Casimir effect pertains to two metal slabs separated by a
gap of distance d, outside of which there is no electric field; this force scales d—*
at T' = 0[8]. For the case of coupled Wigner crystals, zero-point fluctuations of the
plasmons lead to a characteristically different force, which decays with a novel power-
law: d~7/ 2[4]. Hence, this long-ranged attractive force dominates the ground state
short-ranged attraction in Eq. (5.1) for large d. Furthermore, it is of fundamental
interest to consider finite temperature effects as well. This is done in Sec. 5.4, where
we first recall the phonon spectrum of the coupled Wigner crystals, identify the plas-
mon modes, which characterize the density fluctuations of the system, and compute
the attractive force arising from fluctuations using explicitly the Bose-Einstein dis-
tribution, which appropriately captures quantum effects at very low temperatures
and thermal effects at higher temperatures for phonons in general and for plasmons
in this particular case. Our result in the classical regime, which scales d—3, agrees
exactly including the prefactor with that based on 2D Debye-Hiickel theory and
“elasticity” theory in Sec. 5.2. Thus, we have provided an interesting but different
perspective on the same problem and explicitly show how the d~7/2 force-law at zero
temperature crosses over to the d—3 law at high temperature via an intermediate d—2
regime.

Another point worth mentioning concerns the ordering of 2D solids which
exhibit quasi-long-range-order (QLRO)[9]. It is well-known that a true long-range
order is impossible for 2D systems with continuous symmetries. For a 2D solid, which
is describable by continuum elasticity theory with nonzero long-wavelength elastic
constants, the Fourier components of the density function n(r) = Y g ng(r) ¢!S* av-

erage out (thermally) to zero for a nonzero reciprocal lattice vector G, i.e. (ng(r)) =



5.1. INTRODUCTION 75

(e!Gulr)y =0, where u(r) are the displacements of the particles from their equilib-
rium positions; the correlation function decays algebraically to zero:(ng(r)ng(0)) ~
r=1e(T) with ng(T) = %, where pus and A\, are Lamé elastic constants.
This slow power-law decay of the correlation function is very different from the expo-
nential decay one would expect in a liquid. Hence the term QLRO. For a single 2D
Wigner crystal, QLRO implies that the thermal average of the electrostatic potential
at a distance d above the plane is zero at any non-zero temperature, in contrast to
a perfectly ordered lattice (1" = 0) where the electrostatic potential decays expo-
nentially with d. This may lead to the conclusion that at finite temperatures the
short-ranged force between two coupled Wigner crystals should likewise be zero. As
we show below, this is not the case because the susceptibility, which measures the

linear response of a 2D lattice to an external potential, nevertheless diverges at the

reciprocal lattice vectors as in 3D solids[10].

However, we should mention that in real biological systems the counterions
are best described as a correlated Coulomb fluid, which may be far away from a
Wigner crystal. Nevertheless, it is important to understand counterion-mediated
attractions between two highly charged surfaces in this Wigner-crystal limit, since it
does provide useful qualitative insights into the nature of this problem, and moreover,
the present formulation may serve as a starting point for a more sophisticated theory

which includes melting of coupled Wigner crystals.

This chapter is organized as follows. In Sec. 5.2, we derive an effective
Hamiltonian which describes two interacting planar Wigner crystals starting from
the zero temperature ground state. The total pressure is then decomposed into a
long-ranged and a short-ranged component, which are evaluated in Sec. 5.3.1 and
5.3.2, respectively, and a detailed discussion of our results is presented in Sec. 5.3.3.
In Sec. 5.4, we present an argument for a long-ranged attractive force arising from the
zero-point fluctuations at zero temperature. In addition, we use the Bose-Einstein

distribution to calculate the attractive long-ranged pressure in the quantum regimes.
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5.2 Effective Hamiltonian for Coupled Wigner Crystals

We start with the Hamiltonian for two interacting Wigner crystals: H =

Ho + Hint. Here, Hy is the elastic Hamiltonian for two isolated Wigner crystals
Ho=3 ¥ | G Mes@) v () ) (), (5.2)

where 71 = kT, u® (q) is the Fourier transform of the displacement field of ith
layer (i = A or B), ll,(q) = {MPL@ + Us PaTﬁ} ¢? is the dynamical matrix,

e

s ~ 0.245n%21p is the shear modulus[11] in units of kT, Pofﬁ = qaqs/q* and

Pg 5= daB—4a4qs/ ¢? are longitudinal and transverse projection operator, respectively.

‘H;nt is the electrostatic interaction between the two layers:

o=t [ i <pA<x>(; ) ;,;Bix; —n) 53

where p;(x) is the number density of charges in the ith layer. In order to capture
the long-wavelength coupling as well as discrete lattice effects which are essential for
our discussions on the short-ranged force, we employ a method, similar to that in
Ref.[12], which allows us to derive an effective Hamiltonian that is valid in the elastic
regime where the displacement fields are slowly varying in space, i.e. V-u(? (x) < 1,
but |[u?(x) — u?(x)| need not be small compared to the lattice constant a.

Let us introduce a slowly varying field for each layer:
6% (x) = wa —ull [F9 ()], (5.4)

where the displacement field u® (x) is defined in such a way that it has no Fourier
components outside of the Brillouin Zone (BZ). Then, the density p;(x) can be

written as:

pi(x) = 3 83(Ry — ¢ (x)) det[da 6 (x)], (5.5)
l

where R; are the equilibrium positions of the charges, i.e. the underlying lattice sites.

Using the Fourier expansion of the delta function and solving d)fli) (x) iteratively in
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terms of the displacement field, we obtain a decomposition of the density for the ith
layer into a slowly and a rapidly spatially varying pieces:

pi(x) —n=—-nV- u® (x) + Z neiG‘[eru(i)(x)], (5.6)

G40

where G is a reciprocal lattice vector. Note that we have neglected terms that are
products of the slowly and the rapidly varying terms. Physically, the first term
represents density fluctuations for wavelengths greater than the lattice constant, and
the second term represents the underlying lattice, modified by thermal fluctuations.

Using the density decomposition (5.6), H;,: may be written as

2
BHint = / (;i ()12 %e_qd /d2x/d2x/eiq'(x*x/) (nV-uA(x)
s

q

- > neiG'[er“A(x)]) (nV'uB(X’)— > neiG/'[x/+c+“B(x/)])7

G+£0 G'#£0

where c is the relative displacement vector between two lattices of the different

e~9%. Again neglect-

plane and we have used the fact that &g iqx %’r

1
vore = e
ing the products of slowly and rapidly varying terms, which give vanishingly small

contributions when integrating over all space, H;,: separates into two pieces: a long-

wavelength term

d2q 271'an2 —ad A B
ﬁHmt / (271_)2 q e 1 QaQQua(q) ug (_(])7 (57)

and a short-wavelength term

S

znt

d q 27ran —qd

G#0 G’#0
X/d2x/d2xleiq~(x—x’) eiG~[x+uA(x)] eiG’-[x'—&—c—l—uB(x')]‘ (58)

In order to obtain a tractable analytical treatment, we approximate this expression
by splitting the sum over G’ into two parts. The dominant part, with G’ = —G is

2 2 —qd
Mo =~ 3 / d q 27ran I /dz /d2 1t (@ G)-(x=x) i G-[u (x) ~uP (<)
G#£0

(5.9)
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where we have used ¢’@¢ = —1. The second part (those terms with G’ # —G)
contains extra phase factors which tend to average to zero in the elastic limit. As a
first approximation, we neglect such terms. Finally, Eq. (5.9) can be systematically
expanded using a gradient expansion:

BHG = — Z Ag(d)/d2x cos {G : [uA(X) - uB(X)]} + O(@aug)&yug)), (5.10)
G40

where Ag(d) = %e_Gd. Putting Equations (5.2), (5.7), and (5.10) together, we

obtain an effective Hamiltonian for the coupled planar Wigner crystals:

d*q 2mlpn?
= ito + [ e = @) (-
- Z Ag(d)/d2x cos {G : [uA(x) — uB(x)” . (5.11)
G0

The second term in Eq. (5.11) comes from the long-wavelength couplings while the
third term reflects the periodicity of the underlying lattice structure. It is convenient
to transform the displacement fields into in-phase and out-of-phase displacement
fields by ut(x) = u?(x) + u?(x) and u=(x) = u(x) — u?(x), respectively, so that

the Hamiltonian (5.11) separates into two independent parts: He = H4 + H_ with

2
o= | (;lﬂ‘; () i (@) uf (~a), (5.12)

and

1 d’q . _ _ 2 —
M- = 5 | Gy Manl) vz (@) (~a) > 2eld [ dx coslG u(x), (5.13)

where Hiﬁ(q) = {%(1 + e—ad) Pcfﬁ + ps Pgﬁ} q?. Furthermore, at low temper-

1
2
ature, where |[u™(x)| is small compared to the lattice constant a, the cosine term
in Eq. (5.13) can be expanded up to second order in |u~(x)| to obtain the “mass”
terms. Within a harmonic approximation H_, up to an additive constant, may be

written as

2
o = g [ g el @ (—a)
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! d’q 2 pL 2 pT |, — —
T3 /(%)2 {mLPaﬁ—i_mTPaﬁ}ua(Q)uﬁ(—q), (5.14)

where miT = 4rign? 2G40 Ge ¢ = 4nipn®Ag(d). This approximation is valid
below the melting temperature of the Wigner crystals. Note that the mass terms
vanish exponentially with d as also found in Ref.[13]. The fact that the transverse mp
and longitudinal “mass” mj are degenerate is related to the underlying triangular
structure of the lattices[13]. These “masses” are associated with the finite energy
required to uniformly shear the two Wigner crystals, and thus give rise to a gap in
the dispersion relations of the out-of-phase modes. In the next two subsections, we
derive expressions for the long-ranged and the short-ranged pressure as given in Eq.

(5.15) within the harmonic approximation.

5.3 Attractive Force within the Harmonic Approxima-

tion

In this section, we compute the attractive pressure between two planar
Wigner crystals within the harmonic approximation at finite temperatures. The
density decomposition Eq. (5.6) leading to the effective Hamiltonian allows the total
force to be separated into two pieces — an exponentially decaying (short-ranged) force

and a long-ranged power-law force:

o - - <5"Hmt> __1<8H§m> _1<a%fm>
Ao\ 0d [y, Ao\ 0d [, Ao\ ad [,
= Hsr(d) + HLr(d), (5.15)

where A is the area of the plane.

5.3.1 Long-Ranged Pressure

The long-ranged power-law force comes from the correlated long-wavelength

density fluctuations (the plasmon modes). Using Eqgs. (5.7) and (5.15), we obtain
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an expression for the long-ranged force:

IIrr(d) = (4 dpB(— 1
AllLr(d) = =4 /(%)26 (0pa(a)dpp(—a)), (5.16)
where 0p;(x) = —nV - uld(x) is the long-wavelength density fluctuation to the

lowest order. Making use of the equipartition theorem, the correlation function

(0pa(q)dpp(—q)) can be evaluated

(6pa(q)dpp(—a)) = N‘I/Dui(q) Spala)dpp(—q)e Mt
q2

1 1
O 4rip {q (1—e ) +4Ag q(1+e4d)

(5.17)

where N' = [ Du(q) e P is the normalization factor and Ay = > G£0 Ge™ 44,

Substituting this result into Eq. (5.16), we find
Mzr(d) = = —3 (Ao d), (5.18)
where

alz) = Cé?+fr [Ci(2v/) cos(2v/) + Si(2y7) sin(2vz)] (5.19)

¢ is the Riemann zeta function, and Ci(z) and Si(x) are the cosine and sine integral

functions, respectively. In the large distance limit, the second term in Eq. (5.19)
is exponentially suppressed and can be neglected, yielding a = %. Therefore, for

large d we have

Hrr(d) = — Cg(i) ’%T. (5.20)

This is the well-known result from the Debye-Hiickel approximation[l]. Note also
that the amplitude % 2 (0.048 is universal for this interaction, induced by the long
wavelength fluctuations[3]. Although the scaling of this charge-fluctuation-induced
force coincides with that of the finite temperature van der Waals interaction, they

are very different at low temperature. This is explored in Sec. 5.4.
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5.3.2 Short-Ranged Pressure

The short-ranged force which decays exponentially owes its existence to the
“structural” correlations. It survives even at non-zero temperature, in contrast to the
conclusion drawn from a single 2D Wigner crystal, as discussed in the Introduction.
However, we expect on physical grounds that the short-ranged force is weakened by
thermal fluctuations. To compute explicitly its temperature dependence, we start

with the expression for this force derived from Egs. (5.9) and (5.15):

2 —
Bllsr(d) = —2rlpn® Y e~ T OP) fo(a), (5.21)
G0

where fa(d) = | &% S(q-G)e ", §(q-G) = [ drei(a-C)r o= (B0 =570,
and BE(r) = ([u®(r) — u®(0)]?). Note that Eq. (5.21) is exact, provided all the
expectation values are evaluated exactly. For a system of coupled perfect Wigner
crystals at zero temperature, fg(d) = e“?. At finite temperature, but below the
melting temperature T, we note that B¥(r) varies very slowly in space, so that
fa(d) can be approximated by its zero temperature value: fg(d) ~ e~%?. Hence,
we obtain
Bllsr(d) = — 2nlgn? Z e~ G <eiG'[“A(O)_uB(O)}>He . (5.22)
G#0
The thermal average of the displacement fields in Eq. (5.22) resembles a “Debye-
Waller” factor which measures the degree to which the short-ranged force is depressed
by thermal fluctuations from its zero temperature maximum value. Because of the
cosine term present in Eq. (5.11), this “Debye-Waller” factor is in general not zero,
unlike the case of a single 2D Wigner crystal. However, if the system has melted
into a Coulomb fluid, this cosine term, which comes from the lattice structure, would
have to be modified.
The required expectation value in Eq. (5.22) only involves H_. Within

the harmonic approximation, the mean-square out-of-phase displacement field can
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be evaluated

A d 1 God [A 1

_ 2 D Hs 0 D

= 1 \ =~ T

([u” (o1 omnd [4A0(d)a2] + 27 o |:87Tan2A0(d)a2:| 2w [nd - Ms] 7
(5.23)

where A\p = 1/(27wlgn), a is the lattice constant, us ~ 0.245 n3/21g is the shear
modulus of an isolated Wigner crystal in units of kg7, and in the last line, we
have approximated Ag(d) by the first nonzero reciprocal lattice vector contribution:
Ag(d) ~ Gge~ %%, Note also that the logarithmic dependence on the “mass” (=
4mn?lpA) is a characteristic of 2D solids. Inserting Eq. (5.23) into Eq. (5.22), we

obtain an expression for the short-ranged pressure at finite temperatures
Bllgr(d) ~ —2rlgn? e~ (118/2) God, (5.24)

Here, the parameter £ defined by

_G% AD 1
5_27r(nd+us)7 (5.25)

characterizes the relative strengths of thermal fluctuations and the electrostatic en-

ergy of a Wigner crystal, i.e. & ~ kBeg“. Thus, the sole effect of thermal fluctuations

on the short-ranged force is to reduce its range: Gy — Gg (1 + g)

5.3.3 Discussion

In summary, we have shown that the total pressure between two coupled
Wigner crystals can be decomposed into a long-ranged II;r and a short-ranged
pressure IIgr. Each force is computed below their melting temperature, where the
harmonic approximation is expected to be valid. The result for the total force is

Aod
BII(d) ~ — 2rlpn? e (11&/2) God _ O‘(d??), (5.26)

where £ = %‘? [%l) + i] and a(Agd) = % for large d. In Fig. 5.2, we have plotted

IIgr and Il i for two values of the coupling constant, I' = %B = 150 and 50. Note

that T' = e2\/7n/(ekpT) is the ratio of the average Coulomb energy among charges
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and their thermal energy. Not surprisingly, they show that [Igr dominates for small
d, and Il i for large d. However, it is interesting to note that even for high values
of I, [I p dominates as soon as d ~ a.

According to Eq. (5.24), the magnitude of IIgr tends to decrease expo-
nentially with temperature. This strong decrease with increasing temperature is
consistent with the Brownian dynamics simulations of Grgnbech-Jensen et al.[3].
The shortening of its range may be attributed to the generic nature of strong fluctu-
ations in 2D systems, and can also be understood by the following scaling argument.
Referring back to H_ in Eq. (5.13), one can show that the anomalous dimension
of the operator cos[Gg - u™(x)] is [ Length ]~¢ and correspondingly the dimension
of Ag,(d) is [ Length ]72. Since Ag,(d) is the only relevant length scale in H_,
we must have <ei G0~u*(0)> ~ AG%[M]. Therefore, the short-ranged pressure scales
like

. _ £
Msp(d) ~ — Agy(d) x (19 O) ~ — A, x AZ T ~ e C0l) . (5.27)

In the low temperature limit (£ < 1), we see that the range of Ilgg is Gg (1 + % ) as
in Eq. (5.24). This scaling argument also suggests that at higher temperatures ther-
mal fluctuations may have interesting nonperturbative effects. At zero temperature
£ =0, so Ilgr in Eq. (5.24) reproduces the known result of exponentially decaying
attractive force[2, 4]. It should be mentioned that in real biological systems, coun-
terions are likely to be a correlated fluid with short-ranged order. However, as long
as I' > 1 and the lateral characteristic correlation length is much larger than the
spacing between the layers, it is possible to have “structural” correlations and our
calculation should capture the short-ranged attraction at least qualitatively.

The long-ranged pressure for large d in Eq. (5.20) agrees exactly, includ-
ing the prefactor, with the Debye-Hiickel approximation. This is hardly surprising
since the existence of plasmons (average density fluctuations) is independent of local
structure, and they are present for solids and fluids alike. Thus, the asymptotic

long-ranged power-law force must manifest itself even after QLRO is lost via a 2D
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Figure 5.2: Plots of Ilgr and Iy versus d for I' = 150 (a) and 50 (b). Observe that
the crossover (IIp g =~ Ilsg) occurs at about d ~ a. Iy = kT (Ig/a*) x 1073,
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melting transition driven by dislocations[15]. Therefore, our formulation captures the
essential physics of the attraction not only arising from the ground state “structural”

correlations, but also from the high temperature charge-fluctuations.

5.4 Quantum Contribution to the Long-Ranged Attrac-

tion

According to the classical calculations above, correlation effects give rise
to a “structural” short-ranged and a long-ranged attractive force. Recall that the
long-ranged force vanishes as 7" — 0, and that the short-ranged force is strongest at
zero temperature but vanishes exponentially with distance. This observation suggests
that for sufficiently large separations correlated attractions at finite temperatures are
stronger than those arising from the zero temperature ground state. However, at low
temperatures zero-point fluctuations of the plasmons should be incorporated and as
demonstrated below they induce an attractive long-ranged interaction, which exhibits
an unusual fractional-power-law decay (~ d~7/2), in contrast to the zero-temperature
van der Waals interaction (~ d=%). Hence, in the T — 0 limit, this long-ranged at-
traction from zero-point fluctuations dominates the short-ranged “structural” force
at large separations. Furthermore, we expect that quantum fluctuations persist at
finite temperature, and in this section, we also compute their temperature depen-
dence.

To this end, it may be more convenient to employ a method with which
fluctuation-induced forces are usually calculated[3]. The advantage of the elastic
approach in Sec. 5.2 is that the short-ranged force is captured more transparently.
However, for the long-ranged force, an equivalent formulation in terms of the plasmon
excitations seems more natural in the low temperature regime where quantum effects
are important. Below, we recall the phonon spectrum of the coupled Wigner crys-
tals, identify the plasmon modes, which characterize the density fluctuations of the

system, and compute the attractive force arising from fluctuations using explicitly
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the Bose-Einstein distribution, which appropriately captures quantum effects at very
low temperature and thermal effects at higher temperature, for phonons in general
and plasmons in this particular case.

Within the harmonic approximation to the effective Hamiltonian, the dy-
namical matrix can be diagonalized to yield four modes. Two of them are the shear
modes of the system that do not contribute to the long-ranged force[4]. The domi-
nate modes which lead to the long-ranged attraction are the two plasmon modes of

two coupled 2D Wigner crytals, which have the following dispersion relations:

8meZn 2e?n _

wRla) = T Ao(d)+ Tl g (11— e, (5.28)
2me3n _

wile) = = ——q(1+e™), (5.29)

Gd is proportional to the en-

where m is the mass of the charges and Ag(d) ~ e~
ergy gap (the “mass” term) for the out-of-phase mode. The plasmon modes are
related to the correlated charge-density fluctuations in the two layers. At any finite
temperature, the free energy of the low-lying plasmon excitations is given by the
Bose-Einstein distribution

d)/Ag = Z / & q q)+ksT > / > In 1 — e Phwila q, (5.30)

1=1,2

where Ay is the area of the plane. Since the energy gap Ag is exponentially damped
for large distances, its contribution to the free energy may be neglected in the large
distance limit, where the long-ranged force is expected to be dominant.

The first term in Eq. (5.30) arising from the zero-point fluctuations leads

to an attractive pressure

1 0Fo(d) h%en oy

0 _
7 p(d) = — A 0d 4772’

(5.31)

where «a; is a positive numerical constant of order unity, explicitly given by

! /OO dz 2%/ e™® { ! - ! } (5.32)
4+/27 Jo Vi—e™ J14e=® ’ ’

o] =
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Thus, zero-point fluctuations induce a long-range attraction which decays
with a novel power law ~ d~7/2. This should be contrasted with the usual Casimir-
like force ~ d=*, which arises from, for example, the acoustic phonon zero-point
fluctuations. We note that this power law stems from the 2 dimensional nature of
charged systems: 2-D plasmons do not have a finite gap, as they do in 3D. For an
order of magnitude estimate, assuming m ~ 10~ kg, n ~ 1/50A=2, d ~ 10 A, and
€ ~ 80, we find II ~ 1072° J/ A3, This is close to the magnitude of the short-ranged
force in Eq. (5.24) at zero temperature: ITgg(d) ~ 10724 .J/A3, and thus may be just
as important under suitable conditions.

An additional contribution to the pressure at finite temperature can be

derived from the second term in Eq. (5.30),

1 e
Pllir(d) = 47ral7/2 / dra?! {exp[n\/:n(l —e )] -1 y1—e"

1 o
explpy/z(l + e )] — 1 m} , (5:33)

where A = % and 1 = BhA/Vd.
In the limit n > 1, Eq. (5.33) can be systematically expanded in powers

of 1. The lowest order term is given by Il g(d) = —as %, where A\, = ap 21/\%,
ap = eh?/(me?) is the effective Bohr radius, o = = [ da e;’f—il =((3)/(2m), and ¢
is the Riemann zeta function. We observe that the low temperature condition n > 1
is equivalent to the short distance limit d < Ap. In the opposite limit n < 1 or the
large distance limit d > Ap, we expand the exponential in the denominator of Eq.
(5.33) to obtain Il r(d) = —« kg—gT, where o = ((3)/(8m). This result agrees with

the classical calculation in Sec. 5.3.1 as it should. Therefore, we have the following

regimes for correlated attraction from plasmon fluctuations at finite temperature

—k‘BT/dS, for A\p < d,
Hpr(d) ~ ) (5.34)
—kBT/(/\Ld ), for A\p, > d.
We note that Ay, in contrast to Ap, increases with decreasing temperature, indicat-

ing, as one might expect, that quantum fluctuations are important at low tempera-
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tures. Furthermore, since Il r(d) — 0 as T' — 0, the attractive interaction as ' — 0
is governed by zero-point fluctuations as emphasized above. In the strong Coulomb
coupling limit I3/Ap ~ 100, we get A\;, ~ 3 A for € ~ 100 and ag ~ 1/20 A.

It should be emphasized that the results in this section is independent of
the nature of the ground state. Thus, any system where low temperature modes
of plasmon are important may, in principle, exhibit the behavior predicted in this
section. This means that quantum contributions to the long-ranged attraction are
unlikely to be relevant for macroions. Our motivation here stems from the desire
to understand the charge-fluctuation-induced attraction between coupled layers in
a complete picture. However, our results may have real impact in a greater field
of fluctuation-induced forces in general and for electrons in bilayer semiconductor
systems in particular. Indeed, there exist recent theoretical efforts devoted to this

subject[7].

5.5 Discussion and Conclusion

In this chapter, we have studied analytically the electrostatic attraction be-
tween two planar Wigner crystals in the strong Coulomb coupling limit. We show
that the total attractive pressure can be separated into a long-ranged and short-
ranged component. The long-ranged pressure arises from correlated fluctuations
and the short-ranged pressure from the ground state “structural” correlations. We
also compute the very low temperature behavior of the fluctuation-induced attrac-
tion, where long-wavelength plasmon excitation must be described by Bose-Einstein
statistics. The results are summarized in Fig. 5.3, showing different regimes for the
charge-fluctuation-induced long-ranged attraction, including the high temperature
results in Ref. [1] and the characteristic decay length lgg for the short-ranged force.
For small d, the short-ranged force is always dominant, but the decay length shrinks
with increasing temperature. The crossover from the short-ranged to long-ranged

dominant regimes occurs about d ~ a. Thus, for large d > a only the long-ranged
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Figure 5.3: A schematic phase diagram summarizing different charge-fluctuation-
induced attraction regimes. The characteristic decay length lgr of the short-ranged
force is also shown.

force is operative, which crosses over from d ~7/2 at zero temperature to the finite
temperature distance dependence of d=2 if d < Ay, and d=3 if d > A;. This provides
a unified description to the electrostatic attraction between two coupled Wigner
crystals.

In addition, our formulation may offer further insights into the nature of
the counterion-mediated attraction at short distances. As discussed in Sec. 5.3.2,
the reason that the short-ranged force in Eq. (5.22) does not vanish is because of
the cosine term in H_, which represents the underlying lattice structures, and our
results indicate that the strength of the short-ranged force decreases exponentially
with temperature. However, at higher temperatures the expression for IIgg in Eq.

(5.24) is no longer valid, since the harmonic approximation breaks down. Indeed,

the scaling argument leading to Eq. (5.27) suggests that if the full cosine term is
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retained, Ilgr may exhibit nonperturbative behaviors as £ — 2.

To discuss qualitatively what happens at higher temperatures, we assume
that Ag(d) is sufficiently small and the system of interacting Wigner crystals is below
its melting temperature 7;,. Then, the charges between the two layers may unlock
via a Kosterlitz-Thouless (KT) type of transition, determined by the relevancy of the
cosine term in H_, at £ = 2 [16]. (An order of magnitude estimate for the coupling
constant is I' ~ 13.) In the locked phase, ¢ < 2, the periodic symmetry in H_
is spontaneously broken, and the resulting state is well captured by the harmonic
approximation. On the other hand, when £ > 2 the fluctuations are so large that
the ground state becomes nondegenerate (gapless), i.e. the layers are decoupled. To
compute IIgr in the unlocked phase, Hism given in Eq. (5.10) can be treated as a
perturbation in evaluating the “Debye-Waller” factor in Eq. (5.22). To the lowest

order, we obtain

gr(d) ~ —g (g:;) e~ 2C0d, (5.35)
We first note that this expression diverges as £ — 27, indicating the breakdown of the
perturbation theory as the temperature is lowered. Furthermore, in contrast to Eq.
(5.24), the range of IIgg remains constant and the amplitude acquires a temperature
dependence of ~ 1/T (for large £ > 2), reminiscent of a high temperature expansion.

However, the above picture may be modified if the charges have melted into
a Coulomb fluid via a dislocation-mediated melting transition[15] before £ — 27. If
this is the case, further analysis is necessary to obtain a more complete picture of the
high temperature phase. Although the spatial correlations in a system of coupled
2D Coulomb fluids are expected to be somewhat different from 2D Wigner crystals,
the solid phase results above suggest a qualitative lower limit of I' ~ 13 at which
IIgR crosses over from low temperature in Eq. (5.24) to high temperature behavior
in Eq. (5.35). It may be of interest to note that in Ref. [7], an estimate for the upper
limit of I at which the Poisson-Boltzmann equation breaks down is of the order of

I' ~ 3. For divalent counterions “condensed” onto a highly charged (opposite) plate
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of surface charge density o ~ /10 A=2, T' ~ 20 at room temperature and the coun-
terions are best described as a 2D correlated Coulomb fluid. However, as long as the
characteristic lateral correlation length is much larger than the spacing between the
two layers, our elastic approach should capture the qualitative behavior of the short-
ranged attraction. A better theory should include melting of coupled 2D Wigner
crystals by introducing excitations of dislocations into the effective Hamiltonian Eq.
(5.11) similar to what is done in Ref. [17]. These considerations may help to estab-
lish an analytical theory of the attraction arising from counterion correlations, not
captured by the Poisson-Boltzmann theory. The present formulation is a first step

in that direction.
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Chapter 6

Conclusion

In this thesis, we have discussed fluctuation and correlation effects in highly-
charged surfaces. These effects are neglected in the mean-field Poisson-Boltzmann
theory, which has been sucessful in explaining phenomena occuring in weakly-charged
systems. However, in recent years, a different paradigm has started to emerge. Vari-
ous experiments and computer simulations suggest that fluctuations and correlations
cannot be neglected in many electrostatic phenomena in the context of colloidal and
biophysical systems. The attraction between like-charged objects provides a striking
example. This thesis has explored the physics of this attraction for a particular ge-
ometry of two plates in two limits: fluctuations about the high-temperature “saddle”
point (mean-field) and correlations arising from the zero-temperature ground-state.
Another interesting manifestation of correlation effects is the condensation of counte-
rions. We have shown that there is a finite fraction of counterions “condensed” onto
the charged plate if its surface charge density exceeds a certain threshold. Thus,
mean-field treatment fails to capture the counterion distribution at high surface
charge density. Of course, many conceptual questions still remain. For example,
melting of coupled Wigner crystals and its implication for the short-ranged attrac-
tion are particular relevant, since in most biological systems, counterions are best

described as a correlated fluid. However, we have demonstrated in this thesis that
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fluctuation and correlation effects are crucial to our understanding of physical phe-

nonmena in which electrostatics plays an central role.



Appendix A

Membrane Curvature Elasticity

In this appendix, we review the essential elements of membrane curvature
free energy. This provides the necessary background to understand electrostatic

contribution to the bending rigidity.

Membranes are composed of self-assembling amphiphilic molecules. They
contain a hydrophilic polar head and a hydrophobic tails. When dissolved in a
aqueous solution like water, they spontaneously organize into different morphologies.
Under suitable conditions, in particular, they form the lamellae phase, consisting
of a stack of alternating amphiphilic bilayers and water regions. In addition, the
polar head of these amphiphilic molecules acts as a surface agent which substantially
lower the surface tension between water and their tails (oil) by adjusting their areal
density. Hence, the elastic properties of these fluid membranes are characterized by
three macroscopic parameters — a bending elastic modulus &y, a Gaussian modulus
Kq, and a spontaneous curvature Hy, which characterize their curvature deformation.
The deformation free energy per unit area, expressed in terms of the mean curvature
(see Fig. A.1)

1 1 1
Hes(— 4~ Al
2(R1+R2)7 (A1)
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Figure A.1: Curvature on a 2D surface. The length scales Ry and Ry denote the
radii of curvature.

and Gaussian curvature

1
K=— A2
R (A.2)
given by the Helfrich free energy may be written as:
_ 2
fcu'r - ? (H - HO) + kg K. (AS)

This form for the curvature free energy per unit area is the most general
expansion in curvatures H and K up to quadratic order, consistent with the sym-
metry of the problem. Within an additive constant, the free energy of a sphere with
radius R, a cylinder with radius R, and a sinusoidal undulating membrane Hy = 0

with wavenumber ¢ and a amplitude h are given by

2k + kg 2KkpHp

fsp = R2 R (A4)
_ ek Ho
fcyl - 2R2 R 5 (A5)
1
fun = —Rp q4 h2- (AG)
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Therefore, the parameters kyHy and K + kg may be extracted by expanding the
electrostatic free energy up to second order in 1/R for spherical and cylindrical
geometries and k; can be directly obtained by expanding terms up to ¢* h? for an

undulating membrane.



